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ABSTRACT. Stabilization of the wave equation by the receding horizon frame-
work is investigated. Distributed control, Dirichlet boundary control, and Neu-
mann boundary control are considered. Moreover for each of these control ac-
tions, the well-posedness of the control system and the exponential stability of
Receding Horizon Control (RHC) with respect to a proper functional analytic
setting are investigated. Observability conditions are necessary to show the
suboptimality and exponential stability of RHC. Numerical experiments are
given to illustrate the theoretical results.

1. Introduction. In this work we deal with the stabilization of the wave equation
within the scope of Receding Horizon Control (RHC)

where y = y(¢,z) is a real valued function of real variables ¢ and x, and § stands
for the second derivative with respect to time. Our RHC acts on either a part of
the domain or within Dirichlet or Neumann boundary conditions. The stabilization
problem for the wave equation has been studied extensively by many authors, see
for instance [2, 23, 26, 34, 38, 47, 50] and the references cited therein. In these
contributions the stabilization problem is obtained by means of a proper choice of
a feedback control law, and only few of them provide numerical results. In this
work, we use a control law which rests on the solutions of a sequence of open-loop
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optimal control problems governed by the wave equation on finite intervals. To
study the open-loop optimal control problems for the wave equation, numerically
and analytically, we refer to [14, 24, 25, 32, 33, 45, 46].

To be more precise, we are concerned with minimizing an infinite horizon per-
formance index

o (15 (58, 42)) / (), 5(0)), u(t))dt (1)

over all control functions u € L?(0, co;U) with an appropriate control space U and
subject to the following cases:

1. Distributed control: In this case we consider the following controlled system
i — Ay = Bu in (0,00) x Q,
y=20 on (0,00) X 99, (2)
(¥(0),9(0)) = (y5,45) on
where € R™ is a bounded domain with smooth boundary 0f), the control w is
active on a nonempty open subset of €2, and the control operator B is an extension-
by-zero operator from a subdomain w.

2. Dirichlet control: In this case the control acts on a part of Dirichlet boundary
conditions

j—Ay=0 in (0,00) x Q,
y=u on (0,00) x T, 3)
y=0 on (0,00) x Ty,

(¥(0),9(0)) = (y5,95) on
where, similar to the above case, 2 € R™ is a bounded domain with smooth bound-
ary 0. Moreover, the two disjoint components I'., Iy are relatively open in 02
and int(T'.) # 0.
3. Neumann control: In this case, we are dealing with the following one-dimensional
wave equation with a Neumann control action at one side of boundary

U= Yoz =0 n (0,00) x (0, L),

y(-,0) :_0 n (0, 00), (4)
vz (L) =u n (0, 00),

(4(0,-),9(0,-)) = (yo,95) in (0, L),

where L > 0.

By denoting Y(t) := (y(t), y(t)), and choosing an appropriate control space U, each
controlled system in the above cases can be rewritten as a first order controlled
system in an abstract Hilbert space H:

V=AY +Bu, t>0,
Y(0) = Yo == (45, 3);
where for each case, the state space H, the unbounded operator A, and the control
operator B will be specified appropriately below, compare also e.g., [36, 49, 51]. In
particular it will be guaranteed that for every T > 0 and u € L?(0,T;U), there
exists a unique solution Y € C°([0,T]; H) to (AP) which satisfies the estimate
1Y)l < cest (1Volls + llull z2(0,720)  for every t € [0, T, (Est)

where the constant c.s; is independent of )y and u. Now we can reformulate our
infinite horizon problem as the following problem

inf{Joo (u; Vo) | (¥, u) satisfies (AP),u € L*(0,00;U)}, (OPy)

(AP)
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where the incremental function ¢: H x U — R is given by

1
(9w = S IV + 5l 6)

and (3 is a positive constant. To deal with the infinite horizon problem (OP.,), one
can employ the algebraic Riccati equation, see, e.g., [27, 37, 39]. But for the case
of infinite-dimensional controlled systems, discretization leads to finite-dimensional
Riccati equations of very large order and ultimately one is confronted with the curse
of dimensionality. Model reduction techniques do not offer an efficient alternative
either. In fact, the transfer function corresponding to the controlled system (2)-(4)
has infinitely many unstable poles and thus, the model reduction based on balanced
truncation will not produce finite H,,—error bounds, see, e.g., [16].

An alternative approach to deal with (OPs.) is the receding horizon framework.
In this framework, the stabilizing control, namely, RHC is obtained by concate-
nation of a sequence of open-loop optimal controls on a sequence of overlapping
temporal intervals. Further, the process of generating the sequence of intervals and
concatenation are carried out in such way that the resulting control has a feed-
back mechanism and is defined on the whole of the interval [0,00). Indeed, the
receding horizon framework bridges to a certain degree the gap between the open-
and closed-loop control. In the past three decades, numerous results have been
published on RHC for finite-dimensional systems, among them we can mention
[13, 20, 22, 29, 44, 48] and the references therein. More recently, some authors have
addressed the case of infinite-dimensional systems as well [3, 21, 28]. Here we employ
the receding horizon framework which was proposed in [48] for finite-dimensional
controlled systems, and in [3] for infinite-dimensional controlled systems. In this
framework, neither terminal costs nor terminal constraints are imposed to the sub-
problems in order to guarantee the stability of RHC. But rather, by defining an
appropriate sequence of overlapping temporal intervals and applying a suitable con-
catenation scheme, one can ensure the stability and also suboptimality of RHC. In
the previous work [3], this RHC was applied for the stabilization of the Burgers
equation with different boundary conditions. In addition, based on a stabilizability
condition, the asymptotic stability and suboptimality of RHC were investigated. In
the present work, we investigate the suboptimality and exponential stability of RHC
for all the cases 1-3 of the wave equation with respect to an appropriate functional
analytic setting. The key properties are the observability conditions which were not
available for the Burgers equation in [3]. By help of these conditions, we obtain not
just asymptotic stability but also ezponential stability of RHC.

Turning to the receding horizon approach, we choose a sampling time 6 > 0
and an appropriate prediction horizon T' > §. Then, we define sampling instances
ty := ko for k =0.... At every sampling instance t;, an open-loop optimal control
problem is solved over a finite prediction horizon [tg,tx + T]. Then the optimal
control is applied to steer the system from time ¢; with the initial state Y,.p (¢x) until
time tp41 := t + § at which point, a new measurement of state is assumed to be
available. The process is repeated starting from the new measured state: we obtain
a new optimal control and a new predicted state trajectory by shifting the prediction
horizon forward in time. The sampling time ¢ is the time period between two sample
instances. Throughout, we denote the receding horizon state- and control variables
by Vrn(-) and u,p(+), respectively. Also, (V5(+; Vo, to), wi(-; Vo, to)) stands for the
optimal state and control of the optimal control problem with finite time horizon
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T, and initial function )y at initial time ty;. Next, we summarize these steps in
Algorithm 1.

Algorithm 1 Receding Horizon Algorithm

Require: Let the prediction horizon T, the sampling time § < 7', and the initial point
(y$,48) € H be given. Then we proceed through the following steps:
1: k:=0, to:=0and Vr(to) := (¥, ¥3).
2: Find the optimal pair (V7 (:; Vrn(tk),tr), ur(-; YVrr(te), tx)) over the time horizon
[tk,tx + T] by solving the finite horizon open-loop problem

to+T
min Jr(u; YVer (t = min L(Y(t), u(t))dt
w€L2 (tg,t+T5U) 7 (s Yrn(tk)) ueL2(tk,tk+T;u)/ (V@) u()dt,

tr

V=AYV +Bu te (trtr+T)
V(te) = Vrn(tr)

3: Set
Urh (T) 1= up (T yrn(t), tx)  for all T € [tg,tx +6),
Ver (1) := Vr(159rn(te), ty)  for all T € [ty, tr + 4],
th1 =tk + 0,
k:=k+1.
4: Go to step 2.

1.1. Stability and Suboptimality of RHC. Throughout this paper, we use the
following definitions:

Definition 1.1 (Value function). For every pair (y$,y3) =: Yo € H, the infinite
horizon value function V, : H — R is defined as

Voo (Vo) 1= uein&I),foo;u){J“(“’yO) subject to (AP)}.
Similarly, the finite horizon value function Vp : H — R, is defined by
Vr(Qb) == ueLE%IfT;u){JT(u’yO) subject to (AP)}. (6)

In order to show the exponential stability and suboptimality of the receding
horizon control obtained by Algorithm 1, we need to verify the following properties:
Since, in Algorithm 1, the solution of (OP..) is approximated by solving a sequence
of the finite horizon open-loop optimal controls, one needs, apriori, to be sure that
any of these optimal control problems in Step 2 of Algorithm 1 is well-defined:

P1: For every Yy € H and T > 0, every finite horizon optimal control problems of
the form
min {Jr(u; Vo) | (¥, u) satisfies (AP),u € L*(0,T;U)} (OPr)
admits a solution.
Moreover, we require the following properties for the finite horizon value function
VT:
P2: For every T' > 0, V has a quadratic growth rate with respect to the H-norm.

That is, there exists a continuous, non-decreasing, and bounded function s :
R4 — Ry such that we have

Vr(Yo) < 72(T)[[Voll3;  for every Vo € H. (7)
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P3: For every T' > 0, Vr is uniformly positive with respect to the H-norm. In other
words, for every T' > 0 there exists a constant 1 (7) > 0 such that we have

Ve(W) = n(D)Voll},  for every Yo € M. (8)

Remark 1.2. Property P3 is equivalent to the injectivity of the differential Riccati
operator corresponding to (OPr) which in turn is equivalent to the exact control-
lability condition for the system (A*,Z*) where Z € L(H) is the identity operator
and the superscript * stands for the adjoint operator, see, [19, Theorem 3.3].

Now by setting ay := M7 we recall the following results from [3].

