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OBLIQUE PROJECTION LOCAL FEEDBACK STABILIZATION OF
NONAUTONOMOUS SEMILINEAR DAMPED WAVE-LIKE EQUATIONS

BEHZAD AZMI AND SERGIO S. RODRIGUES

ABSTRACT. The stabilization of a class of nonlinear weakly damped wave equations by means of
a finite-dimensional feedback control is investigated. The stabilizing control is constructed based
on an appropriate oblique projection and it enters as a time-dependent linear combination of a
finite numbers of suitable indicator functions supported in small regions. Firstly, it is shown that
an oblique projection feedback is able to globally exponentially stabilize linear nonautonomous
weakly damped wave equations. Then, relying on this result, the local stabilization for semilinear
equations is proven for a suitable class of nonlinearities. Finally, numerical experiments are given
which validate the theoretical results.

1. INTRODUCTION

We are concerned with the stabilization of controlled systems governed by weakly damped wave
equations

M
2
%y—l/Ay+§%y+ay +N(y) :Zuilwy, Gyl =0, (1.1a)
i=1
y(0) =yo,  Zw(0) =y (1.1b)
with a time depending control vector u = (u(t),...,up(t)) € RM with a positive integer M. The

equation evolves in a spatial bounded smooth domain © C R%, which is a located locally on one
side of its boundary I' = 99, for a positive integer d. The unknown y = y(¢,x) € R, defined for
(t,z) € (0,400) X £, stands for the state. The coefficient ¥ > 0 and the damping coefficient ¢ > 0
are positive constants and the function @ = a(t,z) € R is fixed. Further, our actuators are the
indicator functions 1,m = 1, (z), where wM C Q are small domains for i = 1,2,..., M. The term
N (-) stands for the nonlinearity which will be specified later. Finally the relation Gy|. = 0 sets the
boundary conditions up. Our results will cover both Dirichlet and Neumann boundary conditions,
respectively G =1 and G = 8% :=n -V, where n stands for the unit outward normal vector to the
boundary T'.

Throughout this manuscript the symbol 1 stands for the identity operator on a given linear space,
such space will be clear from the context.

Our objective is to construct an oblique projection based feedback control u € L2((0, +00), RM)
that is able to locally exponentially stabilize systems as (L.1]).

First of all, to simplify the exposition, it will be convenient to guarantee the coercivity of the
diffusion operator (in particular, for Neumann boundary conditions), in other words we would like
to have —vA + 1 instead of —vA (cf. [21, Eq. (6a)]). For this we will rewrite (1.1} in the equivalent
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form

M
Gay+ (—vA+ Dy +chy+a—Dy+N(y) = wly, Gylp =0, (1.2a)
i=1

y(0) =yo, Zy(0) =y (1.2b)

1.1. Main results. In order to introduce the oblique projection feedback we need some notation.
The eigenvalues of —vA + 1, repeated accordingly with their multiplicity, are denoted by a; € R for
1€ Ng:=1{1,2,3,...}, and satisfy

0<a; < g1, lim o; = +oo.
11— 400

Then we fix a complete orthonormal system of eigenfunctions e;,
—vAe; + 1e; = aie;, 7> 1.

Let M == {1,2,3,...,M} and let Eyy = span{e; | 1 < i < M} C L?(Q) be the linear space
spanned by the first M eigenfunctions. Ej; is the orthogonal complement to Ey in L%(2), and
Un =span{lm [1 <i< M} C L?(Q) is the linear space spanned by our M actuators.

As in the case of parabolic equations [20], stabilization will be guaranteed for a large enough
number M of actuators. Therefore, we will allow ourselves to take such number of actuators.
However, as in [20] we are interested in the case where the total volume covered by the actuators is
uniformly bounded, that is,

Vol(UiI\i1 wM) < rvol(Q), 0<r<l, (1.3)

where r is given independently of M.

The construction of the feedback operator here is based on a suitable oblique (non-orthogonal)
projection. Let two closed subspaces F' C H and G C H, and a Hilbert space H be given. Further
assume that F' and G are complementary in H, that is, H = F + G and F (|G = {0}. Then the
oblique projection in H onto F along G is denoted by P& : H — F and, for every u € H it is defined
by u +— up where up is given by

u=upt+ug with (up,ug)€ F xG.

Note that the continuity of the oblique projection is well known (see. e.g., [I0, Sect. 2.4]. Further,
due to the definition, it follows immediately that 1 — Pg = Pg . The projection Pg is orthogonal
if, and only if, G = F'*. Hereafter, we shall denote orthogonal projections simply by

Pp = PE"

Now, let ng be the oblique projection in L?(£2) onto Uy along Ejf.

Next we give sufficient conditions for stabilization.
Sufficient conditions for stabilization. For each M, we can find the actuators {1w§" [1<i<
M} so that:

L*(Q) = Uy + Eif, Uv N Egs = {0}, and (1.4a)
‘ 5}% LE@)) < Cp < +o0, with Cp > 1 independent of M, (1.4b)

Condition is necessary and sufficient for the projection P[}E]’f to be well defined. Condi-
tion is satisfied for a suitable placement of the actuators in 1D domains 2 C R. For instance,
for bounded intervals Q = (0, L) with L > 0, we refer to [33]. Then, an analogous condition follows
also for rectangular domains Q C R? with d > 2. This follows from the results in [20, Sect. 4.8.1]
(with a slightly different subspace Epp). For general (nonrectangular) domains the satisfiability
of is still an interesting open question.
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We are now ready to present one typical explicit oblique projection feedback control operator.
For every given pair of constants A; > 0 and Ay > 0, we consider the control function u defined by

M

Eit .
> uilyn =K,y = P (—vA+1)y + s 5y + (a—1)y — My — Aag) - (1.5)
i=1

To present our main results for both Dirichlet, G = 1, and Neumann, G = %, boundary conditions
we define the Hilbert spaces

V= Vo= Th = HYQ) = {f € H'(Q)| [l = 0},
V=V;=Vao = HY(Q).
For both of the boundary conditions we also set H := L?(Q).

Theorem 1.1. Let d € {1,2,3} and a real number 1 < r < 3. Under the conditions in (1.4)), there
exists M € N large enough such that the system

2 r—
Sy+(—vA+ )y +c2y+(a—Dy—lyly y=Kp,y, Gylr=0, (1.6a)
y(0) =wo, Hy(0) =y (1.6b)

is locally exponentially stable in V' x H, with rate —%5. That is, there are positive constants € > 0,
w>0, and C > 1, such that

2 — I
|(90ay1)|v><H <€ = ‘(y(t>7 %y(t)ﬂva < Ce e |(y07y1>|$/><H' (17)

Theorem is a corollary of a more abstract result that we will present later on. However,
the particular class of nonlinearities in is interesting in the stabilization context, because the
corresponding free dynamics (uncontrolled) solutions are unstable and may blow-up in finite time.
The task of our feedback here is to drive the solution exponentially to zero. In particular, the
feedback must be able to avoid the blow-up of the solutions, provided the initial condition is small
enough.

The goal will follow from the global stability of the corresponding linear closed-loop system
(system without the nonlinear term). Hence, we will start by proving the following.

Theorem 1.2. Under conditions in[1.4) there exists M € N large enough such that the system
2
Sy + (vA+ Dy +cFy+(a— Dy =Kp,y. Gylp =0, (1.8a)
y(0) =10, Zy(0) =y (1.8b)
is (globally) exponentially stable in V x H, with rate —u. That is, there are positive constants p > 0
and C > 1, such that

2 _
for all (yo, 1) €V x H,  |((®), ZyO)]5 i < Ce (o, )2 s (1.9)

Then we will use a suitable fixed point argument to prove that (1.7 holds true for the solution

of .

