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RESOLVENT ESTIMATES FOR ELLIPTIC SYSTEMS IN
FUNCTION SPACES OF HIGHER REGULARITY

ROBERT DENK, MICHAEL DREHER

ABSTRACT. We consider parameter-elliptic boundary value problems and uni-
form a priori estimates in LP-Sobolev spaces of Bessel potential and Besov
type. The problems considered are systems of uniform order and mixed-order
systems (Douglis-Nirenberg systems). It is shown that compatibility condi-
tions on the data are necessary for such estimates to hold. In particular, we
consider the realization of the boundary value problem as an unbounded oper-
ator with the ground space being a closed subspace of a Sobolev space and give
necessary and sufficient conditions for the realization to generate an analytic
semigroup.

1. INTRODUCTION

The aim of this paper is to establish resolvent estimates for parameter-elliptic
boundary value problems in LP-Sobolev spaces of higher order. A priori estimates
involving parameter-dependent norms for parameter-elliptic or parabolic systems
are known since long; classical works are, e.g., Agmon [I], Agranovich-Vishik [2] for
scalar equations, and Geymonat-Grisvard [I1], Roitberg-Sheftel [I7] for systems.
Further results on the LP-theory for mixed-order systems were obtained, e.g., by
Faierman [J]. For pseudodifferential boundary value problems, we refer to the
parameter-dependent calculus developed by Grubb [12].

Parameter-dependent a priori estimates are motivated by their connection to
operator theory: In the ground space LP, the estimate immediately implies a uni-
form resolvent estimate for the LP-realization of the boundary value problem. In
particular, if the sector of parameter-ellipticity is large enough, i.e., if the problem
is parabolic in the sense of Petrovskii, then the operator generates an analytic semi-
group in LP. Moreover, spectral properties and completeness of eigenfunctions can
be obtained, see Denk-Faierman-Moller [6] and Faierman-Moller [I0]. If the equa-
tion is given in the whole space, we obtain the generation of an analytic semigroup
in the whole scale of Sobolev spaces. In fact, the operator even admits a bounded
H*°-calculus which was shown for general mixed-order systems of pseudodifferential
operators in Denk-Saal-Seiler [§].
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Consider the boundary value problem
(A=XNu=f, inQQ,

1.1
Bju=g;, ondQ, j=1,..., M, (1.1)

in a bounded smooth domain ¢ R?. Here A is a system of differential operators,
and the B; form a vector of differential operators, and the number M of boundary
conditions is determined by the order and the dimension of the system A (see below
for details). In the present paper we study the question under which additional
(compatibility) assumptions on the right-hand side this boundary value problem
has a unique solution satisfying uniform (in A) a priori estimates. In particular,
for s > 0 and 1 < p < oo let us consider a closed linear subspace Y of the Sobolev
space W (€2) as a ground space and define the realization of as an unbounded
operator A in Y with domain D(A) :={veY: AveY, Bju=0, j=1,...,M}.
In the particular case s = 0, the parameter-elliptic theory mentioned above yields
the generation of an analytic semigroup in LP(f2), provided the sector of parameter-
ellipticity is large enough. For s > 0, however, the situation is more complicated.
As an example, one may consider the Dirichlet-Laplacian Ap in Y = I/Vp1 (Q) with
domain D(Ap) = {u € W3(Q): ulspq = 0}. This operator does not generate an
analytic semigroup in Y; in fact, its resolvent decays as |A|~1/271/2P as |A\| — oo
(see Nesensohn [16]). Roughly speaking, additional compatibility conditions have
to be incorporated into the basic space Y in order to obtain a decay of || L.

Therefore, the question is to find equivalent conditions on Y for which A gener-
ates an analytic semigroup on Y. This question is fully answered by Theorem
below, originating from a general criterion for the validity of a broad range of resol-
vent estimates in Theorem We also study compatibility conditions for which
the problem with inhomogeneous boundary data is uniquely solvable with
suitable a priori estimate for the solution. As a ground space, we consider sub-
spaces of integer or non-integer Sobolev spaces both of Besov type and of Bessel
potential type.

The question of generation of an analytic semigroup for parabolic equations was
also studied by Guidetti [I3] where higher order scalar equations are considered.
Writing such an equation as a first order system, in [I3] necessary and sufficient con-
ditions for the unique solvability of the non-stationary problem are given. Roughly
speaking, in [I3] the author observes that the order of the boundary operators has
to be sufficiently large. This coincides with our conditions as in this case the trace
conditions given in Theorem are empty. Whereas the equations in [I3] have
more general coefficients, the mixed-order system is of special structure (arising
from a higher order equation), and the basic space is fixed. Our paper considers
general mixed-order systems and the whole scale of Sobolev spaces.