Lemma 1.3. Suppose that P1-P2 hold and let Yy € ‘H be given. Then for the choice

14 @) — @
o '_1+a¢(T—§)’ 0 := ad
we have the following estimates
T
Vr (Y1 (35 0,0)) < 91/ Y1 (t;Y0,0),ur(t; Yo, 0))dt, 9)
s
and
T s
/ Y1 (t; Y0,0),ur(t; Vo, 0))dt < 92/ V1 (t; Yo,0),ur(t; Vo, 0))dt. (10)
5 0
Proof. The proof is given in [3]. O

Proposition 1.4. Suppose that P1-P2 hold and let § > 0 be given. Then there
exist T* > § and o € (0,1) such that the following inequality is satisfied

)
Ve (V385 Vo, 0)) < Vi (Vo) — a/ (5 (t: Vo, 0), w8 Vo, 0))dt (11)

0

for every T >T* and Yy € H.
Proof. The proof is given in [3]. O

Theorem 1.5 (Suboptimality and exponential decay). Suppose that P1-P2 hold
and let a sampling time 6 > 0 be given. Then there exist numbers T* > §, and
a € (0,1), such that for every fived prediction horizon T > T*, and every Yo € H the
receding horizon control u,, obtained from Algorithm 1 satisfies the suboptimality
inequality

Voo (Q0) < adoo(Urn, Yo) < V1 (Vo) < Vo (D). (12)
Moreover if, additionally, P3 holds we have the exponential stability inequality
1VenOF, < e |Doll3,  fort >0, (13)

where the positive numbers ¢ and ¢’ depend on «, §, and T, but are independent of
Yo.

Proof. To show the suboptimality inequality, we refer to [3, Theorem 6 ]. Now we
turn to inequality (13). By Proposition 1.4, there exist a 7* > 0 and « € (0,1)
such that for every T'> 7™, Vy € H, and k € N with £ > 1, we have

Ve (Vrw(te)) = Vo (Vrn(tr-1)) < —a /tk L(Vrn(t), urn(t))dt < —aVs(Vrn(te-1)), (14)

where ¢, = kd for k = 0,1,2,... and we use that § < T. Moreover, due to P2 and
P3, for every )y € H we obtain

71(9)
2(T)

Vs(Vo) = 1(6)[1Voll3 > V(Do) (15)

=2
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Using (14) and (15) we can write

Vi (Vo (te)) < (1 _ ‘”1(5)) Vi (Vo (te_1)) for every k > 1.
72(T)
Since 0 < v1(8) < 72(6) < 42(T) and «a € (0,1), we have 1 := (1 - C;ZE%)) € (0,1).
Furthermore, by defining ¢ := “r(’s—"l, using property P2 for Vr())y), and property

P3 for Vi (YVrn(ty)), we can infer that
(D) Ve ()3, < Ve (Ven(tr)) < e Vp(Vo) < e Mo (T)]| Doll3

: i 2(T)
for every k > 1. Hence, by setting ¢’ := 5 ()

we can write

| Ve ()13, < e F|| 13, for every k > 1. (16)
Moreover, for every ¢ > 0 there exists a k € N such that ¢ € [kd, (k + 1)d]. Using
(Est), (5), and (7), we have for ¢ € [kd, (k + 1)],
2 2 2 (k+1)8 2
[Vrr (B3¢ < 2€est (D’rh(“)”% +/ ||urh(t)|udt>
k6

< act (I 0) 3+ SV Va9 )

M, )
< 2t | [1Vrn(KO) |13 +

(16) 2v2(T), _
< 2cistc”(1+%)>e Yol

el |\ym<k6>u%2)

" 272(T) ( 04’Y1(5)>1 —C(kt1)s 2
<202, (1 1—
<adud’(1+ 752 (1= ST ) e Sl
2 n 272(T) _a’Yl((S) - —Ct 2
<add’(1+ 752 (1= T ) el
and the proof is complete. O

Remark 1.6. It is of interest to derive the exponential decay inequality (13) in
an alternative way as in the above. In particular, the constants ¢ and ¢’ can be
estimated in a different manner. Namely, due to [3, Theorem 7], there exists a
T* > 0 such that for every T > T™ we have

Vr_s(Ven(t)) < ce™“'Vp (Vo) for every Yo € H, t >0, (17)
where the constants ¢ and ¢ are given by
111(1 + ﬁ) «
=75 c.—(1+71+9102).

Here 61 (T, 6),02(T, d) are defined as in Lemma 1.3. Using properties P2 and P3 we
obtain
(T = )Y@ < Vr-sQrn(t)) < ce™Vr(Vo) < ena(T)e " Vol

for every Yy € H. Setting ¢’ := 7?(%"(3)5) we have

|V, < et Woll3, for every Vo € H, t>0,
and thus (13) holds.
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Remark 1.7. Note that, if we had o = 1, the inequality (12) would imply the opti-
mality of the receding horizon control u,. Since here we have global stabilizability
of RHC, similarly to the proof of [3, Theorem 5], one can show that

(T)=1—05(6, — 1) =1 2%(T) for all T > T* (18)
frd — — — [ A, T

“ 21 a2(T—0o) =T

where 61,605 are defined as in Lemma 1.3 and T* is chosen such that o(T*) > 0
holds. Now since y2(7') is a bounded function and 9 is fixed, we have

lim o(T) =1. (19)
T—o0
Therefore, asymptotically the RHC strategy is optimal.

The rest of paper is organized as follows: Sections 2, 3, and 4 deal, respectively,
with the cases in which RHC enters as a distributed control, a Dirichlet boundary
condition, and a Neumann boundary condition. In each of these sections, first well-
posedness of the finite horizon optimal control problems (i.e., property P1) and the
corresponding optimality conditions are investigated. Then, relying on observability
conditions, properties P2 and P3 are analysed. Finally, in Section 5, we demonstrate
numerical experiments in which Algorithm 1 is implemented for each type of the
control actions. In addition, for each example the performance of RHC is evaluated
and compared for different choices of the prediction horizon T" and a fixed sampling
time 4.

2. Distributed Control. In this section we are concerned with the controlled
system (2). Here, the control operator B is the extension-by-zero operator defined
by

u(z) = €w,

(Bu)(@) = {0 z € Q\w

where the control domain w is a nonempty open subset of 2 € R™ with smooth
boundary 9. We define H1 := Hg () x L?(Q), U := L*(w), and the energy £(-,y)
along a trajectory y by

Ety) = Hy(t)H?HUl(Q) 9O I72(0)- (20)
The incremental function ¢ : Hy x L?(w) — R, is given by
1 2 B2
Uy, 2),u) = Sy, 23, + 5 lullze)- (21)
First we recall different notions of solution to the following linear wave equation
j—Ay=f in (0,T) x £,
y=0 on (0,T) x 09, (22)

(¥(0),9(0)) = (y5,¥5) on Q.

Definition 2.1 (Weak solution). Let T > 0, (v, y3) € H1, and f € L*(0,T; L?(2)).
Then (y,9) € C([0,T); H1) with § € L?(0,T; H=(Q)) is referred to as the weak
solution of (22), if (y(0),9(0)) = (y&,v2) in H1, and for almost every ¢t € (0,T) we
have

(G(),v) 10,52 0) + (VY(), VU)r2(0) = (f(1),0)12(0) forallv e H{ (). (23)
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Definition 2.2 (Very weak solution). Let T' > 0, (y$,43) € L*(2) x H~1(Q), and
f € L0, T; H1(Q)) be given. A function y € L?(0,T; L?(12)) is referred to as the
very weak solution of (22), if the following inequality holds

T
/0 (9(), y(t)) L2(e) dt =

T
= (9, 9(0)) 20y + <y3719(0)>H*1(Q),H6(Q) +/0 (f(0),9(8) -1, 2 () AL,

for all g € L?(0,T; L?(2)), with ¥ the weak solution of the following backward in
time problem

d—A9=yg in (0,T) x Q,
9=0 on (0,T) x 09,
((T),d(T)) = (0,0) on Q.

The very weak solution is also called solution by transposition.
We recall the following results for (22), see, e.g., [40, 42].

Proposition 2.3. We have the following existence and regularity results for (22):
1. Let T >0, (yd,y3) € H1, and f € L*(0,T; L?(2)) be given. Then there exists
a unique weak solution y with (y,y) € C°([0,T];H1) to (22) which satisfies

Hy||00([o,T];Hg(Q)) + 19llco o712 (9)) + 191l L2(0,750-1 () 24
24
< e (bl + 19812 + 120 r:220) )

where the constant ¢y is independent of y$, y2, and f. Moreover, we have the
following hidden reqularity
dyy € L*(0,T; L*(99)),

and the corresponding estimate
10,9 l2(07:2200) < e (I3 + I3llzzcoy + 1 272

where the constant cy is independent of y§, y3, and f.
2. For every T > 0, f € L?(0,T; H-Y(Q)), and every pair (y3,y2) € L?(Q) x
H=(Q), there exists a unique very weak solution to (22) in C*([0,T]; H=1(Q))N
C°([0,T); L?(Q)) satisfying
”y”CO([U,T];L2(Q))+||y||00([0,T];H’1(Q))

) (25)
<a (lwllzz) + 108l -1y + 1l L20,mm-102))) »

where the constant ¢, is independent of y$, y3, and f.

Remark 2.4. From (24) it follows that (Est) holds for (2) with respect to the
‘Hi-norm.

2.1. On the finite horizon optimal control problems. For our subsequent
work we need to gather some facts on the finite horizon optimal controls of the
form (OPr) given by

min Jr(u; (4, 42)) = min / ((y (), 5(8)), u(t))dt (Pass)



RHC FOR THE STABILIZATION OF THE WAVE EQUATION 9

over all u € L?(0,T; L?(w)), subject to

i — Ay = Bu in (0,7) x Q,
y=20 on (0,T) x 99, (26)
((0),9(0)) = (yo,y3) on

where (yd,y3) € H1 and the incremental function ¢ is defined by (21). Property P1
is verified by means of the following proposition.

Proposition 2.5. For every T > 0 and (y},y3) € Hi, the optimal control problem
(Puis) admits a unique solution.

Proof. For the proof we refer to [40]. O

In following we derive the first-order optimality conditions for (Py;s). Due to the
presence of the tracking term for the velocity ¢ in the performance index function
of (Puis), we will see that the solution of adjoint equation exists in the very weak
sense.

Proposition 2.6. Let (g,u) be the optimal solution to (Pgs). It satisfies the fol-
lowing optimality conditions

3y — Ay = Bu in (0,T) x Q, p—Ap=—y—Ajy in (0,T) x Q,
7=0 on (0,T) x 09, p=20 on (0,T) x 0%,
(5(0),5(0)) = (5, 95) on %, (B(T),B(T)) = (0,-y(T)) onQ,

fu=—-B*p in(0,T)xQ,
where p € CL([0,T); H=(Q)) NC°([0,T); L*(Q)) is the solution of the adjoint equa-
tion.