1.2. State of the art concerning oblique projection feedback controls. The oblique projec-
tion based feedback in was introduced in [20] in the setting of linear parabolic-like equations.
The assumptions in [20] are clearly motivated by the latter type of equations and it is not difficult
to see that they are not fulfilled by linear wave-like equations. Namely, the results in [20] concern
the stability of linear evolutionary system in the general (abstract) form

M
z+Az+ Az = Zuﬂ% (1.10)

i=1
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where our M actuators are now the ®;s. Attempting to write the “linearized” (i.e., with N' = 0)
nonautonomous damped wave equation (|1.2)) in the abstract form ([1.10), we obtain by defining

w._|Y ]
ZW = that
4

w o _ 0 -1 w o 0 0 _ 0
AT = |:I/A+1 §1:| ’ Arc - |:a1 0:| ) and Q; = |:1w1M:| . (111)

Unfortunately, the operator A" in does not satisfy the symmetry assumption required for
the “diffusion-like” operator in [20} 2I]. Therefore, we cannot directly use the results in [20] for our
damped wave equation with the operators A™ and A}Y defined in , and we are not making any
further attempt on this direction. Instead, we are dealing directly with the damped wave equation.

There exists however a particular property shared by both of the operator A" and the opera-
tor —vA + 1 (taking the role of A in the parabolic case), namely both dynamical systems

2P+ AYZY =0 and 24+ (-vA+1)2=0

are stable. It is this property that will allow us to extend the results in [20] for linear weakly-damped
wave equations. Of course, for such extension we will also have to deal with the regularity differences
between the two types of equations.

Finally, concerning the local stabilization of the nonlinear systems, we follow a standard, but
nontrivial, fixed point argument. Here, we follow mainly the ideas from [27] 21].

1.3. On the stabilization of linear nonautonomous equations. Up to now, results on stabi-
lization of nonautonomous systems with a finite number of actuators, concern mainly parabolic-like
equations. The development of appropriate mathematical tools to tackle this problem was initiated
in [6] for the Navier-Stokes equations. This fact is also mentioned in [I2, Sect. 7.1]. Indeed, the
standard spectral properties used to investigate the stability of autonomous systems are not appro-
priate for dealing with nonautonomous systems, as shown by the examples in [3§]. In [6], appropriate
truncated observability inequalities were proven and used to derive the internal stabilizability result.
Truncated observability inequalities were also used in [30, [31] to derive the boundary stabilizability
result. These inequalities were also used in [2] to derive the internal stabilizability result for weakly
damped wave equations.

A different approach was proposed in [19] (see also [I8]) for a one-dimensional domain 2 C R. This
approach relies on an appropriate direct finite-dimensional approximation of an infinite-dimensional
internal control which drives the solution to zero at a fixed finite time 7' > 0. One advantage
of this approach is that it allows to easily derive estimates on the number of actuators needed to
guarantee the stabilization result. Later, the same idea was used to derive the internal and boundary
stabilization results for higher dimensions Q C R¢ with d > 2, see [9, 27].

The above stabilizability results also include a feedback control which is given through the so-
lution of a differential Riccati operator. Since solving a differential Riccati equation for accurate
approximations (fine discretizations, large number of degrees of freedom) and a relatively long time-
horizon can be a difficult numerical task, a new tool has been proposed recently in [20] to tackle
parabolic equations. Namely, the explicit oblique projection feedback as in , whose numerical
computation amounts essentially to the computation of the inverse of an M x M matrix. Thus its
numerical difficulty is essentially independent of the degrees of freedom of the discretized equations.

Here, we shall show that a similar explicit feedback is able to stabilize weakly damped linear wave
equations.

1.4. Further comments on stabilization of partial differential equations. Stabilization of
nonautonomous systems appear in applications when we want to stabilize our system to one of its
trajectories. If such targeted trajectory is time-dependent then the problem can be rewritten as the
stabilization (to zero) of a nonautonomous system, by considering the dynamics of the difference
to the target (see, e.g., [6l Sect. 2.2], [27]). The most studied case is the case where the targeted
trajectory is time-independent, that is, a steady state (an equilibrium). Since such steady states
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will not exist if our dynamical system is subject to time-dependent external forces, we conclude that
stabilization to time-dependent trajectories is no less important than stabilization to steady states.
Of course, in the particular case where steady states exist, such time-independent trajectories are
“naturally” desirable targets. Stabilization to steady states reduces to the stabilization (to zero)
of autonomous systems, where usually the spectral properties of the (linearized) dynamics operator
are the main tool used to derive the stabilization results. For works dealing with such autonomous
systems, and finite-dimensional controls we refer the reader to [7, Bl 24] 22] 4, 29] and references
therein.

The above results concern the stabilization of parabolic-like equations. Concerning wave-like
equations, for stabilization results by using a finite number of actuators we refer the reader to [2
17, 23]. In these works the nonlinearity is such that the solutions of the uncontrolled systems do
not blow-up in finite time. We are interested in finite-dimensional controls, because in applications
we will have only a finite number of actuators at our disposal. Though infinite-dimensional controls
are not practical for real world applications, an impressive amount of research has been devoted to
the stabilization by using such controls. This is still an interesting mathematical problem and could
be seen as a first step towards the construction of a practical finite-dimensional control. For results
on the stabilization of wave-like equations, by means of infinite-dimensional controls, and on the
stability of damped wave-like equations, we refer the reader to [3}, 15 [, 40l [39, 36] 14]. We refer
also to [28] and references therein, for analogous stabilization results concerning the Navier—Stokes
equations (which is parabolic like) and to [8], concerning the stabilization of a coupled parabolic-ODE
system.

1.5. Contents and general notation. The rest of the paper is organized as follows. In Section
we consider damped wave-like equations in an abstract form and introduce the general properties
required for the operators involved in the dynamics. Further, we investigate a relaxed form of the
set of conditions for the oblique projection feedback operator. In Section |3| we prove our main
global stability result for the linear case. Then this result is strengthened to the local stability result
for the nonlinear case in Section Section [p| presents numerical experiments which validate the
theoretical results in the previous sections. Short final comments are given in Section [f] Finally, the
appendix gathers proofs of auxiliary results used in the main text.

Concerning the notation, we write R and N for the sets of real numbers and nonnegative integers,
respectively, and we define R, := (r, +00) and R,. := [r, +00), for r € R, and Ny := N\ {0}.

For an open interval I C R and two Banach spaces X, Y, we write W (I, X, Y) == {y € L?(I, X) |
y € L2(1,Y)}, where § := Sy is taken in the sense of distributions. This space is endowed with the

. 1/2
natural norm |y|w (1, x,v) == (|y|%2(1,x) + ‘yﬁz(LY)) /

If the inclusions X C Z and Y C Z are continuous for a Hausdorff topological space Z, then we can
define the Banach spaces X xY, XNY, and X +Y, endowed with the norms defined as |(a, b)|xxy =

1
(la[% +1013)?, lalxny = [(a, a)|xxy, and a|x1y = infax ov)exxy {l(@™, a¥)|xxy | a =a* +
ay}, respectively. In case we know that X N'Y = {0}, we say that X + Y is a direct sum and we
write X @Y instead.

If the inclusion X C Y is continuous, we write X — Y. We write X <i> Y, respectively X < Y,
if the inclusion is also dense, respectively compact.

The space of continuous linear mappings from X into Y is denoted by £(X,Y). In case X =Y
we write £(X) := L(X, X). The continuous dual of X is denoted X' := L(X,R).

The space of continuous functions from X into Y is denoted by C(X,Y).