2. NOTATION AND AUXILIARY RESULTS

Let Q be a bounded domain in R?, d > 2, with boundary I' = 9Q € C™.
The Besov spaces are denoted by B;yq(Q), for s € R and 1 < p,q < oo, and the
Bessel potential spaces are called H(Q), for s € R and 1 < p < oo. Then the
Sobolev(-Slobodecky) spaces are

W2 =

p

H;, s € Np,
B? S ¢N0,

pp?
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with s € [0,00) and 1 < p < 0.
In this article, IC;(Q) shall mean everywhere either the Bessel potential space
H;(9), or one of the Besov spaces B, ,(€2), 1 < ¢ < co. Here s € Rand 1 < p < c0.

For s > 1/p, we define the space K;}l/p of traces of functions from K3 (Q2) at the
boundary I' = 0€2:

By ,(Q),
H3(Q).

s=1/p ._
’Cp,r =

By, /P(09), K3(9)
s—1 s
By, P (09), K3(Q)

To simplify later formulae, we set IC?)I := LP(Q), although this is not the space

of traces of functions from H;/p(Q) or B,;/qp(ﬂ), except when ¢ = 1. The trace

operator on 02, mapping functions from C'°°(Q) to their boundary values, is called

70-
We will write [-, ] for the complex interpolation method, and (-, -)g, 4 for the real
interpolation method, where 0 < < 1and 1 < ¢ < co. Then 0% maps continuously

from /C3(92) into A~ (), for all s € R and all p € (1,00), and {K3(2)}ser forms
an interpolation scale with respect to the complex interpolation method:

3 (). K3 (D)o = K3 (2), 5= (1= B)so+ 651, 0<0<1,

We will also make free use of the following: if a Banach space Xy is an interpolation
space of the pair (Xg, X1) of order 6, then

o' Clfle < CUISNL + allfllo)s o€ Ry, f € XoN X

For detailed representations of the theory of function spaces, we refer the reader to
Bergh-Lofstrom [3] and Triebel [I§].

Lemma 2.1. Suppose 0 < og < 1/p < o1. Then we have the estimates

— 1/p — oo
0" " llvoull (o) < C (||U|\1cgl @ + QHuH;ch(sz)) , 0= gy (2.1)
_ 1
o loullzrom < € (Nl gyon + olllliogen ), 6= (22)

for all w € K5+(Q2) and all ¢ € [1,00).
Proof. In [18, Theorem 4.7.1], we find vy € f(B;(f’(Q), L?(09)), hence we conclude
that

voul e a0y < C||u||B:‘1’/1p(Q)'

Now we have, for the above og, o1,

= (@), HQ), = BYP(@), =2

(Bgf;z(Q)’Bg}q(Q)) 0,1 pl o1 — 0o

0,

which brings us (2.1). And (2.2)) follows from
(Q) — LP(Q) — Bo,max(2,p) (Q)

0
Bzumin(?,p) 2

and the interpolation identity (BY, (), BS:(Q))o. = ByF(Q) for r € {2,p}. O
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3. MAIN RESULTS

3.1. Systems of uniform order. First, let A = (a;x(x, Dy))jk=1,... n be a matrix
differential operator with ord a;;, < m for all j, k. The coeflicients of a ;) are smooth
on a neighborhood of Q. If A is a parameter-elliptic matrix differential operator in
QQ, then mN € 2N, see Agranovich and Vishik [2]. Next let us be given differential
operators B; = Bj(z,D,) for j = 1,...,mN/2, with ord B; = r; < m — 1. For
A from a sector £ C C with vertex at the origin, we consider the boundary value

problem
(A=Xu=f, inQ,

3.1
YoBju=g;, ondQ, j=1,... mN/2, (3.1)
and its variant with homogeneous boundary data:
A—=XNu=f, inQ,
( ) (3.2)

YoBju=0, ond, j=1,...,mN/2.
We suppose that the operators (A, By, ..., By,n/2) constitute a parameter-elliptic

boundary value problem on 2 in the open sector L.