Proof. The proof is given in Appendix A.1. O

2.2. Verification of P2 and P3. In this subsection we deal with the verification
of properties P2 and P3. Concerning this matter, we recall some aspects on the
stabilizability of the wave equation with a distributed feedback law. Specifically,
we consider the following controlled system

i — Ay =u(y) in (0, 00) x €,
y=0 on (0,00) x 99, (27)
(©(0),9(0)) = (yo,45) on
with the feedback control u given by u(y) := —a(x)y, where the function a € L*(Q)
satisfies
ay > a(x) > ag > 0 for almost every x € w, and a(xz) = 0 in Q\w. (28)

The following observability conditions will be used later.
To specify the required observability conditions, for any (¢§, p3) € H1 we denote
by ¢ the weak solution of the following system
d—NAp=0 in (0,7) x Q,
6=0 on (0,T) x 9L, (29)
(6(0),6(0)) = (¢6,#5)  on Q.

Then we can formulate the following observability conditions:
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OB1: There exists _Tobl > 0 such that for every T" > T,,1, the weak solution ¢ to
(29) with (¢, ¢) € C([0,T]; H1) satisfies the inequality

T
con (60, 612, < /0 / 6Pdadt  for every (6}, 62) € H,

where the positive constant c,p; depends only on T and w C €.
OB2: There exists _Tobg > 0 such that for every T" > T2, the weak solution ¢ to
(29) with (¢, ¢) € C([0,T]; H1) satisfies the inequality

T
corall(60, 812, < / / 0,6PdSdt  for every (9, ¢2) € Ha,
0 I'.

where the positive constant c,p2 depends only on T and T', C 9f).

The observability conditions OB1-OB2 are satisfied if and only if the Geometric
Control Conditions (GCC) hold (see, e.g., [8, 11]). Roughly speaking, GCC for
(Q,w, Top1) (resp. (2,1, Top2)) states that all rays of the geometric optics should
enter in the domain w (resp. meet the boundary I';) in a time smaller than Ty
(resp. Tup2). For a comprehensive study, we refer to Reference [8].

The following equivalence is frequently mentioned in the literature. Since it is
not straight forward to find a proof, we provide the arguments here.

Proposition 2.7. Let (y§,y2) € H1 and a € L°°() satisfying (28) be given. Then
for the controlled system (27) with the feedback law u(y) := —ay we have

E(t,y) < Me=*"E(0,y) = Me™ [ (y5, u3) 134, (30)

for positive constants M, and « independent of (y$,y3), if and only if the observ-
ability condition OB1 holds.

Proof. First we show that OB1 implies exponential stabilizability. We set u(y) :=
—ay in (27). In this case the resulting closed-loop system is well-posed (see, e.g.,
[12]) and for its unique weak solution we have

y € C°([0, 00); Hy (€2)) N C([0, 00); L*(%2)).
Now, for an arbitrary 7" > 0 consider the following controlled system
j— Ay = —ay in (0,7T) x €,
y=0 on (0,T) x 99, (31)
(¥(0),9(0)) = (y5,¥5) on Q.

By taking the L2-inner product of (31) with ¢, and integrating over [0, 7], we obtain
the following estimate

E(T,y) — £(0,y) < —2a0 / 15(8) 2 dt. (32)

Now by using a density argument and passing to the limit, it can be shown that
the inequality (32) is also true for the weak solution of (31) with the initial data
(y$,y3) € H1. Moreover the solution y of (31) can be expressed as y := 1) + ¢ where
¢ € CL([0,T]; L*(Q))NCO([0,T]; HE(£2)) is the weak solution to (29) with (¢g, ¢3) =
(ys,y3), and ¥ € CH([0,T]; L*(Q)) N C°([0, T]; HA(2)) is the weak solution of

P — Ay = —ay in (0,T) x Q,
=0 on (0,T) x 09, (33)
(¥(0),4(0)) = (0,0) on Q.



RHC FOR THE STABILIZATION OF THE WAVE EQUATION 11

By the observability condition OB1, and estimate (24) for (33) we have

1 Tob1
£0.9) = 6 )l < - [ IO ds
o do (31)

TO

1 Tob

1 .
< o [ (10 1O < [

bl
1|2, dt,
o |- 922w

for a constant ¢; > 0 which is independent of (yd,y3). By (32), (34) we obtain

Tov1 2a, 2a
g(Toblyy) - g(oyy) S —2(10/ Hy(t)HiQ(u})dt S _705(07 y) S - C/OE(TOblyy)'
0 1 1

In(1+220)

Setting « := —

, we have for every k =1,2,...

E(kTop,y) < e T E((k = 1)Top, ),
and, as a consequence, for every t € [kTop1, (k + 1)Tpp1] we infer that

E(t,y) < E*Top1,y) < e **Tor1€(0,y)

2 —a 2
200 —e kD Ton g0, y) < (14 20

1 €1

=(1+ Ye *E(0,y).

Thus we conclude (30).

Next we show that the stabilizability property (30) implies the observability
condition OBI1 for (29) with an arbitrary initial pair (yg,y3) € Hi. Setting u(y) :=
—ay in (27) with a € L*(Q) satisfying (28), taking the L2-inner product of (27)
with ¢, and integrating over [0, ¢] for ¢ > 0, we obtain

t
Ety) — £(0,y) > —2a; / 1112 (35)

where a; is specified in (28). Further by (30), for a large enough 7" > 0 we have

T/
. 1
201 [ 1) e > 580, (36)

Moreover, the solution ¢ to (29) with the initial pair (y$,y2) can be rewritten as
¢ =y — 1, where y is the weak solution to (31) and 1 is the weak solution to (33)
for T' instead of T. Now assume that the solution of (33) is smooth enough. Taking

the L2inner product of (33) with ¢ and integrating over [0, 7] we have

1 h / / ' .o
0 < 5T ) + VU ow) = | [ aiiar

= /OT/ /w —a(p + ¢)ipdadt.

By using a density argument and passing to the limit, it can be shown that the
inequality (37) is also true for the weak solution of (33) with —ay as a forcing
function. Moreover, (37) implies

(37)

T’ . a2 ald .
/nwmmmws%/|wmmmw (38)
0 ag Jo

Note also that

T’ T’ T’
/O |I¢(t)|\iz(w>dt+/0 Hw(t)lliz(w)dtz/o 96172 ) - (39)
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Combining (36), (38), and (39), we complete the proof with

1

2
Al = o0 < 4+ [T 10l

Now we are in the position that we can investigate properties P2 and P3.

Proposition 2.8. Suppose that the observability condition OB1 holds. Then for
every T > 0, there exists a control @ € L?(0,T; L?(w)) for (26) such that

Vi (Vo) < Jr(it; Vo) < 72(T) || Voll2, (40)

for every initial pair (y§,y3) =: Yo € H1, where v2(+) is a nondecreasing, continu-
ous, and bounded function. Moreover, there exists a constant v1(T) > 0 depending
on T such that

Ve (Vo) = ()1 Voll3, (41)
for all (y§,v3) = Yo € H1. Thus P2 and P3 hold.

Proof. Setting u(t) := —y(t)|, in (26), and using Proposition 2.7 for the choice
a(z) = 1 zcew, .
0 otherwise,

we obtain
E(t,y) < Me *E(0,y) for all t € [0,T].

Here the constants M and a were defined in Proposition 2.7. Integrating from 0 to
T implies that

T
[ etwir< -,
0
By the definition of the value function Vi we have
Tr1 . 1+ 8)M
Vi) < [ (GE) + S0l ) o <UEDM
0 (6%

=72(T)| (3o, ) |71 »

(1= e D)o, v0)l3e,

and thus (40) holds.

To verify (41), we use the superposition argument for equation (26) with an
arbitrary control u € L?(0,T; L?(w)). We rewrite the solution of (26) as y = ¢ + ¢
where ¢ is the solution to (29) with the initial pair (y8,%3) instead of (¢§, ¢3), and
© is the solution to the following equation

¢ —Ap=DBu in (0,T) x Q,
=0 on (0,T) x 99, (42)
((0),¢(0)) = (0,0)  on €.

By OB1 for (29) with the initial pair (y{,y3) and w replaced by 2, and (24) for
(42), we obtain

1 1 o .
I(wo, v0) 13, < —=+ ||¢( Miz@dt < ——= [ (191)I72(0) + 19(O)|72(s)) dt
Cobl( ) Cobl(T) 0
< 1 T . 2 T 2 2 d
ST (Hy(t)Hm(Q) + Teillu(t) |72 (.) dt
obl( 0

7)
<) [ (G100 + §IOlEae ) de < @) [ ao.uoa
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Since u € L?(0,T; L?(w)) is arbitrary, we obtain (41) for a constant ¢} (T') indepen-
dent of v and (yg, y3). O

Remark 2.9. Thus from Propositions 2.5 and 2.8, we conclude that Theorem 1.5
is applicable for the wave equation with distributed control and guarantees the
exponential stability of RHC obtained by Algorithm 1.

3. Dirichlet Boundary Control. We consider the controlled system of the form
(3), where Q € R" is a bounded domain with smooth boundary 99 := T, U T.
The two disjoint components I, Ty are relatively open in 9Q and int(T';) # 0. By
setting U := L?(T'.) and Hs := L?(Q) x H~1(£2), we are searching over all control
functions u € L?(0,00;U) for a given initial pair (y3,93) € Ha. Let —A : HY(Q) —
H~1(Q) be the Laplace operator with homogeneous Dirichlet boundary conditions,
and define the operator G : H=1(Q) — H}(Q) by G := (=A)~!. Further, we
denote the unique linear extension of G by G : (H2(Q) N Hi(Q))* — L%*(Q), where
(H?(2) N HL(Q))* stands for the dual space of H2(2) N H}(2). The incremental
function £ : Ho x L*(T.) — R, is given by

1
(2w = 30 2+ Julaqr, (13)

Moreover, we will use the space Hp () := {q € H'(Q) : ¢|r, = 0} and the control
operator Bpg which is defined by

(Bbau)(x) == {

Consider first the following linear wave equation with the inhomogeneous Dirichlet
boundary condition imposed on the whole of the boundary
j—Ay=20 in (0,7) x Q,
y=~h on (0,7T) x 99, (44)
(¥(0),9(0) = (y5,43) on €.
Definition 3.1 (Very weak solution). Let T > 0, (v, y3) € Hz, and h € L2(0,T; L?(09))

be given. Then y € L°°(0,T; L?(12)) is referred to as the very weak solution of (44),
if the following equality holds

| G@0)

u(z) z el
0 xz €Iy.