The orthogonal complement to a subset S C H of a Hilbert space H, with scalar product (-, ),
is denoted by S+ :={h € H | (h,s)g =0 for all s € S}.

By é[ah_”’an] we denote a nonnegative function that increases in each of its nonnegative argu-
ments a;, 1 <1 < n.

Finally, C, C;, i =0, 1, ..., stand for unessential positive constants.
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2. ASSUMPTIONS

As we will recall later on, with either Dirichlet or Neumann boundary conditions, system (|1.2)
can be rewritten as the evolutionary system

i+ Ay + sy + Ay + N(y) = h, (2.1a)
y(0) = yo, Y(0) =y, (2.1b)

evolving in a suitable Hilbert space. Here we have taken a general external forcing h in the place of
the control.

2.1. Assumptions on the dynamical operators. Let H and V be separable Hilbert spaces,
with V' C H. We will consider H as pivot space, that is, H' = H.

Assumption 2.1. A € L(V,V’) is an isomorphism from V onto V', A is symmetric, and (y, z) —
(Ay, z)v+ v is a complete scalar product on V.

From now on we suppose that V' is endowed with the scalar product (y, z)v = (Ay, z)y+,v, which
still makes V' a Hilbert space. Therefore, A: V — V' is an isometry.

Assumption 2.2. The inclusion V C H is continuous, dense, and compact.

Necessarily, we have that the operator A is densely defined in H, with domain D(A) :={u €V |
Au € H} endowed with the scalar product (y, 2)p(a) = (Ay, Az) g, and the inclusions

D(A) <25 v &S g LS v L pay,

Further, A has compact inverse A~': H — D(A), and we can find a nondecreasing system of
(repeated) eigenvalues (o )icn, and a corresponding complete basis of eigenfunctions (e;);en,:

O<ap << - <a; <1 — +o0o0 and  Ae; = aye;.
For the time-dependent operators we assume the following:

Assumption 2.3. For (almost) all t > 0 we have A;(t) € L(H), and there is a nonnegative
constant Cy such that, |AF‘L°°(]R0 ooy < Cr.

Assumption 2.4. There exist constants Cpy > 0, ¢ > 0, and n > 1 such that for (almost) allt > 0,
CH+n>1 and  IN(ty) = N(t2)ly < On (I9f5 + 1205 [y — =17 (22)
Remark 2.5. We can also consider nonlinearities satisfying, for some integer n > 1, |IN'(t,y) — N (¢, )|y <
n
Cyx > (\y|g} + \z|§}> ly — 2|V, with n; > 1 and (; +m; > 1. For the sake of simplicity of the exposi-
i=1
tion, we restrict ourselves to the case n = 1.

2.2. Assumptions on the feedback control construction. Looking at conditions (1.4), we
consider sequences of subspaces
E{l}v E{l,Q}u"'7 E{1,2,3,...,M} and U17 U27"'7 UM7 (23)

where the Mth term of each sequence is an M-dimensional space, that is, dim Fyy = M = dim Uy,.
Motivated by the results in [20, Sect. 4.8] (see also [20, Rem. 3.9]), in order to prove the bound-

B
edness of the norm PUM

< Cp, uniformly on M, it may be convenient to consider different
sequences. U
To simplify the exposition, we denote by #Z € N the number of elements of a given finite
set Z C Y, see [13], Sect. 13]. For N € Ny, #Z = N simply means that there exists a one-to-one
correspondence from {1,2,..., N} onto Z. Of course #Z = 0 means that Z = (), the empty set. We
also denote the collection

Pa(Y) = {ZCY | #Z =N},
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Now instead of (2.3]), for every M € Ny we consider the following more general sequences

Etolionotonds Elotod, o2t or Elodtop ox 1y,
and
Un1y, Un@ys - -5 Un(ary-
For each M € Ny, we denote M, := {oM o1, ... 70%1\4)} where the notation “M,” underlines the
association with M. The set M, is specified by an injective sequence o™ : {1,2,..., n(M)} —

Ny which, in particular, gives us the cardinality of M,, #M, = n(M). That is, we have the
bijection o™ : {1,2,..., n(M)} — M, € Pum, (No) defined by i — oM. Further, we define

Ey, = span{e; | 1 € M, } and Usn, = Un(mry, (2.4)

with the property that dim En, = #M, = dim Ugnm, = n(M).
With this notation, #M, will correspond to the number of actuators.
For each M € Ny, we also consider the two particular eigenvalues defined as

oy, = max{a; | i € My}, an,, = min{o; | i ¢ M, }. (2.5)

Notice that, the sequence (2.3) is the particular case of (2.4) where oM =i, #M, = M, M, = M =
{1,...,M}, am, = apg, and o, , = aprq1-
The results in [20] tell us that the linear closed-loop parabolic-like system

i+ Azt At) —K{Y7 (t,2) =0, 2(0) =z € H, (2.6)
is globally exponentially stable, with the explicit feedback control

2 R (t,2) = PP (A2 + Act)z — Fir, )
Ugm, \7° Ugm, T M, )
provided (a corollary of) holds true, with (M, Fur,) = (M, AL).

In [32], dealing with parabolic equations and suitable nonlinearities, it was observed that we
(may) need to take fMU # A1, namely .7?1\41(r = A+ Al. This is the reason why we will consider in
this section (see Assumption a general linear bounded operator Fy, € L(Ewm, X Ewm,, Fu, ).

We are going to show that also the linear wave like-system

i+ Ay + 6+ Ay = K77y, (2.7a)

y(0) =y, 9(0) =1, (2.7b)
is globally exponentially stable, with the analogous explicit feedback control

Fiy
Upniy

Eif . .
(t,y) = Pye (Ay+ A:(t)y + sy — Fu, (P, vs Pry,¥)) (2.8)

y— K Ui

provided conditions analogous to (1.4) are satisfied. To introduce such conditions, first we consider
the following dynamical equation

G=—Fum,(q,9), (q(s).4(s)) = (qo,s,q1,5) € Em, X Enm,, t>s, (2.9)

evolving in the finite-dimensional space Ey, x Ey, C H x H for an initial time s > 0. The dynamics
of (2.9) will be required to be exponentially stable. This fact motivates the following requirements
for the triple (Em, , Ugm, , Fm, ) defining the feedback operator.



8 BEHZAD AZMI AND SERGIO S. RODRIGUES

Assumption 2.6. For the sequence of triples (Em, , Ugm, , Fm, ) men, it holds:
o Fu, € L(Em, X Em,, Bwu,); (2.10a)

o There are Cr > 1 and A > 0, independent of s > 0, such that the
solution of (2.9) satisfies: for all s >0 and all (qo,s,q1,5) € Em, X Em

o)

[(@®): dEDlv s < Cre™ 7 (q0.55 016y s (2-10b)
. ]\/[l_1>rr1+oo an,, — +00; (2.10¢)
o L*(Q) = Uy, @ Eyy; (2.10d)
L
o ’ng&ﬁ - < Cp < 400, with Cp >0 independent of M. (2.10e)
L(H

As we will see, while for the parabolic system ([2.6)) the operator ,}A"MU imposes the dynamics of
the component ¢, = Pg,_z, for the wave system (2.7) the operator Fy, imposes the dynamics of

the component (gy,qy) = (Pg,, ¥, Pr,, ¥). In particular, for the choice of .}A'MU Pg, 2z = M\Pg, z
for (2.6]), we obtain the following stable dynamical system

q,z(t) = _)\QZ(t) t>s, QZ(S) = (s- (211)

For every solution of (2.11)), we have ¢, (t) = e *=%)q_(s) for t > s > 0. Analogously, for the linear
wave-like system (2.7)), by setting

Fu, (Pey, v, Py, 9) = M1Pg,_y + Xo1Pg,_9, (2.12)
we come up with the following stable dynamical system
dy = _)\1Qy - )\QQy t>s, (Qy(s)7Qy(3)) = (CIo,a (J1,s)~ (213)

Note that, with A := X\ 1, H := Ey, =V, and ¢ := Ag, system ([2.13) takes the form of a damped

wave-like equation as
G+ Ag+c¢g=0 t=0, (q(0),4(0)) = (g0, 1) €V x H, (2.14)

which is stable provided that Assumptions hold with (A, V,H) in the place of (A,V, H).
More precisely, we have the following.