Proposition 3.1. Let u be any function from K;T™(Q) with s € [0,00) but s ¢
N+ 1/p, and take X\ € C arbitrarily. Define f and g; by the right-hand sides of
(3.1). Then we have the inequality

mN/2

1 mi S
1Nz ) + Z <||gj| crmor—1p | A1+ min(s—r; 1/1”0)||gj||}<mx<s_rj_1/p,o>)
j=1 p, I’ p, I’
< C(||u| kstm@) T [ Alllul IC;;(Q))7

with some constant C independent of w and A.

Proof. We clearly have the estimates

1 llicgr < C (ullegem gy + Wlulege)
195l m-rs-270 < Clllgrom

and now it suffices to establish the inequalities

Algslls=rs=1rm < ClMllullcy @), (s —rj = 1/p>0), (33)

P,
AT g5 o oy
(3.4)

<C (HU’| ]CZer(Q) + |A|||u||/C§(Q)) 5 (5 - T = l/p < 0)

For 0 <s—r; —1/p ¢ N, we have
851l ry-170 = 0Byl ooy 1sn < ClByulsrs ) < Cllulicg o

as claimed in (3.3)). Concerning (3.4) in the case of s < r;, we write

Lo by _sdkmery (L e
b o= )= (- ) e= N ,

and use Lemma 2.1}

L (g—p— _ )1
|)\|1+m(s j 1/p)||gj||Lp(aQ)=Ql (p(s+m—r;)) H'YOBjUHLP((?Q)
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< c(||B ull

sty o) +Q|IBjU\|zcg(Q))

» (Q))'

< c(||u||,<;+m<m +IAI

Exploiting now s < rj, we can interpolate:

A < C(IIUH;@M(Q + Al

which is what we wanted to show. And for in the case of 7; < s < r; +1/p,
we take o1 = s+m—r;,00=s—1; < 1/p, o= |)\\, and then 0 from (2.1)) becomes
6 = —(s —r; —1/p)/m, which brings us to

|)\|1 o Bjull Lro) < C(||B; ull

K5(9))s

Bl s )

<+m Tj (Q
Then (3.4]) quickly follows. O

Consequently, the norms of the given functions f and g; appearing in the next
result are the natural ones, and also the exponents of |A| are natural.

Theorem 3.2. Let (3.1) be parameter-elliptic in L, and suppose that f and the g,
are such that all solutions u to (3.1 enjoy the following estimate for all A € L with
large |\|:

[l

sty T 1A ellics @
mN/2
< Oy +€ 3 (lillgesmryvn

Jj=1
(A G PO g | oy, m)
p,T
for some s € [0,00) and 1 < p < oo. Then g; =0 for all j withr; <s—1/p.

Proof. From u € K357™(Q) we obtain BjAu € K (), which admits traces on
0. We then have from Lemma

- 1AT 0

1
*p“-w”ngjnm (6

77|90 By (Au — )| zaony
(Au — f +|A\ B (Au = £y )

A
(
(114w - £1
(

mmw | Au = flleri )

IA
QQQ

IN

lall gy + 1A i gy 1l @+

S Hf”)c J Q))
T 1 N o)

the last step by interpolation. Then we can bring the assumed inequality into play:

< C(Jlullgzon

L -zmE)
RYREPY ©=77 g5l e (a02)

< (Ifllcsion + N T 1 g
mN/2
L min(s—r;—
+C Y (lgtllcremmri—vo + N 20620 G| s )
i o P,
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If g; # 0 then the exponent of || on the left-hand side is greater than each exponent
of |A| on the right-hand side, giving a contradiction for large |A| if g; # 0. O

Theorem 3.3. Let be parameter-elliptic in L. Fix p € (1,00), s € [0,00),
and v € (—o00,1]. Choose a function f € K5(Q2). Assume that there are positive
constants Ao and Cy such that all solutions u to with X € L, |\ > Ao enjoy
the following estimate:

A ulliez @) < Collfllics @)-
Then voB; f =0 for all j with
S m—|—rj—|—1/p—s'
m

(3.5)

Remark 3.4. In case of the Dirichlet Laplacian Ap, considered in the space
W, (£2), the condition (3.5)) turns into

pt1
2p
which matches the result by Nesensohn [I6], where the resolvent estimate from

below,

_ C
(Ap —A) 1||$(W;(R1)) > G C >0,

was proved.
Now we come to the proof of Theorem [3.3]

Proof. Choose such a j. By v < 1 and the condition , we obtain s —r; >

1/p, and therefore voB;f = v BjAu € ICS TP exists. By parameter-ellipticity
in £, there is a number A\, € £ with |/\ \ > Ao + 1 such that A — X.: D(A) N
wy +m (2) — W7 (€2) is a continuous isomorphism, for all ¢ € No. By interpolation,
A=A D(A) N K5 (Q) — K3 () then is a continuous isomorphism, too. Then
we have

u=(A=X)7T(f+ (A= A)u),

hence [|ul]estm o) < C( ) < by |A] > 1.