) (45)
= _(yév'g(o))L%Q) + <y§719(0)>H—1(Q),Hg(Q) —/0 (0u9(t), h(t)) L2 (00 dt,

for all f € LY(0,T;L?()), with 9 the weak solution of the following backward in
time problem
d—AY=f in (0,7) x Q,
9=0 on (0,7T) x 99, (46)
((T),d(T)) = (0,0) on Q.
We have the following result for the very weak solution of (44), see, e.g., [40, 42].
Proposition 3.2. For every T > 0, (y$,y3) € Ha, and h € L?(0,T; L*(952)), there

exists a unique very weak solution to (44) belonging to the space C°([0,T]; L?(2))N

CL([0,T]; H-Y(Q)), and satisfying
lyllcoqo,11:L2 () F9lloo o112y + 11l 20,1321 () nE2 () ) (47)

<o (lwsllez) + el -1 + 1Bl L20,7:22(69)))
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for a constant cy depending on T and the domain §2.

Remark 3.3. Thus (Est) for the controlled system (3) with respect to Ha-norm
follows from (47).

3.1. On the finite horizon optimal control problems. Here for (y},43) € Ha,
we consider the finite horizon optimal control problems of the form (O Pr) given by

min Jr (u; (45, ¥5)) == min/o €(y(1), 9(1)), u(t))dt (OPuir)

over all u € L?(0,T; L*(T.)), subject to

j—Ay=0 in (0,7) x Q,
y=u on (0,T) x I, (48)
y=0 on (0,T) x Iy,

(¥(0),9(0)) = (vo,45) on Q.

where the incremental function ¢ is given by (43). In the following proposition, we
investigate property P1 for the controlled system (3).

Proposition 3.4. For every T > 0 and (y},y3) € Ha, the optimal control problem
(OPy;) admits a unique solution.

Proof. The proof is similar to the one of Theorem 2.1 in [46]. O

Next we specify the first-order optimality conditions for (OP,;,). Since the ob-
jective function in (OPy;,.) involves the tracking term of the velocity ¢ in the space
L?(0,T; H=1(9)), the solution to the adjoint equation gains more regularity than
the one to (48) and this solution exists in the weak sense.

Proposition 3.5. Let (g,u) be the optimal solution to (OPy;,). It satisfies the
following optimality conditions

i—Ag=0 in (0,T) x Q,

_ P—Ap=7—Gy in (0,T) x €,
= 0,T I, _
‘1;:3 ZZEO T§i1“o {p:(] _ on (0,T) x 9%,
((0),3(0)) = (yl y2) on Q7 7 (®(T), p(T)) = (0,=Gy(T))  on Q,
ki - 0270 y
and

pu=0,p on(0,T)xT,,
where p € C1([0,T]; L2(2)) N C°([0,T); HE(Y)) is the solution of the adjoint equa-

tion.

Proof. The proof is given in Appendix A.2. O

3.2. Verification of P2 and P3. Similarly to the previous section, we show first
that there exists a feedback law u(y) that stabilizes the controlled system (3) with
respect to the energy

Et.y) = lyOlZ2 ) + 5071 0 (49)
which is defined along a trajectory y.

Lemma 3.6. The observability condition OB1 is equivalent to the following observ-
ability inequality:
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OB3: For every T > T,y , the very weak solution ¢ to (29) with (¢, $) € CO([0,T); Hz)
satisfies the inequality

T
conl@h D, < [ [ 16Pdsd for every (6},63) € Ha
0 w
where the constants cop1, Top1 have been defined in the observability condition
OB1.

Similarly, the observability condition OB2 is equivalent to the following observability
condition:

OB4: For every T > Toya, the very weak solution ¢ to (29) with (¢, ) € CO([0,T); Hz)
satisfies the inequality

T
cosall(60, 82, < / / 0,G32dSdt  for every (b, 62) € Ha,
0 .

where the constants copa, Topo have been defined in the observability condition
OB2.

Proof. The proof can be found in the literature, e.g., [1, 41]. O

Lemma 3.7. Suppose that T > 0 and u € L*(0,T; L*(T.)). Then the linear wave
equation

P —AYp=0 in (0,T) x €,
P =u on (0,T) x I, (50)
=0 on (0,T) x Tg,

(1(0),4(0) = (0,0)  on ©,
admits a unique very weak solution v € C°([0,T]; L*(2)) N C*([0,T); H=1()).
Moreover, 0,(Gy) € HY(0,T; L*(T.)) and we have the following estimate
10, (G 0.m:2200)) < allellzzomiza e, (51)

where the constant ¢l depends only on T.

Proof. The proof can be found in, e.g., [1]. O

Proposition 3.8. Suppose that (y},y3) € Ha is given. Then the solution of the
controlled system (3) with the feedback law u(y) := 0,(Gy)|r, converges exponen-
tially to zero with respect to Ha, i.e.

E(t,y) < Mem(0,y) = Me™"[(yo, 45) I3, (52)

for positive constants M, o independent of (y§,y2), if and only if the observability
condition OB2 holds.

Proof. The proof of the first direction in the equivalence can be found in, e.g., [1].
Nevertheless, we provide here a proof for completeness. First assume that condition
OB2 holds. We show the exponential decay inequality (52).

Setting u(y) := 0,(Gy)|r, in (3), the resulting closed-loop system is well-posed
(see, e.g., [1, 35]), and for its unique solution we have

y € C([0,00); L*(2)) N ([0, 00); H~H()),
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and 9, (Gy)|r, € L*(0,00; L*(T.)). Now, for an arbitrary T' > 0 consider the follow-
ing controlled system

i—Ay=0 in (0,T) x Q,

= au y O7T Pc,
y (Gy) on (0,T) x (53)
y=0 on (0,T) x I'o,

(¥(0),5(0)) = (y0,55) on Q.

Suppose that the solution y of (53) is smooth enough. Taking the L?—inner product
of (53) with Gy, and integrating over [0, 7], we obtain the following estimate

1 (T), 5T 32, — 1y (0), 5O 7e, = —2/0 100 (G572, dt. (54)

By using a density argument and passing to the limit, it can be shown that equality
(54) is also true for the initial pair (yi,y2) € Ha and its corresponding solution y.
Further, the solution y of (53) can be rewritten as y = ¢+1, where ¢ is the solution
of (29) with the initial pair (y3,43) in the place of (¢4, #3), and 1 is the solution to
(50) with v = 9,(GY)|r,. By Lemma 3.6 we may use OB4 for (29) with the initial
pair (y$,y2). Together with (51) for ¢ with u = 9, (G¥)|r,, we obtain

b < [ [ to.(@éasa

+C2

Cob2

ob2 Tob2
ST (o@ir s iRy asa < LA [ [ o i pasa
0 Ie

- Cob2

—

55)

for Top2 > 0 defined in the observability condition OB2. Combining (54) and (55),
we have

|W(Tov2), 9(Tov2)) 132, = 11(9(0), G032, = —2/ " 10 (G572 r, dt

QCob 2Cob
< T+ —25 1 (w(0),9(0) 3, < T+ e ,22||( (Tov2), §(Tov2)) I3, -

As a result, we have
E(t,y) < Me *£(0,y) for every t > 0,

In(1+4 2Cob2.

14ch? . 2¢Cob2
Toos and M := (1 +1+C,2)

Next we show that the stabilizability property (52) implies the observability
condition OB2 or equivalently OB4. Due to (52) and (54), there exists a 7" > 0
such that

where « 1=

| 10.@i0) e, e > 10.0). (56)

Moreover, the very weak solution ¢ to (29) with the initial pair (y},y3) € Ha can
be rewritten as ¢ := y — v, where y is the solution to (53) and v is the solution to
(50) with u = 9, (Gy)|r, for T" instead of T. By taking the L?-inner product of (50)
with Gy for u = 8,(Gy) € L*(0,T'; L*(T.)), and integrating over [0,7"], we obtain

(T e + (T B ) / / —0,(Gi)d. (G¥)dSdt

l\’)\»—l

- (57)
= / —8,(GY + G, (Gah)dSdL,
0 .
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By a density argument, it can be shown that the inequality (57) is also true for
the very weak solution of (50) with u := 9,(G9)|r, € L?(0,T'; L*(T'..)). Next, (57)
implies that

T/

T/
/0 10, (G () |2t < / 10, (G2, . (58)
Using (56), (58), and the following inequality

el

T/ i 2 2 T/ 7 2
/ 18, (Gd(E) 22 dt > / 10,(Gi (D) |2t — / 180(G () |2t
0 0 0

we complete the proof with

T/
: 1
| 10000 e,y > 580.9),

Now we are in the position to investigate properties P2 and P3 for (3).

Proposition 3.9. Suppose that the observability conditions OB1-OB2 hold. Then
for every T > 0, there exists a control 4 € L*(0,T; L?(T'.)) for (48) such that

Ve (Vo) < Jr(i; Vo) < v2(T) 1Voll3,, (59)

for every initial pair (y§,y2) = Yo € Ha, where Yo(-) is a nondecreasing, continuous,
and bounded function. Moreover, there exists a constant y1(T) > 0 depending on T
such that

Vr (Vo) = 71(T)l1Voll3, (60)
for all (y§,v2) = Yo € Ha. Thus P2 and P3 hold.

Proof. Setting u(t) := 0,(Gy(t))|r, in the controlled system (48), and using Propo-
sition 3.8 and OB2, we obtain

1y (®), 55, < Me™[I(y(0), 503,  for all ¢ € [0, 71,

where the constants M and « were defined in Proposition 3.8. By integrating from
0 to T' we have

/O I1(y(6), ()3, dt < %(1 — e )(y(0), 5(0)) I3,
Moreover, by (52) and (54) we have

T T
/0||U(t)||2m<rc>dt=/0 10, (G572, dt

1+ M) (61
2

1y0s 90) I3, -

<3 (E0,9) +E(Ty) <

Using (43), (61), and the definition of the value function Vr, we have

2

< (- e+ 20 b iR, = Dl s

Vetuhod) < [ (G100 50 + 5 IOl ) @

which gives (59).