Lemma 2.7. There are constants Cy, > 1 and py > 0 such that for all (yo,y1) € V x H the solution

of satisfies
[(a(1), 4y sp < Cuwe™ " |(g05 q1)| )y - (2.15)

Therefore, we have the exponential stability of system (2.13)).
Proofs of Lemma can be found in [37, B5]. The rate —u,, depends on ¢, for example in [37,

Ch. IV, Sect. 1.2] we find that gy < min{g, 51}, while in [35, Ch. 3, Sect. 3.8.4, Cor. 38.8] we
find py < min{l, 3, %}, where a3 > 0 is the first (smallest) eigenvalue of A. Those different

estimates also suggest that the “best” possible [, := sup{w | (2.15) holds true for some Cy} is not
trivial question. In particular, a large ¢ does not necessarily lead to a large @i, see [I1].
3. THE LINEAR SYSTEM

In this section, we prove Theorem
First of all, observe that by setting @ := Ppy y, the dynamics of (2.7) can be rewritten as

G=—Fpy,(a.4), (3.1a)

.. . Ei . .
Q+ Py (Ay +<y+ Ary) = Ppy Py (Ay + 6§+ Ary = Fu, (4, (J)>- (3.1b)
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1
Using the fact that 1 — ng& = ngm", system (3.1)) can be expressed as
o -
G§=—Fpy,(q,9), (3.2a)
. U ) By .
Q+Pyr ( Ay + i+ Ary) =Py P Fu,(0,0)- (3.2b)

Now since & == Fy, (¢, ¢) € Em,, we have

Py Piie €= Pgy Ple Pr, €= (1—Pp, )Pl P, =P £—¢
U.
- 7PE§:W“£

and, as a consequence, due to , we can rewrite (2.7) as
§=—Fry, (¢ 9), 3.3a)

q(s) =qo € Em,, 4(s)=q1 € B, 3.3b)
)

)

Q+ P (Ay+ sy + Aw) = P Fuu, (a,4), (3.3c
Mo Mo
Q(s) =Qo € VﬂEﬁH Q(s)=Q € EI@-JIG. (3.3d

Since the dynamics of ([L1.8)) can be written as (2.7]), and hence as (3.3), then Theorem shall
follow as a corollary of the following result.

Theorem 3.1. Let Assumptions and joldlme. Then system (2.7) is exponentially
stable, for M large enough. There are constants C' = Cicr) > 1 and 0 < @ < 2\ such that for

all (yo,y1) € V x H, we have (y,9) € C(Ro;V x H) and

(), 9]y < Ce2(79) y(8), 9(8) v rr » t>s=>0. (3.4)
The constants C and Ti may also depend on M.

(
(

For the proof of Theorem we will need the following proposition, whose proof is given in the
Appendix, Section
Proposition 3.2. Let py > 0 and po > 0. For every 0 < po < min{pq, uo}, with max{pu, pa} > o,

we have the inequality

t
/ e (=) g—ra(r=5) gy < e o Ho(t=5).

max{py,u2}—1o ]

Another auxiliary result is the following, whose proof can be found in [20].

Lemma 3.3. Let EIQ‘I;V/ C V' be the orthogonal complement to Ugn, C V' in V'. Then the oblique

1,v/
projection, in V' onto Ugm, along Eld‘ﬂ;vl, Pfx]\‘;d € L(V') is an extension of the analogous oblique
Jon pLH EL,V/ Bl
projection in H, PUE;U = PU;fr;G € L(H). That is, PU;’I“‘A’IG h= PUXN‘A’IG h, for allh € H.
L.V’ EL
Hereafter, for simplicity, as in [20] we shall still denote PUZHRL by PUE]\L'

3.1. Proof of Theorem The existence and uniqueness of the solution y to follows from

standard arguments for linear wave equations, see [37, Sect. 4] for the details. Here we restrict

ourselves to the formal derivation of suitable a priori-like estimates leading us to the stability result.
Observe that we can write system (3.3d)—(3.3d) as a damped wave system

Q+AQ +<Q+ Py 4:Q = h(q,d), (3.52)
Q(s) =Qo € VN Ey,, Qs)=Q1¢€ By, (3.5b)
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for time t > s > 0, with the external forcing
. U . U. .
hg,q) = =P (Aq +<4+ ArQ) + Pl Fu, (4, 9)- (3.5¢)

Some of the following arguments are a slight variation of standards ones. We start by looking at the
dynamics of W = @Q + £Q, with ¢ € (0,¢),

W=0+eQ=—-AQ - (g—e)Q—ngjﬂoArQJrh
= —AQ— (=W +es ~9)Q ~ P AQ +h
and, by taking the duality product (-, -)y+ v with W, we obtain
§ Wl = —20Q. W)y —2(c —&) W5
+26(s — )(Q W) = 2P AQ. W) +2(h, W)

Recalling ([2.5) and using the fact that |Q|, < aM |Ql,,, we find
_1
& (|W|H +1QF) < ~2¢1QI — 2(c — &) W5 +2¢(s = Dz, 1Qly Wy

_1
]l a3, 1@y WLy + 2B W,

Next, by using the appropriate Young inequalities, we find that, for an arbitrary v = (y1,72,73) €
(0, +00)3,

L (W +1QF) < —Ta QR — Ww W +5 Al (3.62)
with

Vg = (25 — e (s —e) oyt o — 2 ’P s o aM;) , (3.6b)

Uw= (20c—e)—mn—r—): (3.6¢)

Since ¢ > 0, it is clear that we can choose a quadruple (g, v1,72,73) € (0, +00)%, with small enough
coordinates, such that

0<e<g¢ and Wy >0.
Then for such a fixed quadruple and for M large enough it follows that Wy > 0, due to (2.10c)
and (2.10e]). Thus, we obtain
2 2 2 2 “10p2
(Wi +1QF) < = (IWl + 101 ) +957 Il (3.7)

with == min{ Ty, ¥}
From (3.5¢) and (2.10b]), we have that

[A(a(8), d(O)l g < Cal(@(t), () |yr < Coe™ 7 (a(5),d(5)) vy -
By the Gronwall inequality it follows that, with Z(t) := \W(t)@{HQ(t)ﬁ/ and z(t) = |(q(t), Q(t))ﬁfo,

¢
Z(t) < e*“(tfs)Z(s) —|—/ ef“(th)'yg_l \h(7)|§{ dr

t
<e M9 7(s) + '7510222(5)/ e P 2AT=8) 7,

Hence, by Proposition it follows that, for any given r < min{u, 2A} and a suitable constant D =
D(fi, j1,2X) > 0,

Z(t) < e P9 Z(s) + Dyz 1 C32(s)e P9,
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Now, from W = Q + £Q, we have that the norm (|Q\%, + |W|§{)% +1(q,4)|y « g 1s equivalent to the
norm [(Q +¢q,¢ + Q)‘V o that is, there are constants C's > 0 and Cy > 0 such that
X

Cal(a+ Qi+ Q| < QR +IWE)? +1a dlycn

<Gila+Qi+Q), -

Thus, using 7 we conclude that
WOy s = @) + Qa0 + Q)| <5 (20 +2(0)})

Vx
< O3 ' max {1,D%’Y3_%027C]—_} e (=9 (Z(s)% + z(s)%>

< CuCy max { Dy 1Oy, Cr f ™ EO y(s), 55y (3.8)

since C'x > 1. This finishes the verification of .