Now we obtain

-
(1=

o) T -omi)
P o By f || Leaq) = | Al P v By Aul| Lo a0
<o o TN 1B, Aullxg o)

[A

< C(Jlulgm ey + Al
< CA 1 fllies

Per (3.5)), the left-hand side has a higher power of |A| than the right-hand side.
Send A — oo in L. O

)c;,m))

Corollary 3.5. Let (3.2) be parameter-elliptic in L. Fizp € (1,00) and s € [0,m].
Then the following two statements are equivalent for f € KC5(9).
(1) there are positive constants Ag and Cy such that all solutions u to (3.2)) with
A€ L, |A| = Ao enjoy the following estimate:

) < Collfllics )

[l
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(2) voBjf =0 for all j withs—r; > 1/p.

Proof. The second statement follows directly from the first, by Theorem
Conversely, suppose statement no.2. Define X = LP(Q2) and A: D(A) — X by
D(A) :=={u e W"(Q): vBju=0, j=1,...,mN/2}, Au:= Au,
and set
’ (LP(Q), D(A) /o K2 (2) = B} ()
={u € K;(2): voBju =0, Vj with s —r; > 1/p}.
Then D(A) — Ys — X with dense embeddings. From Geymonat-Grisvard [I1] we
quote the estimate
lullw @) + Mllullze@) < Cllfllr), f€X,
foru = (A—XN)"1f and A € £, |]\| > Xo. And for f € D(A), we have u =
(A—=X)"1f € D(A?), hence
[ullwzm @) + [Alullwm@) < Clflwne), € D(A).

Interpolating between these two estimates then implies
) T Mullics@) < Cllfllcy@),  fEYs,
for s € [0,m)]. O
Theorem 3.6. Let (3.2) be parameter-elliptic in the sector L, and fix p € (1,00)
and Smax € [0,00). Then the following two statements are equivalent, for f €
JComax (§2).

(1) there are positive constants Ao and Cy such that all solutions u to (3.2) with

A€ L, |A| > Ao satisfy the collection of estimates

[l

l[ull esm () + [Alllullics @) < Coll fllics @)

for all s € [0, Smax]-
(2) for each pair (j, k) € {1,2,...,m} x Ny with smax —7; > mk+1/p, we have
"Y()BjAkf =0.
Proof. A proof for the case $yax € [0, m] was given in Corollary whose notations
we adopt here. And the proof of the first statement from the second is very similar
to the proof of Corollary so we skip it. Therefore we may assume sy ax > m.
We suppose now the statement no.1, and proceed by induction on sy .x of step size
m.
Choosing s = m, we find yoB;f = 0 for all j, hence f € D(A), and then also
Au € D(A). Choose A, as in the proof of Theorem [3.3] and put @ := (A — A\,)u,
f:=(A— A f, and note that
(A-=Na=f, inQ,
YBji =0, on 0,

with fe lC;mx_m(Q). For 0 < s < Spax —m and A € L, || > Ag, we then have

ks < C <||u| ;c;,+m(9))
< Clfllxegm oy = Cll(A =N

1a|

st gy + A1) e gy + I\l

K@)
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< éo||f|

K3(9)-
By induction, we know that yijAkf = 0 for all pairs (j,k) € {1,...,m} x Ny with

(Smax — m) — r; > mk + 1/p. The definition of f then brings us to voB;A*f =0
for all (j, k) with Smax —7; > mk +1/p. O

Theorem 3.7. Let be parameter-elliptic in a sector L that is greater than
the right half-plane. For s > 0 and 1 < p < oo, let Y be a closed linear subspace
of K5 (82), equipped with the norm of KC5(S2). Define an operator A in the ground
space Y by Au := Au for

uweDA)={veY: AveY, yvwBjuv=0VYj}.
Then the following are equivalent:

(1) The operator A generates an analytic semigroup on'Y,
(2) The embedding D(A) — Y is dense, (A —\)~t € L(Y) for all X € L of
large modulus, and voB;A*f = 0 for all f € Y and all pairs (j,k) with
s—r; >mk+1/p.
Proof. The domain of a generator of a Cjy semigroup is always dense in the ground

space. Under the assumptions on £, Y and D(A), the analyticity of the semigroup
is equivalent to the resolvent estimate

_ C
I(A =N lzp) < o
for all A € L of large modulus. Now apply Theorem O

3.2. Systems of mixed order. In this section, A shall be a matrix differential
operator of mixed order:
A = (aji(z,Dy))jk=1,.,n, ordaj < sj+my,
for integers s; and my. The orders on the diagonal of A shall be equal,
S1+mp=---=8y+my =:m,
and without loss of generality, we can set min; m; = 0.