To verify (60), we use the superposition argument for (48) with an arbitrary
control u € L?(0,T;L*(T.)). We rewrite the solution of (48) as y = ¢ + ¢ where
¢ is the solution to (29) with the initial pair (y3,92) and « is the solution to (50).
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By Lemma 3.6 we can use the observability condition OB3 for (29) with the initial
pair (y$,y2) and Q instead of w. Together with (47) for (50), we obtain

I I
03,5800 < [ e Ezmdt < — [ (e + Il
obl Jo Cobl Jo

1

T
< [ (e + TN er,) de
o 0
B

<) [ (3106050 a + 1O la, ) = ) [ o,

Since u € L?(0,T; L*(T,)) is arbitrary, we obtain (60) for a constant ¢j(7) inde-
pendent of u and (y3,v3). O

Remark 3.10. From Propositions 3.4 and 3.9, it follows that Theorem 1.5 is ap-
plicable for (3).

4. Neumann Boundary Control. In this section, we consider (4) where L > 0,
u € L?(0,00), and (y},93) € V x L?(0,L) with V := {q € H'(0,L) : ¢(0) = 0}.
The function space V' is equipped with the following scalar product

L
(6,0) = /0 buthada.

Moreover, V* stands for the dual space of V. Similarly to the previous sections we
define H3 :=V x L?(0, L) with its corresponding energy

Et,y) = llyOIF + I15ON172 0.1,

along a trajectory y. The incremental function ¢ : V x L2(0,L) x Ry — Ry is
defined by

1
(. 2)u) = 5 S

Moreover, later we will use the space V2 := {q € H?(0,L)NV : q.(L) = 0}.

(. 2)1134, + (62)

Remark 4.1. Note that, for the case dim(Q2) > 2, the generalization of the con-
trolled system (4) has the form

j—Ay=0 in (0,00) x Q,
Oy =u on (0,00) x I'c, (63)
y=0 on (0,00) x Iy,

(¥(0),9(0)) = (y5,45) onQ,

where 2 € R” is a bounded domain with smooth boundary 9€) := ' UTy. The two
components I, Ty are relatively open in 91, disjoint, and int(T';) # 0. Moreover
u € L*(0,00; L*(T.)), (y5,¥5) € Hs with Hz := Hyp, () x L*(Q), and the functional
space H} () is defined by Hp (Q) := {f € H'(Q) : f|r, = 0}. For our framework
we would require that the solution operator is continuous from L2(0,7T; L*(T'..)) to
CY([0,T]); H3). However, this property does not hold as was shown in [36]. In fact,
the solution (y(-),y(:)) belongs to a strictly larger space than Hs. However, in the
larger space we have no stabilizability results.
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Consider now the following one dimensional wave equation with an inhomoge-
neous Neumann boundary condition

§— Yoz =0 in (0,7) x (0,L),

y(-,0) =0 in (0,7),

Yz( L) =u in (0,7), (64)
(y(oa ')7 y(oa )) = (yéu y(%) in (07 L)

Definition 4.2 (Weak solution). Let T > 0, (y$,v3) € Hs, and u € L?(0,T) be
given. Then y is referred to as the weak solution to (64) if (y,7) € C°([0,T]; H3),
(y(0),9(0)) = (y$,v2), and for every ¥ € C*([0,7] x [0, L]) with 9(0,7) = 0,Vr €
[0,T7, it satisfies

L L
/ ot )9t ) de — / W ()0(0, z)dx
0

/ / 19y+19xy$) dwdr f/ w(r)d(r, L)dr = 0

for almost every ¢ € (0,T).

(65)

Proposition 4.3. Let T > 0, L > 0, (y},y3) € Hs, and u € L*(0,T) be given.
Then there exists a unique weak solution y € C°([0,T];V) N CL([0,T]; L*(0, L))
satisfying

lyllcoo,mvy + l19lleoo,ry2c0,0)) + il 220,730+
< (lyollv + lwpllz2 0.2y + lull20.1)) »

where the constant c3 depends only on T and L. Furthermore, y(-,L) € H'(0,T)
and we have

(66)

19, L) lz20.m) < e (ldllv + lsBlzzo.n) + lullzzom) | (67)
for a constant ¢4 depending only on L and T.
Proof. The proof is given in, e.g., [15, page 68]. O
Remark 4.4. Thus, (Est) follows from (66) for (4) with respect to Hs-norm.

We will later use the following auxiliary problem.

G = Yoz = f in (0,7) x (0, L),

y(‘,O) =0 ( )7 (68)
yz('7L) =0 ( )a

(y(0,-),9(0,-)) = (yo,93) in (0,L).

Definition 4.5 (Very weak solution). Let L > 0, T > 0, (y3,v3) € L?(0,L) x V*,
and f € L?(0,T;V*) be given. A function y € L?(0,T; L*(0, L)) is referred to as
the very weak solution of (68), if

/0 (008, 5() 120,y dt = — (48, D(0)) 12001 + (U2, DO)) v v + / (), 0 ve v dt,

for all g € L?(0,T; L?(0, L)), where ¥ € C*([0,T]; L?(0,L)) N C°([0,T]); V) is the
weak solution of the following backward in time problem

U—as =g in (0,T) x (0, L),
9(-,0) =0 in (0,7),
9u(, L) =0 in (0,7),
((T,-),I(T,-)) = (0,0) in (0,L).
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We have the following existence and regularity results for the very weak solution
of (68), see, e.g., [40, 42].

Proposition 4.6. For every L > 0, T > 0, f € L*(0,T;V*), and (y},93) €
L2(Q) x V*, there exists a unique very weak solution to (68) in C1([0, T],V*)
C°([0,T]; L?*(0, L)), and we have the following estimate

lyllcoqo,rynzo,0)) + lgllcoqo, vy < € (1Wsllrzo,0) + 1Wgllv= + 111l 20,0+ »

(69)
where the constant ¢4 is independent of y§, y2, and f.

4.1. On the finite horizon optimal control problems. Analogously to the
previous chapters, in this subsection we investigate well-posedness and the first-
order optimality conditions for the following optimal control problem

min {JT(U; (yé,y%)) | (y,u) satisfies (64),u € L2(O,T)} , (OPypen)

where the performance index function Jp is given by

Jr(u; (Yo, ¥5)) / £(( u(t))dt
with the incremental function ¢ defined by (62) and (yg,vy3) € Hs.

Proposition 4.7. For every T > 0 and (y},y3) € Ha, the optimal control problem
(OPyey) admits a unique solution.

Proof. We use the standard argument of calculus of variation. Since the objective
function Jr(u; (yd,43)) is coercive and bounded from below, there is a bounded
minimizing sequence {u"}, C L?(0,T) such that

Jr(u™; (yo,y3)) — inf  Jr(u;(yo,y3)) = 0 < oo.
w€L2(0,T)

Moreover, this sequence has a weakly convergent subsequence u™ — u* with the
limit u* € L?(0,T). Due to Proposition 4.3 and (66), there exists a bounded
sequence of very weak solutions {y"},, C L°(0,T;V) N Wte(0,T;L?(0,L)) to
(64) corresponding to the control sequence {u"},. Hence, there are weakly-star
convergent subsequences of {y"},, and {¢™}, such that

y" =" y"in L0, T;V), §" —* ¢ in L=(0,T;L*(0,L)), §" — ¢ in L*(0,T;V™).

It remains to show that y* is the weak solution to (64) corresponding to the control
u*. To see this, we only need to pass to the limit in the weak formulation (65) for
the pair of sequences (y™,u"). For every ¥ € C1([0,7] x [0, L]) such that 9(0,7) =0
for all 7 € [0, T, we have for every t € [0, T

[ [ @) -5 o oo o
/ / ")~ )i, @)y 0,
/ / (7, 2) — 55 (7, )0 (7, @) dzdr — O,
/ (u" (1) — u(r))¥(r, L)dr — 0.

0

Moreover, due to (66), for every t € [0,7] the sequence {y"(t)}, is bounded in
L?(0,L). Hence, it has a weakly convergent subsequence §™(t) — %, with limit
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ys € L?(0,L). For any t € [0,T], we define Z; : HY(0,T;V*) — V* by p ~ p(t).
This operator is continuous, moreover, for every ¢ € V we have

(U, @) 20,0y = m (Lg", q)v=v = lim (5", 7 q) g1(0,7:v+), (5 (0,7;V*))*
= ("L Q>H1(O,T;V*),(Hl(O,T;V*))* = (Zvy aQ>V*,V7

where Z; : V. — (H(0,T;V*))* is the adjoint operator to Z;. Therefore, for every

¥ € CY([0,T] x [0,L]) such that 9(0,7) = 0 for all 7 € [0,T], we have for almost
every t € [0, T

L L
/ 1t 2) O, 2)dz — / 5 (6, 2)0(E, 2)da, (71)
0 0

and, as a consequence, we can pass to the limit in (65) with y replaced by y* and
y* is the weak solution to (64) corresponding to the control u*. Now since the
solution operator S : L2(0,T) — L>(0,T;H3) defined by u + (y,7) is affine and
continuous, the objective function Jr(-; yd, y2) is weakly lower semi-continuous and
we have

0 < Jr(u”s (yo,5)) < liminf Jr(u"; (y0,45)) = 0.

As a result the pair (y*,u*) is optimal. Uniqueness follows from the strictly con-
vexity of Jr (- (y8,42)). O

We turn to the first-order optimality conditions for (OP,.,). Due to the presence
of the tracking term for the velocity 5 € L?(0,T; L?(0, L)) in the objective function
of (OP,..), the solution to the ajdoint equation has less regularity than the one to
(64) and exists in the very weak sense only.

Proposition 4.8. Let (y,u) be the optimal solution to (OP,..). It satisfies the
following optimality conditions

U= Yza =0 in (0,7) x (0,L), (P = Pra =Y+ Vra in (0,7) x (0, L),
7(-,0) =0 in (0,7), p(-,0) =0 in (0,T),
(-, L) =1 in (0,T), p.(,L) =0 in (0,T),
(7_(07 ')7??(()’ )) = (957313) in (07L)7 (_( 7')7]3(Ta )) = (07:’7(T7 )) mn (07 L)a
and

where P the solution of the adjoint equation belongs to the space C°([0,T]; L2(0, L))N
CH([0,T]; V™).