It remains to show that (y,9) € C(Ro;V x H), which is equivalent to showing that (y,9) €
C([0,T]; Vx H) for arbitrary T' > 0. Here, we follow the argument given in [37, Ch. I, Thm. 4.1]. For
that purpose, we fix an arbitrary T' > 0 and start by showing that i € L?([0,T]; V') and |(y, 9) |%/XH €
C([0, T); R).

Observe that from (y,9) € L>(Ro; V x H), it follows that Ay+A,y+sy € L=(Ry; V'). By
we also have that Fy, € L(H x H, H) which implies that Fy, € L(V x H, H), because Ey_ is
finite-dimensional.

Thus by , , H — V', and Lemma we derive that § € L (Ro; V).

Note that r = Kj" y € L>([0,T],H), since x € L=([0,T],V’) and Uam, C H is finite-

U#Ma
dimensional. Hence we find

(¥, 9,39,K) € L¥((0,T);V x H x V' x H), (3.9a)
j+ Ay € L*=((0,T); H). (3.9b)
By multiplying (2.7) with g (cf. [37, Ch. II, Lem. 4.1]), we arrive at

.2 2 .12 .12 .
1w D = & (1w +103) = =26 1603 — 204 + 5,9 (3.90)

which gives us & (4, 9)[3 . ;r € L*((0,T),R) and |(y,9)[3 . € C([0,T],R).

The continuity of the norm |(y,%)|y  y together with the weak continuity of (y,y) from [0, T
to V' x H, which can be derived from [37, Ch. II, Lem. 3.3], lead us to (y,y) € C([0,T],V x H). O
3.2. Proof of Theorem Observe that we can write as by setting

A=-vA+1; A =(a—1)1,;
H=1L1*Q); D(A)={z€ H Q)| G2y, =0}
and with
V ={2€ H(Q) | 2|y = 0} when G =1 (Dirichlet boundary conditions);
V = H'(Q) when G =n -V (Neumann boundary conditions).

Therefore, Theorem [I.2] will follow from Theorem [3.I] with Xg = V x H, provided that Assump-

tions (2.1 and also conditions (2.10a)~(2.10d) in Assumption[2.6are satisfied. It is straightforward
to check that Assumptions [2.1H2.2] are indeed satisfied. It is also straightforward to check that As-

sumption [2.3]is satisfied for a € L= (Ry x ). Condition (2.10a) is clearly satisfied with M, = M =
{1,2,..., M} and Fu, (¢,¢) = A1q+ A2g. Then condition (2.10b)) also follows, with a suitable A > 0,

because § = —A1q — A2¢ is a damped wave-like equation (recall system ([2.13)) and take A = p, as in
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Lemma [2.7). Condition (2.10c) now reads lim aps41 — 400, which is known to be true for the
M —+o00

ordered eigenvalues of —vA + 1.
Finally, notice that the assumption (1.4 in Theorem corresponds to assumptions (2.10d)—

[2109). O

3.3. On the best achievable decreasing rate. A natural question now could be what is the best
exponential decreasing rate that we can achieve with such explicit oblique projection feedback.

Theorem 3.4. Let an arbitrary i with 0 < i < ¢ be given. If 2\ > ¢, then there exist M large
enough and C > 1 so that for all (yo,y1) € V x H, the solution of system (3.3) satisfies

|y<t)ay(t)|v><H S ée_%(t_S) |y<s>7y<s)|v><H7 t Z S.

Proof. Let ¢ € (0,¢) be arbitrary given. Looking at (3.6), we can infer that for any given § > 0,
we can choose the coordinates of v € (0,+00)® small enough, and then M large enough so that
Oy > 2(s —€) —d and $g > 2¢ — . Hence, with 0 < 6 < min{2(s — ¢€),2¢} we can take p =
min{2(s — ) — §,2¢ — 6} in (3.7), and an arbitrary

7 < min{2(¢ —¢€) — 6,2 — 0,2\}

in (3.8). Since 2\ > ¢, choosing ¢ = 5 and 0 = % < ¢ — [i, we have that we may take i <

min{¢ — §,2A\} =¢—3d = g'%“ Thus, we may take T = ji, because i < g'%“ U

Theorem 3.5. With the oblique projection feedback, we cannot obtain an exponential stabilization
rate strictly better than —35. That is, we cannot take fi > < in Theorems and[3.7)

Proof. Let us consider the particular case of a constant reaction term A, = —p1, with p > 0. In this
case with an initial condition (yo,y1) € (V (| Ef; ) X Ej;_ we observe that system (3.3) reads

4= 7‘FEMU (Q7 Q)a Q(S) =0= Q(S)v
G+ U (M@ +0) + QD) — p(@ + 0)) = U2 Fas, a.0)

Mo
Q(s) =Qu=1y0 € VN Ey,, Qs)=Q1=u € By .
From it follows that (¢, ¢) = (0,0), thus (y,y,9) = (Q,Q,Q) and
Q+AQ+<Q—-pQ=0,  (Q(s),Q(s)) € (VN Ej,) x By, (3.10)
whose dynamics can be written, by setting Z = Q, as
Y S NN
Following an argument as in [I1], we observe that every eigenvalue ¢ of A, and one of its associated

eigenvectors [“j}} , must satisfy
2

Vo=¢Vi and — AV +pV1 —cVa = (Vs
which implies that —((¢ + <) 4+ p must be an eigenvalue of A, as
AV = (=C(C+<) + o)W1
That is, there exists ¢ € Ny with ¢ ¢ M, such that —((¢ +¢) + p = ;. From

CHel—ptrai=0 = (=¢t="Sve (3.11)

we conclude that the real part Re(() of ¢ satisfies
Re(¢T) > —3%, if 4(e; — p) < <2,
Re(¢F) = -5 if 4(a; —p) > <2

2
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Hence, independently of a;, we have always eigenvalues ¢ with Re(¢) > —35.

Therefore the best exponential decreasing rate that we can expect is —3. O

3.4. Further remarks on the case of a constant reaction. For the constant reaction example
in the proof of Theorem from (3.11]) we can see that Re(¢T) > 0 if a; < p for i ¢ M,. In this
case, system ([3.10]) is not stable. Also Re(¢) =0 <= ( = (" =0 <= «; = p and in this case the

eigenvectors associated to ¢ are of the form where Ae; = aye; with i ¢ M. Such an eigenvector

e
0
is a steady state for system , therefore the system is not exponentially stable (with a strictly
negative rate —45 < 0).

Exponential stability of system will follow if a; > p for all i ¢ M, that is, if o, > p.
Because in this case for any o; > an,, > p, we will have that Re(¢ +) < 0. As a consequence also
system is exponentially stable.

In other words, an,, > p is a necessary and sufficient condition for the exponential stability of
system with a suitable rate —4 < 0.

By taking a larger M, so that ¢? — 4(a; — p) < 0, system is exponentially stable with
rate —5. Then, if holds with A > —3, it follows that also system is exponentially
stable with (the best possible) rate —3.

3.5. Short comparison to parabolic equations. Note that due to Theorem[3.5] the exponential
rate & in Theorem for weakly damped wave-like equations is b01/1\nded from above by .
This fact highlights a difference to parabolic-like equations , in which Fy, € L(Ey, ) is chosen
such that the dynamics ¢ = —]?Maq is stable,

lg(t)| g < Cre =9 |g(s)];  (cf. Assumption [2.6).
Indeed, for system ([2.6) under Assumptions and ([2.10c)—(2.10e), any a priori given expo-

nential stability rate % can be achieved, provided that A > % and M is large enough.