The principal part a?k of aji, is that part with degree exactly equal to s; +my, (if
such a part exists, otherwise a?k :=0). Then we put A := (a?k)jykzl _____ ~, and the
operator A is called parameter-elliptic in the sector £ C C if det(A%(z, &) —\) #0
for all (z,&,)) € Q x R? x £ with [¢] + [A] > 0. Then (see [2]) mN € 2N, and we
can consider a matrix of boundary differential operators,

B = (bjx(x,Dz))jr, 1<j<mN/2, 1<k<N, ordbj, <rj+my,

with integers r; < m — 1. We define the principal part B° of B in the same way
as A% was defined. We say that the Shapiro-Lopatinskii condition is satisfied if at
each z* € 01}, after introducing a new frame of Cartesian coordinates with center
at ¥ and the x4—axis pointing along the inner normal vector at =*, the system of
ordinary differential equations

(A%(z*,€', Dyy) = No(za) =0, 0 <4 < 00,
BO(ZIJ*,gl,Dxd)’U(l‘d) 207 .szo,

lim v(zg) =0

T q—00

possesses only the trivial solution, for all (&/,\) € R*~! x £ with |¢/| + |A| > 0.
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Then the system (A, B) is called a parameter-elliptic boundary value problem
in the sector £ C C if A is parameter-elliptic in £, and the Shapiro-Lopatinskii
condition holds.

Write B = (By,..., BmN/Q)—r as a column of rows, and consider the boundary
value problem

(A—=XNu=f, inQQ,

3.6
YoBju=0, ondQ, j=1,...,mN/2. (36)

In Faierman [9], it has been shown that a number g exists such that, for all A
from £ with [A| > Ao, and for all f € W1 () x -+ x W'~ (€2), a unique solution
u € W™ () x - - x W™ (Q) to (3.6) exists, and the estimate

M=

(el e gy + A o)

>
Il

1
N

<Y (ullwpe gy + X" il zoe)
k=1

holds, with C' depending only on (A4, B).

Having secured the existence of w for large |A|, we can now ask under which
conditions resolvent estimates for A might exist.
Theorem 3.8. If f is such that for all A of large modulus the inequality

N N

> (||Uj||W:m+mj @ T Il ) < cy 15w ()

Jj=1 j=1
holds for all solutions u to (3.6]), with a constant C' independent of A, then B, f =
0 for all j with r; < —1.

Proof. From f, € W (Q) and ord bj, < r;+my,, we deduce that B, f € W, "7 (),
and this has a trace at the boundary for r; < —1. Pick such an index j.
Now we can estimate as follows:

N7 ) 0B fll Lo agy = A7 %) |70 B Aul| o o0
1
< C (11B; Aullw; o + N7 1B Aull o))

m

N
S CZ (HukH m+mk+7‘ +1 + ‘A ’U,k” m+mk+r (Q))
k=1

N
Z (kg gy + IV Nt g )

N
Z (HukHWMmk(Q + |)\|||uk||ka(Q)>

<C

M= T

el -

£l
Il
-

Sending A to infinity in 2 then implies v B;f = 0. O
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4. APPLICATIONS

As a first application, we mention the linear thermoelastic plate equations in a

bounded and sufficiently smooth domain Q2 C R™. The equations have the form

v+ A%+ A0=0 in (0,00) x Q,

O — A — Adw =0 in (0,00) x Q
subject to the initial conditions v|;—g = ug, Opv|t=0 = u1, 8t=0 = 6y and Dirichlet
boundary conditions

Yov = Y00,v = Yot = 0.
Here 0, denotes the derivative in the direction of the outer normal v. In the
above system, v = v(t,z) stands for a mechanical variable denoting the vertical
displacement of a plate, while § = 0(t, z) stands for a thermal variable describing
the temperature relative to a constant reference temperature (see, e.g., [14], [15],
[7], and references therein). Setting in a standard way u := (v, 9v,0) ", we obtain
the following first-order system for wu:
Ou —A(D)u=0 in (0,00) x £,
B(D)u=0 on (0,00) x 09,