Proof. The proof is given in Appendix A.3. 0
4.2. Verification of P2 and P3. To specify the required observability conditions,

for any given (¢, ¢%) € Hs, we denote by ¢ the weak solution of the following
system

é— duw =0 in (0,T) x (0, L),
#(-,0) =0 %n 0,7), (72)
¢=(,L)=0 in (0,7,

(#(0, ')7(2)(07 D)) = ((b(l)a(i)%) in (OvL)'

Then we formulate the following observability inequalities:
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OB5: There exists _Tobg > 0 such that for every T" > T3, the weak solution ¢ to
(72) with (¢, ¢) € C°([0,T); Hs) satisfies the inequality

T
cons| (88, )3, < / Bt L)Pdt  for every (6, 62) € Ha,
0

where the positive constant c,53 depends only on T and L.
OBG6: There exists Topa > 0 such that for every T > Typ4, the weak solution ¢ to
(72) with (¢, ¢) € C°([0,T]; H3) satisfies the inequality

T
coml|(8, B2, < / /|¢|2dmdt for overy (8}, ¢2) € Hs,
0 w

where the positive constant cyp4 depends only on 7' and w C (0, L).

Proposition 4.9. Suppose that (y},y3) € Hs is given. Then the solution of the

controlled system (4) with the feedback law u(t) :== —y(t, L) converges exponentially
to zero with respect to Hs, i.e.
Et,y) < Me™E(0,y) = Me™||(yg, y3) I3, (73)

for positive constants M and « independent of (y§,y2), if and only if the observ-
ability condition OB5 holds.

Proof. The proof can be found in e.g., [50]. O

Proposition 4.10. Suppose that the observability conditions OB5-OB6 hold. For
every T > 0, there exists a control i € L*(0,T) for (64) such that

Ve (Vo) < Jr(i; Vo) < 72(T)|Voll3, (74)

for every initial pair (y§,y3) = Yo € Hs, where Ya(-) is a nondecreasing, continuous,
and bounded function. Moreover, there exists a constant y1(T) > 0 depending on T'
such that

Vr(Vo) = 71(D) Yol (75)
for all (y3,y2) = Vo € Hz. Thus P2 and P35 hold.

Proof. Setting u(t) := —g(t, L) in the controlled system (64), we obtain the follow-
ing closed-loop system

Y= Yoz =0 in (0,7) x (0,L),
y(-,0) =0 . %n 0,7, (76)
yz('vL) = _y('vL) m (O,T),

(y(oa ')7 y(07 )) = (yéa yg) in (07 L)'
Suppose that the solution y of (76) is smooth enough. By taking the L2-inner
product of (76) with ¢, and integrating over [0, 7], we obtain

1(T), 5Tz = N (0), 5(0))13, = —2/0 l4(t, L) dt. (77)

By using a density argument, it can be shown that (77) is also true for the weak
solution of (76). Further, by Proposition 4.9 we obtain

1(y(8), 3013y < Me™*[|(y(0),5(0) I3, for all ¢ € (0,71,

where the constants M and « were defined in Proposition 4.9. Integrating from 0
to T' we have

/O 1(y(), 5(8)) I3, dt < %(1 — e~ D)I((0), 9(0)) I3
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From (73) and (77) we conclude that
1+ M)

| worar= [ i npa<g 0.0 + @) < 6B, 09

By (62), (78), and the definition of the value function Vi, we have

Vetbod) < [ (G100 50l + ) a

< (e = ey P b ) By = a0

To verify (75), we use the superposition argument for (64) with an arbitrary control
u € L?(0,T). We express the solution of (64) as y = ¢ + 1 where ¢ is the solution
to (72) with the initial pair (y3,92), and 9 is the solution to the following problem

V=P =0 in (0,7) x (0, L),
¢(~,0) =0 in (O,T),
Y (L) =u in (0,7), (79)

(1(0,-),%(0,-)) = (0,0) in (0,L).

By using the observability condition OB6 for (72) with the initial pair (y$,y3) and
(0, L) instead of w, and using estimate (66) for (79) we obtain

1 [T, R ;
(o, )13, < —/ ()72 0,2yt < 7/ (@ Z20,2) + 18Dl 7200,1)) dt
Coba Jg Coba Jo

T

1 .
S (19N Z2 0,2y + Teslut)]?) dt
obd Jo
g

<) [ (Gl + §luf ) a =) [y, ua.

Since u € L?(0,T) is arbitrary, we obtain (75) for a constant ¢/(7") independent of
wand (yd,93). O

Remark 4.11. From Propositions 4.7 and 4.10, it follows that Theorem 1.5 is
applicable for (4).

5. Numerical Experiments. This section is devoted to numerical simulations.
In order to justify our theoretical results for the receding horizon Algorithm 1, we
give numerical results for all the cases: Distributed control, Dirichlet boundary
control, and Neumann boundary control. We give also a short description about
the discretization of the control and the state, the optimization algorithm, and the
implementation of Algorithm 1.

5.1. Discretization. Among the many discretization approaches to the wave equa-
tion based on finite elements, we can mention the works [4, 5, 6, 7, 30, 31]. Here
we follow the framework which was investigated in [7] and applied for optimal con-
trol problems in [32]. In this framework, the open-loop problems are discretized,
temporally and spatially, by appropriate finite elements, for which the approaches
optimize-discretize and discretize-optimize commute; see, e.g., [10]. In all cases,
for the discretization of the state we write the equation as a system of first order
equations in time. The spatial discretization was done by a conforming linear finite
element scheme using continuous piecewise linear basis functions over a uniform
mesh. This uniform mesh was generated by triangulation. For the temporal dis-
cretization of the state equation, a Petrov-Galerkin scheme based on continuous
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piecewise linear basis functions for the trial space and piecewise constant test func-
tions was employed. By doing so, the resulting discretized system is equivalent to
the system first discretized in space followed by the Crank-Nicolson time stepping
method. Since the temporal test functions have been chosen to be piecewise con-
stant, it is natural to also discretize the adjoint equation and also control by these
functions. This implies that the approximated gradient is consistent with both con-
tinuous functional and the discrete functional. In the case of the Dirichlet boundary
control, the inhomogeneous Dirichlet condition y|r, = u was treated by interpret-
ing u as the trace of a sufficiently smooth function § and solving the equation for
v = y — ¢ instead of y with homogeneous Dirichlet boundary conditions, see, e.g.,
[18, page 376] for more detail.

5.2. Optimization. Every discretized open-loop problem was first formulated as
reduced problem. The resulting unconstrained optimization problem consists of
minimizing a reduced objective function which depends only on the control variable
u. Then these reduced problems were solved by applying the Barzilai-Borwein
(BB) method [9] equipped with a nonmonotone line search [17]. The optimization
algorithm was terminated as soon as the L?(0,7;U)-norm of the gradient for the
reduced objective function was less than the tolerance 1075.

5.3. Implementation of RHC. Turning to the numerical experiments, we con-
sidered three examples corresponding to the cases: distributed control (2), Dirichlet
boundary control (3), and Neumann boundary control (4). We applied Algorithm
2 which is based on Algorithm 1. For a given initial pair (y§,y3) =: Vo € H and a

Algorithm 2 RHC()y, Tw)

Input: Let a final computational time horizon T, and an initial state Yo := (yé7 yg) S
H be given.
1: Choose a prediction horizon T' < To and a sampling time 6 € (0, 7.
2: Consider a grid 0 = to < t1 < -+ < t, = T on the interval [0, To] where ¢; = id for
1 =0,...,7.
3: fori=0,...,r—1do
Solve the open-loop subproblem on [t;,t; + T

1 t;+T ) ﬁ t;+T )
ming [ YO+ [ ol
ti t;

V=AYV +Bu te (tyty+T),
V(t:) = Vi(t:) if i > 1or Y(t:) = (yb,43) if i = 0,

where Y7 (+) is the solution to the previous subproblem on [t;—1,t;—1 + 1.

subject to {

4: The model predictive pair (V;,(+), ury(+)) is the concatenation of the optimal pairs
(V7(+),ur(-)) on the finite horizon intervals [t;, t;41] with ¢ =0,...,r — 1.

constant T, defined as the final computation time, we ran Algorithm 2 for all the
above mentioned cases. For every example, the receding horizon control u,, was
computed for the fixed sampling time § = 0.25 and different values of the predic-
tion horizon T'. In each example, the performance of the computed receding horizon
controls for different prediction horizons are compared with each other. Moreover,
in order to get more intuition about the stabilization problem, the results related
to the uncontrolled problem are also reported. As performance criteria for our
comparison, we considered the following quantities:



RHC FOR THE STABILIZATION OF THE WAVE EQUATION 25

JT (urh7y0 = 2f0 Hy’rh
1 Venll 20,1007

1V (Too) 131
iter : the total number of iterations (BB-gradient steps) that the optimizer

needs for all open-loop problems on the intervals (¢;,¢;+7T) for i = 0,...,r—1.

Wt + 5 o llurn(0)]1Fdt,

b .

5.4. Numerical examples. For the cases distributed control (2) and Dirichlet
control (3), we considered the unit square (0,1)? C R? as the spatial domain €.
This spatial domain was discretized by using N = 4225 cells. Moreover for the case
of Neumann control (4), the string equation is defined on the interval (0,1). In
this case, the spatial discretization was also done by the standard Galerkin method
based on continuous piecewise linear basis functions with mesh-size h = 0.0125 and
the time discretization described in Subsection 5.1 was used. For all examples, the
step-size At = 0.0025 was chosen for time discretization. The numerical simulations
were carried out on the MATLAB platform.

Example 5.1 (Distributed control). In this example we applied Algorithm 2 to
the infinite horizon problem (1)-(2) with ¢ defined by (21). We set U := L?(w) with
w depicted in Figure 2(a), 8 =0.1, T, = 15, and

— r1—U. 2 To—U. 2
yo(x) i= be 20UE =08 H(w2=05)7) =24y =,

where © := (21,22) € Q. Before applying Algorithm 2, we investigate the uncon-
trolled system. For this case we obtained the following quantities:

PNz, ) = 117 x 10%, [ V(Toc) I, = 78.57.

In fact, for this system the Hi-energy is conserved in time, i.e.,

1Y)l = (w0, 95) I, = 7857 for all t € [0, Txe],

where H1 = Hg () x L2(Q). As it is depicted by Figure 1, a single wave propagates
and moves from the center of the domain to the boundaries. While moving to the
boundaries, it decomposes into several small waves. After hitting the boundaries,
the resulting small waves propagate and join together to form a single wave at the
center of the domain. This process repeats constantly, as time progresses. We
employed RHC computed by Algorithm 2 for different choices of the prediction
horizon T' and the fixed sampling time 6 = 0.25. The corresponding results are
gathered in Table 1. Figure 4(a) demonstrates the evolution of the Hi-energy of
the receding horizon states for the different choices of T' and fixed § = 0.25. The
evolution of the L?(w)-norm of the corresponding RHCs are plotted in Figure 3.
Figure 5 shows the receding horizon state at different time points for the choice
of T = 1.5. As expected longer T provides better stabilization performance but
requires more iterations.