Moreover, for parabolic-like equations , setting JEMG = —\1 will clearly guarantee the ex-
ponential stability of the dynamics ¢ = —Fm,¢q. However, for damped wave-like equations
it is not enough to set Fy, € L(En, X Em,,Fwm,) as Fu, (q,G) = —Aq because this would imply
that § = —¢ and that |§(t)[3, +|g(t)l5,, = 1d(0)[5, +g(0)[%,_ . Therefore condition will
not be satisfied.

Analogously it is not enough to set Fyy,, (q‘, 4) = —\q because this would imply ¢(t) = e=**¢(0), q(t) =

(1—e™ M) . . B 4(0) L. .
q(0) + ~——=4(0), and tl}xﬁoo lq()| g, = |a(0) + 5= B Hence, condition ([2.10b)) will not hold.

4. THE NONLINEAR SYSTEM

In this section we prove Theorem We shall prove the result for a general class of weakly
damped wave-like equations of the form

j+ Ay + 6+ Ay + N(y) = K7 (1.9), (4.1a)
y(s) =wo, Y(s)=w1, s=0. (4.1Db)

with a nonlinearity N’ = N (t,y) satisfying Assumption 2.4 We will consider (4.1 as a perturbation
of the linear system ({2.7), where the nonlinear perturbation N satisfies (2.2]).

Theorem 4.1. Let Assumptions and [2.6 hold true. Then system (4.1)) is locally exponen-
tially stable, for M large enough. There are constants ¢ > 0, C = Cicy) 2 1, and 0 < < 2\ such

that for all (yo,y1) € V x H, satisfying |(yo,y1)|y gy < € for the solution (y,9) € C(Ry;V x H)

to (4.1) 4t holds
I
2

(), 9Oy < Ce 2 lyo,yilyyy  t2520. (4.2)
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The constants C' and 71 may also depend on M. Furthermore, the solution (y,v) is unique in the
vector space L= (R,, V x H).

Proof. We follow a standard fixed point argument. Let us consider the subspace of essentially
bounded functions from Rs = (s, +00) into V' x H defined by

27— {z € L®(R,,V x H) | e5C=9)z(.) € L®(R,,V x H)}

and endowed with the norm

elli- S)Z(t)‘

eg('_s)z(-)’ = ess sup

Z| o =
KB Loo(R,,V x H) s

VxH'
Further, for any o > 0 we define the set
Zﬁ? = {Z €ZM ||zl <o ‘(y07y1)|V><H} )

and the mapping
v Zg *)Zp', (Zl,ZQ) HW(Zl,Zg),
for a suitable value of g, where ¥(z1,22) = ¥(z1) = (y,¥) is the solution of

i+ Ay +sy+ Ay — K (y,9) = —N (=), (4.3a)
y(s) =vo, Y(s) = w1 (4.3b)

Next, we will show that, for a suitable (large enough) ¢ > 0, we can choose € > 0 small enough so
that the mapping ¥ is a contraction in the subset Z¥ provided that |(yo,y1)|y .y < €. Note that a

fixed point of ¥ solves system (4.1). B
Let C' and @ be as in Theorem and set o > C.
® Step 1: for small ¢, ¥ maps ZI into itself. Let us fix an arbitrary z € ZF. We denote by y the

solution of the linear wave system ([2.7)) for time ¢t > 7 > s, and 20(¢, s) stands for evolution operator
which takes (yo, y1), at initial time s, to (yo(t),y1(t)), at time ¢ > s. For simplicity, we write

Yo = (yo,y1) and y(t):= (y(t),y(t)) = W(t, s)yo = W(t, 7)y(7).
Note that (4.3)) is a perturbation of (2.7)), and by Duhamel formula we have

)

VxH

ly ()VXH—‘ﬂﬁ(tsyo /ﬂn 7)(0, =N (7, 21(7))) dr

_ ot
< Ce 5079 |yg|yypy +C / e BT N (7,24 (7)) y dr (4.4)

Due to (2.2) from Assumption we obtain that

¢+n

N (r.21(r)lyy < O laa (n)]y7" = Oy CFPEO |8 095y ()| 7,

which, together with (4.4) and z € Z¥, give us

_ t_ _
Y0y gy < Ce 50 |yo|VXH+CCN/ o B Do R gy 1 ar
S

_ t _
=Ce 2( |Y0|V><H+CCNQ<+W |YO|<+77/e_f(t_T)e_(G")?(T_s) dr.

Hence, using PI“OpOblthIl and ([2.2] ., we infer that there exists a constant D = C' — > 0 such
¢+n—1
that

YDy r < O 5 |yl + COn0™ [yo| 7y De™ 5079,
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which gives us

e%(t”)y(t)’ <C (1 + Ones M [yo S0 D) [Yoly s -

VxH

We can see now that if |yol|y,, ; < € where

ol C+n petn—1 CHn—-1 o—C
C(1+CNQ MTDes™N )SQ A e SW

1
_F \TETT _ ¢
—= €< (Ci/’D%) M 0 C+n—l1’ (4.5)

then

By
Hy )| < olyolyan

U (z)| oz = = = €ss su
| ()|Zu |y‘2u p VxH

t>s
and we can conclude that ¥(ZF) C ZF.

® Step 2: for smaller €, ¥ is a contraction in ZJ. Note that, given (z, w) € ZI x ZI, we find that
the difference Dy = ¥(z) — ¥(w) solves (4.3) with N (w1) — N (z1) in the place of —N(z1). Again,
due to Duhamel formula and Assumption we arrive at

/ t W(t, ) (O,N(T,wlm) — N(r, zl(T))) dr

|D‘P(t>‘v><H =
VxH

<D [ ED ([ + ) i) - m () an

— = T I n
=CCy / e 2= (N E (T2 (W wy) e%“*S)dl(T)}v dr, (4.6)
with
S(wy,wi) = (|5 w (T)‘C + B9z, ( )]C
=W, W) o= 1 v 17 v/’
d=z—-w, and d; =1z —w;.
From (z,w) € ZF x ZF, we obtain that
- ¢ | ¢
H(wy,wy) = < e%(T*S)Wl(T)‘V + eg(Ts)zl(T)’V) < 20° |yo|€,xH (4.7)

and, since 1 > 1, using the triangle inequality and [26, Prop. 2.6] we obtain

E=wi(r) —m ()| < H i) )"

E(r—s) ‘
e z1(7) . +

<@+277%) ( | esw_s)wl(ﬂ‘“)
v 1%
< @427 yolT s
Note also that
M= ess sup o570 (wi (7) = 21(7))| < [z = Wl (1.9

From (4.6), (4.7), (4.8), (4.9), and Proposition it follows

t _ _
Do Ol < (4 2T 1 yof§ 1257 M [ e B B g

< (4+2MCCxn 0" yo |€/th1 De5(t=9) 1z — W|zm .
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which implies
() — W (W)| 5 = ess sup |2 (7 Dy (1) < slz— W,
t>s VxH

with
n C+n—1 C+77 1
2= (442"MCCho Iyolysy D-

We see that if |yo|y, .z < € where

1
- — — ¢+n—1
(4 + QW)CC_/\/'QC-i—n 1€<+77 1D < 1 <~ e < (m) o 17 (410)
we find that |¥(z) — ¥(W)|zr < 2|2 — W]z with sr < 1.

Hence, if € satisfies both (4.5) and ([4.10)), then ¥ is a contraction in Z¥.