Um0 = up in Q,

where
0 1 0 1 0 0
AD)=|-A? 0 -A]|, B(D)=10d, 0 0
0 A A 0 0 1

This is a mixed-order system with ordajx(D) < s; +my for s = (0,2,2)" and
m = (2,0,0)" and ordb;,(D) < rj + my, for 7 = (=2,—1,0)T. A natural choice
for the LP-realization of (A(D), B(D)) seems to be the operator A defined in the
ground space Y := W2(Q) x (LP(€2))? by

D(A) :={ue W;(Q) X (WE(Q))Q: Your = YoOyu1 = Yous = 0}, Au:= A(D)u.
Corollary 4.1. The operator A does not generate an analytic semigroup on Y .

Proof. Assume A to generate an analytic semigroup on Y. Then, by Theorem [3.8
we have v B;f =0 for all f €Y and all j with r; < —1. Asr = (—2,-1,0)", this
implies Yo f1 = Y00, f1 = 0 for all f = (f1, fo, f3) ' € Y which is a contradiction to
the definition of the space Y. O

As we have seen in the last proof, Theorem [3.8] suggests to consider the ground
space Yy defined by

Yo:={f €Y:vfi =0.fi =0}
Therefore, we define the operator Ag by
D(Ap) :={u € D(A): Au € Yo} = {u € D(A): youa = Y00, us = 0},
Aou := A(D)u.

In fact, this space is the “correct” one as can be seen from the following result
which is taken from [7].

Theorem 4.2. The operator Ay generates an analytic semigroup on Yy.
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Our second application comes from semiconductor physics. The viscous model
of quantum hydrodynamics is a system of differential equations of the form

Oin — divJ = vAn,

2 A
J®J) —TVn+nVV+6—nV(—\/ﬁ) :uAJ—z, (4.1)
n 2 T

8tJ—diV( \/ﬁ

MLAV =n — C(x),

for (t,z) € (0,Tp) x ©, with Q C R? being a domain with smooth boundary,
d =1,2,3. The initial values are prescribed as n|;—g = ng and J|;—¢ = Jo.

The unknown functions are the scalar valued electron density n = n(t,x), the
vector valued density of electrical currents J = J(t,z), and the scalar electric
potential V' = V (¢, ). The scaled physical constants are the electron temperature
T, the Planck constant €, the Debye length Ap, and constants v, 7 characterizing the
interaction of the electrons with crystal phonons. The known function C' = C(x)
is the so—called doping profile which describes the density of positively charged
background ions. An overview of models of this type is given in [4].

If we omit the terms with ¢, v and 7, we obtain the well-known Euler equations
of fluid dynamics, augmented by a Poisson equation. One choice of boundary
conditions on n, J, V are Dirichlet conditions:

Yon=nr, YJ =0, V=V,

To come to our standard way of writing a system, we define a vector function

u=(n,J")". Now we observe that nVA—ﬁ = tVAn — %div(m)7 hence
n n

the construction of the principal part A° as presented at the beginning of Section

brings us to the matrix differential operator of size (1 + d) x (1 4 d)
vA div
A’(D) =
(D) (fVA uAId> ’

with I; being the d x d unit matrix. And the principal part B° of the boundary

conditions for u is
1 0
0 _
w3 9).

We find the order parameters as (s1, $2, ..., Sq+1) = (1,2,...,2), (my,ma, ..., Mm441)
=(1,0,...,0) and (r1,...,744+1) = (=1,0,...,0). Similarly to the first application,
it may seem natural to define an LP-realization A° of (4°(D), B°(D)) in the ground
space Y := W(Q) x (LP(Q))* by
D(AO) ={ue W;}(Q) X (LP(Q))di Your = Youz = -+ = Youd+1 = 0},
A := A°(D)u.

However, this operator A° does not generate an analytic semigroup on Y, and the
proof of this fact runs along the same lines as the proof of Corollary

On the other hand, Theorem recommends to choose another ground space
YO via

Yo:={f€Y:vfi =0},

and to define an operator A9 by

D(Ag) = {u € D(AO): A%y e YQ} , A8u = AO(D)u.

Theorem 4.3. The operator A} does generate an analytic semigroup on Yp.
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A proof can be found in [5], and there it is also shown that system (4.1)) possesses

a local in time strong solution.

1
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