Prediction Horizon Jr, 1 Verll 20,70 20) | 1Yrn (Too) |2, | iter
T=15 8.20 x 102 40.19 2.62 x 10~% | 1515
T=1 1.13 x 103 47.40 3.03x 1078 | 847
T=05 3.13 x 103 79.10 2.00 x 1073 | 550
T=0.25 1.94 x 107 197.43 379 x 10°T | 373

TABLE 1. Numerical results for Example 5.1
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FIGURE 1. Snapshots of the uncontrolled state corresponding to

Example 5.1
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(2) T=15 (b) T =05 (c) T =0.25

FIGURE 3. Evolution of L?(w)-norm for RHC corresponding to
Example 5.1 with different prediction horizons T'

Example 5.2 (Dirichlet control). Here we considered the stabilization of the wave
equation (3) by Dirichlet boundary control. We set U := L?(T'.), To, = 10, B = 1,
and chose the same initial pair (yg,y3) as in the previous example. The stabilization
task was done with respect to the energy Ho = L?(Q) x H~1(Q) which is different
from the one in the previous example. For the uncontrolled state, the Ho-energy is
conserved over the time. More precisely, we have ||Y(¢)|/», = 1.96 for all t € [0, T ],
and also || V|| z2(0,7.:2,) = 19.60. The receding horizon Dirichlet control is active on
a subset I'. C 00 as illustrated in Figure 2(b). Similarly to the previous example,
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FIGURE 4. Evolution of |V, (t)]|3 for different choices of T
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FIGURE 5. Snapshots of receding horizon state for the choice of
T = 1.5 corresponding to Example 5.1
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we implemented Algorithm 2 for different values of the prediction horizon T and
fixed sampling time § = 0.25. The corresponding results are summarized in Table
2, Figure 4(b). Figure 6 shows the receding horizon state at different time points

Prediction Horizon | Jr_ | 1 Venllzeo,ms) | 1Ven(Too)ll2, | iter
T=15 2.20 1.93 211 x 1078 | 715
T=1 2.75 2.23 3.42 x 107° | 599
T=05 6.77 3.64 6.00 x 10~° | 445
T=0.25 33.75 8.20 2.36 x 1071 | 359

TABLE 2. Numerical results for Example 5.2

for the choice of T'= 1.5 and § = 0.25.

g
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FIGURE 6. Snapshots of receding horizon state for the choice of
T = 1.5 corresponding to Example 5.2

Example 5.3 (Neumann control). Here, we consider the unilaterally controlled
Neumann problem (4) and choose L =1, U := R, 8 =15, T, = 15, and

J— x—0. 2
yé(x) := e 20(=0.5)" yg(x) =0,

as the initial data. In the uncontrolled case, we have a vibrating string which
is fixed at one end of the boundary, but whose other end keeps moving up and
down in a periodic fashion. Similarly to the previous examples for the uncontrolled
system, the Hz-energy with Hs = V x L%(0,1) is conserved for all times. Further
we have ||V 120,17 3,) = 2.10 x 10% and [|Y(Ts )|, = 140.13. The uncontrolled
solution can be seen from Figure 7(a). The numerical results of RHC computed
by Algorithm 2 for the different choices of the prediction horizon T and the fixed
sampling time § = 0.25, are revealed by Table 3, and Figures 4(c). Figures 7(b)
and 7(c) show, respectively, the receding horizon state and control for the choice of
T =1.5.

From Tables 1-3 and Figures 4(a), 4(b), and 4(c), we can assert that the results
corresponding to the performance criteria are reasonable. Except for the case that



RHC FOR THE STABILIZATION OF THE WAVE EQUATION 29

Prediction Horizon Jr, 1 Venll 20,10 145) | 1Vrn (Too) s | iter
T=15 1.30 x 10% 161.47 3.85 x 1079 | 5348
T=1 1.67 x 10% 182.97 7.08 x 1075 | 3303
T=05 3.92 x 10* 280.22 491 x 1072 | 1507
T=0.25 2.41 x 10° 694.40 9.26 823

TABLE 3. Numerical results for Example 5.3

05 10
5 : 5 -10
x 00 . x 00 . 0 5 10 15

(a) Uncontrolled solution (b) RH state for T =1.5 (¢) RHC for T =15

FIGURE 7. Numerical results corresponding to Example 5.3

6 = T, for all prediction horizons T > ¢ the underlying system was successfully
stabilized as the theory in the previous sections suggests. Moreover, apparently the
prediction horizon T plays an important role. As expected, increasing the prediction
horizon T leads to a decrease of the stabilization indicators and more importantly
the value of objective function Jr_. Moreover as can been seen from Figures 3,
the corresponding RHCs are more regular, if the ratio of prediction horizon T to
sampling time § is large. On the other hand, the shorter prediction horizon T
(i.e. the closer to the sampling time 0) is chosen, the fewer overall iterations and
computational efforts are required.

Conclusion. Receding horizon control for the stabilization of linear wave equation
with different boundary conditions was analysed and its numerical efficiency was
investigated. The results encourage further investigations which may include the
convergence analysis of the controls obtained by the receding horizon framework as
T — oo, as well as nonlinear problems, and cost functionals different from quadratic
ones, as for instance, sparsity promoting functionals.

A. Appendix.

A.1. Proof of Proposition 2.6. Before establishing the first-order optimality con-
ditions, we prove the following useful lemma.

Lemma A.1. Consider the following linear wave equations

j—Ay=f in (0,T) x Q, p—Ap=g in (0,T) x Q,
y=0 on (0,T) x 9Q, (80) p=0 on (0,T) x 0Q, (81)
(y(0),9(0)) = (0,0) on £, (p(T),p(T)) = (pp,p7) on Q,

where f € L*(0,T; L*()), g € L*(0,T; H~1(Q2)), and (pk, p%) € L*(Q) x H1(Q).
Then the weak solution y to (80) and the very weak solution p to (81) satisfy the
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following equality

/ (F(0),p(8) ey dt
0 (82)

T
= / (9(8), y(8)) -1, mp (o) At + (pr, 9(T)) 1202 — <p§"7y(T)>H*1(Q),Hé(Q)'
0

Proof. First, due to Proposition 2.3 and the time reversibility of the linear wave
equation, the solution p to (81) belongs to the space C1 ([0, T'|; H~1(Q2))NC([0, T; L*(2)).
Moreover, equality (82) can be first established for a smooth solution of (81) by inte-
gration by parts and the Green formula. Moreover, for (g, pk, p3) € L2(0,T; L*(Q)) x
H; the solution to (81) belongs to the space C°([0,T]; Hi(2)) N CL([0,T]; L*())
(see, e.g., [40, 42]), and the spaces L%(0,T; L?()) and H; are dense in the spaces
L2(0,T; H-1(Q)) and L2(2) x H~1(£2), respectively. Next, (82) is derived by us-
ing a density argument and passing to the limit which is justified due to estimate
(25). m

Now we are in a position to establish the optimality conditions. For sake of
simplicity in notation, we remove the overbar in the notation of (i, ). Let (y3,v3) €
H1 be given. Computing the directional derivative of Jr(-, (y¢,y3)) at u in the
direction of an arbitrary du € L?(0,T; L?(w)) we obtain

Th(u, (g, 52)6u

= [ syt + |

— [ 200,590 o ot + [
0 0

(1), Sy(8)) L2yt + B / (u(t), 6u(t)) g2,
(), 60(1)) L2yt + B / (u(t), 6u(t)) 20,
(83)

where —A : H}(Q) — H~1(€) is the Laplace operator with homogeneous Dirichlet
boundary conditions which is an isomorphism. Moreover dy € C°([0,T]; H3(2)) N
CL([0,T]; L?*(Q)) is the weak solution of

by — Ady = Béu in (0,T) x Q,
dy=0 on (0,7) x 09, (84)
(6y(0),6y(0)) = (0,0) on Q.

Since the spaces H?(2) N HE(Q), Hi(Q), and L*(0,T; H}(£2)) are dense in H}(2),
L?(Q), and L2(0,T; L%(f2)), respectively, by a density argument it can be shown
that

| 0502yt = ). 89D 1 0 mycor = [ GO-59(0) 110y

(85)
Due to (83) and (85), the first-order optimality condition is equivalent to the fol-
lowing equality

/O (=i(t) = Ay(t), 6y(t)) -1 (), 1 ()t

+ (1), 0y(T)) -1(0),my ) + /5'/0 (u(t), du(t))p2(mydt = 0,
(86)
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for all du € L?(0,T;L?(w)). Due to Lemma A.1 and using the equality (82) for
equation (84), we have

T
60300y, o0 A+ 08 5T 20
0

T

— 6T oy = [ (0). P60 = 0,

(87)

for any given (g, ph, p2) € L?(0,T; H~1(Q))x L*(2) x H1(Q) and its corresponding

very weak solution p € C1([0, T]; H=1(Q))NC°([0,T]; L?(£2)) to (81). By comparing

(86) with (87) and smce du € L?(0,T; L*(w)) is arbitrary, we infer that fu = —B*p

in L2(0,T; L2(w)), ph = 0 in L3(Q), p2 = —§(T) in H (%), and g = —j — Ay in
L2(0,T; H-1(Q)).

A.2. Proof of Proposition 3.5. In order to show the optimality conditions, we
need first to prove the following useful lemma.

Lemma A.2. Consider the following linear wave equations

j—Ay=0 in (0,T) x Q,

p—Ap=g in (0,T) x €,
y=u on (0,T) x I,
y=0 on EO T; x Ty (88) {p =0 on (0,T) x 09, (89)
7 7 (p(T),p(T)) = (pk,p%) on Q,

(¥(0),9(0)) = (0,0)  on €,

where uw € L?(0,T; L*(T.)), g € L*(0,T;L?(2)), and (pk,p%) € HL(Q) x L3().
Then the very weak solution y to (88) and the weak solution p to (89) satisfy the
following equality

/ (9(t), y(t)) L2(q) dt + <p;“7y(T))>Hé(Q),H*1(Q) — (07, y(T)) 120
’ (90)

. /0 (u(t), Bup()) 12, d.