® Step 3: wverification of (y,7) € C(Ry;V x H) . We can follow a similar argument as in the proof
of Theorem For that we just need to observe that, for arbitrary T > s,

+
N W) oo (po.17,1) < ON 115 s 0 5
which allows us to obtain (3:9) with 7 := x + A(), in the place of 5 = K" y.

(® Step 4: the solution exists, and is unique, in L°(Rs,V x H). By the contraction mapping
principle there exists one fixed point z € Zg for ¥. This means that y := ¥(z) = Z solves (4.1)).

It remains to prove that such fixed point ¥ =: (¥, ;ﬁ) is the unique solution for (4.1) in L (R, V x
H). Note that the contraction mapping principle also tells us that ¥ is unique in the set ZY, but it
does not guarantee uniqueness in the entire vector space L>°(R,,V x H).

Let y € LOO(RS, V x H) = (ft],@) be another solution for (4.1). The difference 0 =y —y =
(§— 5,5 —y) = (6,0) solves

§+ Ad+ <6+ A+ N @) - N@) =K (5,0),
d(s) =0, d(s)=0,
and setting w = § + 4, with e € (0,<), we find
=08+ed = —A6— (s — )b + Ad+ K[ (6,6) = N (@) + N (@),
from which we obtain
& lwlh = =205, w)y = 2(s — &) [wl}; + (Ad,w)n
+26(s — &) (0, w)pr + 2(K(7, (8,8),w)n + 2N () = N(§), w)m

and consequently,
d 2 2 2 2 -1
& (lolfy +1013) < =2¢101} = 2(c — &) [wff; + 2¢(c = €)ay * 13y fwl,y

L
PEMO-

+2C: 6]y [wl gy + 2| Py
£

[ (4543),

_1
a; ? |5‘V |w|H

2| Pl

U# Mo

7 5.9)]
H)| Ma|£(H><H,H) ( )HxH\w|H

+2IN @) = N@) g lwlg - (4.11)
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Next, due to the definition of w we have the estimates

‘PEMU (A(S + g5) ‘H - ‘(APEM”(S +<Pay, 5) ’H < o, [0l + ’5’11

< am, ‘§|H +§|w|H Jr§5|5|H

_1
<ay ? (am, +<¢) 6]y +<|wlg . (4.12)
and
i . 1
(69| <161y + |8 <181+l + €10l < OF 18]y + ol (4.13)
xXH H
where ©, = afl(l + €)?, with «a; the first eigenvalue of A. Further, we observe that, due to
Assumption 2.4 we have
NG -NGE < (5 + 155 16127 < 0,2 4.14
W () e < Cx (Yl +19ly ) 101 < ©218ly (4.14a)
with
05 = 2C% (171 + 1) loy" (4.14b)

Combining (4.11)), (4.12), (4.13)), (4.14)), and (2.10€|), and using the Young inequality, we can conclude
that

& (Il + 161 ) < —261013 = 2(s = &) ol + (s = £)a * (Joly + i},
+ay GRSy + |wly + Char (am, +<2)? [8f5 + wly
+2Cps |wlf; + C2Char 83, + [w]F;
+Ch \fMa|c(HxH,H) 1 [9[3, +2Cp |0 | 2 (b 11,01 wl
+wly + 02 18] + w7 - (4.15)
Therefore, we arrive at
L (ol +183) < O fuwl}y + 04 13];, < max{€s,04} (|l + o]} ).,
with
O3 :=—2(c—¢)+e(c— 5)01_% +2Cp (< + [P, 2, XEMU,EM0)> +9,
O,i= 2 +e(c—e)ay * +af '(C?+ C2CE + Ch(am, +5e)?)
+C3 | Fu, |£(EMG X By, Ey,) O1 1 2.
Since © = max{03,0,} is locally integrable, by the Gronwall inequality we obtain
(@l + 8L < e/ 00 (Ju(s)[f +16(s)f ) =0, 0<s<teR.
which implies that (6(t),8(t)) = 0, for all t > s, and thus also
y(t) = @), y() = @), y(t) =y(t), forall t>s.
This finishes the proof. (]
We are now ready to prove Theorem

Proof of Theorem[I.1 Observe that we can ert (1.6) as (4.1). Since we already know, from Sec-
tion E that Assumptions “ and —(2.10c) in Assumption are satisfied, it remains
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to check that also Assumption holds. Observe that (see, e.g., [32, Sect. 5.2.1]), for a bounded
domain © C R? with d € {1,2,3} we have that

-1 -1 -1 -1
[ R E e I [ R El A

—1 -1
<0 (Il + ol ) Iy = 2l

1 -1 —1 -1
< Co (Il + l5s" ) Iy = 2l < Cs (Jyly " + Iyl ) by = 21

Assumption follows with ( = r — 1 and n = 1. Note that ( + 71 = r > 1 and this completes the
proof. O

5. NUMERICAL SIMULATIONS

In this section, we report on the numerical experiments which validate our theoretical findings in
the previous sections. We investigate the performance of the oblique feedback control for both of
the linear system and the nonlinear system 7 both under homogeneous Dirichlet boundary
conditions. For the discretization of the state we write the equation as a system of first order
equations in time. The spatial domain Q = (0,1) x (0,1) was discretized by a conforming linear

finite element scheme using continuous piecewise linear basis functions over the triangulations given
by Figure [I}
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(a) 1 actuator (b) 4 actuators (c) 9 actuators (d) 16 actuators

FIGURE 1. Geometry of the domain and actuators.

This figure illustrates the meshes and also the placements and supports of the actuators for the
cases in which 1, 4, 9, and 16 actuators are used. The actuators are indicator functions, Uxn, =
span{l,, | 1 < i < #M,}, whose supports are the (interior) rectangular domains w;s depicted in
Figure [l For the temporal discretization, we applied the Crank-Nicolson time stepping method
with step-size 1073, For both systems and , we have set

v=¢=1,
and chosen, for x = (21, z2) € Q,
a(t,z) :== —30 — 30| sin(t + 1), (5.1a)
(s0(), 1 () = §(el 20108222097 ), (5.1b)

where the scaling parameter § > 0 will be specified in each example below.
For the set of eigenfunctions Ey, we have chosen

FEy, =span{e; | i= (i1,i2) € {1,2,..., M} x {1,2,...,M}}, (#M, = M?),
with
ei(z) = 2sin(wiy 2 ) sin(wigxs).
These functions are normalized eigenfunctions of the Laplacian with homogeneous Dirichlet bound-
ary conditions on the unit square (cf. [20, Sect. 4.8.1]). Further, the operator Fy, within the
feedback control Kgﬁ;ﬁ ) (see (2.8) have been chosen as in (2.12]) with

A =X =1
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For the discretization and implementation of the oblique projection based feedback Kgﬁ:ﬂ we fol-

lowed the approach given in [33, Sect. 8.1]. We have run every numerical simulation for time t €
[0,10]. All numerical simulations have been carried out on the MATLAB platform.

Remark 5.1. The initial condition in is not in V x H = H}(Q) x L?(Q) as required in the
theoretical results. However, the Dirichlet boundary trace has relatively small values yo(Z)|,q <
e ~ 0.007. We have neglected these values in the simulations by setting the initial numerical
data Y, as Yo(pi) = yo(p:;) at interior mesh points p; € Q, and F,(p;) = 0 at boundary mesh
points p; € 0f).

Example 5.2 (Linear case). We deal with the linear system . We set § =2 in . For this
choice the uncontrolled state y“™ is exponentially unstable with approximately rate 10. This fact is
illustrated in Figure where the evolution of log(|(y*"(¢t), %y“" (t))|v xm) is shown by the curve
labeled “Uncont”.

50 log(|(y(), Zy(t)]y . ;) . log(|(y(), Zy(t)]y . i)
= Uncont 4 Acts
40 | |==——1 Acts 4 =0 Acts
4 Acts = 16 Acts
30 f|===9 Acts 1 ol FinDyn| |
== 16 Acts

20+ FinDyn 4
10} ‘//v/v/\’ A

-10

-10

FIGURE 2. Example[5.2} Logarithmic evolution of energy for states.

We have applied the oblique feedback control to stabilize the system around zero with differ-
ent numbers of actuators. The performance of the feedback controls is reported in Figure
which demonstrates the logarithmic evolution of the energy for the controlled states. In Fig-
ure we replotted the curves corresponding to the cases 4, 9, and 16 actuators in order to
clearly see the behaviors of the corresponding energies and to make comparison to the energy
of the finite-dimensional component of the solution, (Pg,_y(t), P, £y(t)). The evolution of
log(|(Pgy, y(t), Pry,, %y(t))h/X 1), depicted in Figure [2) corresponds to the dotted curve assigned
with “FinDyn”. Recall that the finite-dimensional component satisfies the dynamical system .

It can be observed from Figure[2] that the feedback control is able to steer the system exponentially
to zero for the cases we take 4, 9, and 16 actuators, whereas for the case of 1 actuator (as in Figure|l)
the feedback control fails to stabilize the system and the corresponding state is exponentially unstable
with approximately rate 1.8. Clearly, for the larger number of actuators, a better stabilization
rate was obtained. This is related to 7 estimate , and the fact that the norm of the
oblique projection is bounded. This boundedness follows from [20, Lem. 4.4 and Cor. 2.9] and
33, Thm. 4.4]. On the other hand, we can see from Figure that the curves corresponding
to 9 and 16 actuators almost overlap each other. This means that the rate of stabilization is
bounded from above and at some point it cannot be further improved by using more actuators. This
observation is in accordance with the statement of Theorem Observe that |(y(?), %y(t))h/xH >
|(PEy, y(t), PRy, %y(t))h/xH for all of the cases. In particular, |(y(t), %y(t))h/xH can not decrease

exponentially faster than |(Pg,_y(t), Pg,, %y(t))hfo.
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The evolution of the values of the feedback control components for the choice of 9 actuators is
plotted in Figure

() uy(t) uy(t)
100 200 100
50 100 50
0 1 0 0
-50 -100 -50
-100 -200 -100
0 5 10 0 5 10 0 5 10
t t t
’M4(t) U5(t) Uﬁ(t)
500 200 500
100
0 ‘/\_ 0 . 0 ‘/\_
-100
-500 -200 -500
0 5 10 0 5 10 0 5 10
t t t
u(t) us(t) ug(t)
200 500 200
100 100
0 /\__ 0 /\_ 0 /\__
-100 -100
-200 -500 -200
0 5 10 0 5 10 0 5 10
t t t

FIGURE 3. Example Evolution of the w;(t)s, for i = 1,...,9, corresponding
to 9 actuators

Next, we present snapshots of the state y. Figure [ depicts some snapshots of the uncontrolled
state y“™. Figure 5] shows the controlled state at different times for the choice of 9 actuators.

5 10 15
1 ) 1 10 1 10 1 10
25 6 8
15 2 5
6
15 4
305 1 205 205 s 205 .
1
2
5
0 05 ; 2
0 0 0 0 0 0 0 0
0 05 1 (] 05 1 0 05 1 0 05 1
E2 x) I z)
(a)t=0 (b) t=25 (c)t=5 (d)t=175
1 107

10

8

> o

N

0.5

Ea)

(e) t=10

FIGURE 4. Example Snapshots of the uncontrolled state.
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Ficure 5. Example Snapshots of the controlled state with 9 actuators.

Example 5.3 (Nonlinear case). Here we are concerned with the nonlinear system where r = 2
has been chosen in the nonlinearity. We investigate the performance of the oblique feedback control
with 16 actuators for the different values of ¢ in . The logarithmic evolution of the uncontrolled
states are depicted in Figure [6(b)] for the choice of § € {0.5,1,1.5,2}.

log(|(w(®): 50|y rr) log(|(y(®), 5y pr)

40 40 Rl
—_—) = 2 —_—) = 2
30 =4 =1.5 ] —_—) = 1.5
§=1 30H s=1
20 L|==0 = 0.5 | —_ = 0.5

05 1 15 2

t
(a) Controlled (b) Uncontrolled

FIGURE 6. Example : Logarithmic evolution of energy for states for different
values of 4.

As can be seen from Figure the energy of the uncontrolled states blows up in finite time for
all § € {0.5,1,1.5,2}. After applying the feedback control we observe that the control is not able to
stabilize the system for large initial condition (6 = 2). This fact is depicted by Figure , which
presents the evolution of the controlled |(y(t), %y(t))h/X g for the same values of §. However, we
can also see that for smaller § € {0.5,1,1.5} the feedback control is able to exponentially stabilize
the system to zero. These observations agree with in Theorem That is, stability holds for

small enough initial conditions.
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6. FINAL REMARKS

We have shown that an explicit oblique projection feedback globally stabilizes weakly damped
linear wave equations, and locally stabilizes weakly damped semilinear wave equations. The recent
work [32] suggests that it may be possible to improve the latter local stability result. Namely, by using
an appropriate nonlinear explicit oblique projection feedback and a larger number of actuators, M =
M (|(y0,91)|y,« i) then we will likely be able to get rid of the smallness condition [(yo,y1)|y y gy < €
in . There are however nontrivial details that must be checked. The possibility of getting rid
of the smallness condition is of course of paramount importance in applications, since £ can be very
small for linear feedbacks, as we have seen in Figure Thus such possibility is an interesting
subject for a future work.

Existence and regularity of solutions for (damped) wave like equations have been extensively
studied by many researchers and for several types of nonlinearities, see e.g., [34} [16, [15], 40, 25].
Here it is not our goal to investigate the performance of the oblique projection under all possible
nonlinearities. We are rather interested in giving some examples where the free dynamics is unstable
and even blowing up in finite time. These situations are natural challenges for any given stabilizing
feedback operator.

APPENDIX

A.1. Proof of Proposition We split the proof into the cases po < min{pg, pe} and py =

min{p, po}-
We consider first the case 0 < pg < min{u, puo}. Direct computations give us

e~ (t=T)g=p2(T=5) _ q=p1(t=7) g0 (t—7) g =10 (t=7) o= H0(T—5) o (T —5) g =2 (T—5)
— o~ (m1—p0o)(t=7) g—no(t—5) = (n2—p0)(T—s5)

and find
t t
/e—m(t—f)e—uz(T—S) dT:e—uo(t—S)/ o= (1= 110)(b=7) g~ (02 —10)(=5) 4

S

< e*ﬂo(t*S) min { 1—e— (H1—m0)(t=5) | _o—(n2—po)(t—s) }

H1— o ’ 2 — o
=Cr e ho(t—s)
{mm{ Miuo ’uziuo H
=C L e #0(=9) " in case 0 < po < min{py, po}.

Finally we consider the case 0 < po = min{p, ua}, and g1 # pe. Without lack of generality, we
assume that 0 < p1 < pe. That is, po = p1 and we find

t t
/e—ul(t—T)e—ua(T—S)dT:e—m(t—S)/ et (5=T)g=h2(r=5) g7

S S

t
— e~ (t—s) / e~ (p2—p1)(T=5) 3 — l—e~(2rD)079) e H1(t—s)
M2 — M1
S

= 6[ . ]e_“"(t_s), incase 0< pg=p < po.

max{p1,pu2}—po

This finished the proof of Proposition [3.2 ]
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