Proof. Using that y € C*([0,T]; H=1(Q))NC([0,T; L*(2)), p € C1([0, T]; L%(Q))N
CY([0,T]; HY(Q)), and that d,p € L?(0,T; L*(99)), (90) can be verified by standard
techniques analogous to Lemma A.1. O

Now we are in a position to prove Proposition 3.5. Again, we remove the overbar
in the notation of (¢, @). Let (y$,y3) € Ha be given. Computing the directional de-

rivative of Jr (-, (y$,%2)) at @ in the direction of an arbitrary du € L?(0,T; L?(T.)),
we obtain

Jr(u, (Yo, 95))0u

:/0 (y(t)76y(t))L2(Q)dt+/0 (y'(t)»&/(t))Hfl(Q)dt—&-ﬁ/o (u(t)76u(t))L2(FC)dta

(91)
where dy € C1([0,T]; H=(2)) N C°([0, T); L3(£2)) is the very weak solution of
Sy — Ady =0 in (0,T) x Q,
oy = du on (0,T) x I, (92)
oy=0 on (0,T) x Iy,

(6y(0),8y(0)) = (0,0) on €.

As defined G : (H?(2) N HE(2))* — L?(Q) denotes the unique linear extension of
G: H Q) — H(Q). Well-posedness of G is justified since H~(Q) is dense in
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(H?(2) N HE(Q))*. Moreover one can show that G is the inverse of the operator
(—A)*: L2(Q) — (H?*(Q) N HF(2))*, where —A : (H2(Q2) N HY(Q)) — L?(Q) is the
Laplace operator with homogeneous Dirichlet boundary conditions. Next we show
that

T

/0 (y(t)76‘y(t))H*1(Q)dt = (Gy(T),6y(T))L2(e) —/0 (Gy(t), 6y(t)) 2o dt. (93)

We proceed with the help of an approximation argument. The spaces Hg (2), L?(Q),
and H2(0,T; H2(8Q)) := {q € H2(0,T; H2(99Q)) : q(0) = ¢(0) = 0} are dense in
the spaces L?(Q), H-1(2), and L2(0,T;L?(99)), respectively, and the solutions
of (48) (resp. (92)) is equal to the solution of (44) provided we choose Bpqu €
L2(0,T; L*(09)) (resp. Bpgdu) as the inhomogeneous Dirichlet part h and the
pair (y$,y3) (resp. (0,0)) as the initial pair. Therefore, there exist sequences
{W"n C HYQ), {y3"}n < L2(), {h"}n © HG(0,T; H2(99)), and {5h"} C
H2(0,T; H?(9Q)) such that

" =y in L*(Q) h™ — Byqu in L*(0,T; L*(99)),

vt = ye  in HY(Q) Sh™ — Bygdu  in L?(0,T; L*(89)).
For any triple (3", 42", h™) € HL(Q) x L2(Q) x H2(0,T; H2 (%)), the solution
of y™ of (44) belongs to the space C*([0,T]; L*(Q)) N C°([0, T]; H*(Q)) with " €
L2(0,T; H=1(Q2)) (see, e.g., [43]), and similarly, for any triple (0,0,5h") € H}(Q) x
L2(Q)x HZ(0,T; Hz (852)), the solution of (44) belongs to the space C*([0, T]; L2(£2))N
CY([0,T]; HY(Q)). By using estimate (47) we have
19" = yllcoqo,rysz2@)) + 19" = Ullooqo.ra—1 @) + 15" = ¥ll 20,7512 @) nE2(9)))

<2 (lve" = wollzzc) + 193" = vollu-1(0) + 1" = Buaull r2(0,7:12(00))) -

and
16y™ —8yllco o122 ) 18y —0yllcoqo.rp:r-1 () < C2l|0h™ — Boadull 12 (0712 (002)) -

For a solution y™ of (44) with (yA™, y@", h™) € HE(Q) x L3(Q) x HE(0,T; Hz (9%))
and a solution §y™ of (44) with (0,0,6h™) € HL(Q) x L2(Q) x H2(0,T; H?(9Q)),
we have

T s n T .7 T
/0 (" (1), 0y (t))Hflm)dt:/o (Gy" (), 0y (£)) (), m—1 (o dt =

(Gy"(T),0y™ (T)) L2(e) */0 (GiJ" (1), 0y™ (t)) L2 (o L.
Passing to the limit we obtain
/o " (£),0y" () -1y dt — /0 (), 6y(t)) r—1(c) it
(Gy™(T),0y™(T)) 2y = (GI(T), y(T)) L2(0y = (GU(T), 6y(T)) L2(0)
| @i @5 O) ooyt — [ @i).59(0)) st

which implies (93). Due to (91) and (93), the first-order optimality condition is
equivalent to the following equality

/O (y(t)*?i}(t)v5y(t))L2(n)dt+@y(T)75y(T))L2<g)+ﬁ/O (u(t), 6u(t)) L2 (r,ydt = 0. (94)
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Due to Lemma A.2 and using equality (90) for equation (92), we have

[ 60850200 dt + (b 5T sy 0,010
0 (95)

T
— (03 8y(T)) 12 + / (Bup(8), 6u(t)) L2 (r, ) dt = O,
0

for an arbitrary triple (g, pk, p2) € L2(0,T; L?(2)) x H}(2) x L?(Q2) and its corre-
sponding weak solution p € C°([0, T|; H} (€2))NC([0, T]; L*(2)) to (89). Comparing
(94) with (95) and since du € L?(0,T; L*(T.)) is arbitrary, we infer that Su = d,p
in L*(0,T; L*(Te)), pp = 0 in Hg(Q), p = —Gy(T) in L*(Q2), and g = y — Gj in
L2(0,T; L?(%2)).

A.3. Proof of Proposition 4.8. Prior to investigating the optimality conditions,
we need first to prove the following useful lemma.

Lemma A.3. Consider the following linear wave equations

ij Yoo = 0 n (UvT) X (O,L), D= Pax = g in (UvT) X (07L>7
y(t,-) =0 in (0,7), o p(-,0) =0 in (0,7), o
Yo (-, L) =u in (0,7), (96) pe(, L) =0 in (0,7), o)
((0,-),9(0,")) = (0’0) in (0, L), (®(T,-),p(T,) = (pr},p%) in (0, L),

where u € L*(0,T), g € L*(0,T;V*) and (pk,p%) € L*(0,L) x V*. Then the weak
solution y to (96) and the very weak solution p to (97) satisfy the following equality

/0 w(t)p(t, L) di = / (90 y(O)vev b+ (P 3(T)) 120.0) — P y(Thhve v (98)

Proof. Due to Proposition 4.6 and the time reversibility of the linear wave equation,
the very weak solution of (97) belongs to the space C*([0,T]; V*)NC([0, T]; L?(0, L)).
Moreover, due to Proposition 4.3, the weak solution y of (96) belongs to the space
C([0,T); L*(0,L)) N C°([0,T]; V). Therefore, the right hand side of (98) is well-
posed. We show that p(-, L) € L?(0,T) is well-defined and can be associated to the
very weak solution p to (97). Consider the following linear functional

T
ég,p,},p% (’LL) = A <g(t)7y(t)>v*,v dt + (p%vy(T))Lz(O,L) - <p§"7y(T)>V*7V7 (99)
where y(u) is the solution of (96) depends on u € L?(0,T). Due to (99) and (66)
we have
19,0102 (W <llgll L2 0, m5v ) Yl 20,0y + (D) 20,0 07 2200,y + Iy (D) IV DT v+,

<és (gl z20,mive) + IPTll 20,2y + 19T 1v+) el 201y
(100)

for a constant ¢4 depending on T" and L. Therefore, €, 1 2 L?(0,T) - Ris a

continuous linear functional. By the Riesz representation theorem and (100), there
exists a unique object p(-, L) € L?(0,T) such that

/OT (Op(t. L) dt = £, 1 3 (w), (101)

and we have

(- D)l 20,7y < € (lgll20.75v+) + o7l 2 Fllv-) (102)

Next, we show that p(-, L) is the trace of the solution p to (97). Since the spaces V,
L?(0, L), and L?(0,T; L?*(0, L)) are dense in the spaces L?(0, L), V*, and L?(0,T;V*),
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respectively, there exist sequences {pi"},, C V, {p2"}, C L*(0,L), and {g"}, C
L?(0,T; L?(0, L)) such that

py* = pp in L*(0,L), pi" —py in V¥, ¢" — gin L*(0,T;V*).

Moreover, for any triple (pi*, p27, g") € V x L?(0,L) x L*(0,T; L?(0,T)), the so-
lution p™ of (97) belongs to the space C1([0,T7]; L*(0, L)) N C°([0,T]; V) (see, e.g.,
[42]). By (69) we have
1™ = pllcoo.m:L2(0,L)) + 1" = Bllcoo.ry:v+) (103)
< (lpf = prllee.n) + 17 = pZllv- + 19" = 9ll2.rv+)) -
For the solution p™ of (97) with (pi,p2", ¢g") € V x L?(0,L) x L*(0,T;L?(0, L))
and the solution y of (96) we have

T T
/ w(t)p" (t, L) dt = / (GO yO)ve v di+ P (T 120.0) — B2 y(T))ve v (104)
0 0
From (102), we deduce that

1" (- D)l r20,7) < éa (19" n20.:v+) + 1pF | 20,0y + 17 lv+) -

Therefore the sequence p™(-, L) is bounded in L?(0,T) and thus there is a weakly
convergent subsequence {p"(-, L)}, such that p™(-,L) — p*(-, L) with a function
p*(-, L) € L?(0,T). Passing to the limit we have

/0 (6" (), y(O) v v di — / 9(t), (D) ve v dt,

(plTna ZJ(T))H(O L)y — (p%m Q(T))LZ(O L)»
7" y(T)v=v = o7, y(T))v=v,

/0 u(t)p tLdt—>/ dt.

and, as a consequence, by using (104) we obtain

/0 u(t)p /0 Yve v dt + (pT, J(T))L2(0,1) — <p2T»y(T)>V*,V- (105)

Moreover, due to (103) we infer that p” — p in C1([0,T]; V*)NC°([0,T]; L2(0, L)).
Finally, (99) (101), and (105) imply

T T
/0 w(t)p" (4, L) dt = /0 w(Op(t, L) dt = £, s 2 (). (106)
for all u € L?(0,T). We conclude p*(-,L) = p(-, L) in L?(0,T). O

Now the proof of Proposition 4.8 can be obtained with standard arguments sim-
ilarly to those for Propositions 2.6 and 3.5.
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