
REAL ALGEBRA AND ITS
INTERACTIONS WITH

FUNCTIONAL ANALYSIS

Salma Kuhlmann 1 ,

Research Center Algebra, Logic and Computation

University of Saskatchewan,

McLean Hall, 106 Wiggins Road,

Saskatoon, SK S7N 5E6, Canada

email: skuhlman@math.usask.ca

The slides of this talk are available at:

http://math.usask.ca/ s̃kuhlman/SLIDESKG.pdf

1Partially supported by the Natural Sciences and Engineering Research Council of
Canada.

1



2

Positive Polynomials on Projective
Limits of Algebraic Varieties

Joint work with Mihai Putinar.

To appear in Bulletin des Sciences
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Putinar’s
Striktpositivstellensatz

1. Quadratic modules

Let A be a commutative ring with 1
(assume Q ⊆ A). A quadratic module
Q is a subset of A such that Q + Q ⊂
Q, 1 ∈ Q and a2Q ⊂ Q for all a ∈ A.

We denote by Q(S) the quadratic mod-
ule generated in A by the set S ⊆ A. If
S is finite, say Q(S) is finitely generated
(f.g.)
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Throughout, a real algebraic affine vari-
ety X ⊆ Rd is the common zero set of
a finite set of polynomials, and the al-
gebra of regular functions on X is A =
R[X ] = R[x1, ..., xd]/I(X), where I(X)
is the radical ideal associated to X .

The non-negativity set of S ⊆ R[X ] is

K(S) = {x ∈ X ; f (x) ≥ 0, f ∈ S}.
A quadratic module Q ⊆ R[X ] is
archimedean if for every element f ∈
R[X ] there exists a positive scalar α such
that 1 + αf ∈ Q. The non-negativity
set of an archimedean quadratic module
is always compact.
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2. Positivstellensätze

The following Striktpositivstellensatz has
attracted in the last decade a lot of at-
tention from practitioners of polynomial
optimization:

Theorem 2.1. Let Q ⊆ R[X ] be an
archimedean quadratic module and as-
sume that a polynomial f is positive
on K(Q). Then f ∈ Q.

The aim of this talk is to extend the
above Striktpositivstellensatz to more gen-
eral convex cones of polynomials defined
on real algebraic varieties. The motiva-
tion comes from the work of Kojima and
Lasserre on sparse polynomials.

*******
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Kojima-Lasserre Specialized
Version

In his October 2006 Banff talk, Lasserre
presented the following specialized ver-
sion of Putinar’s Positivstellensatz, which
yields specialized SDP-relaxations for poly-
nomial optimization with significant com-
putational savings.

Let X = (X1, ..., Xn), Y = (Y1, ..., Ym)
and Z = (Z1, ..., Zp).

Consider K ⊆ Rn+m+p

K := {(x, y, z) : (x, y) ∈ Kxy; (y, z) ∈ Kyz}
Kxy := {(x, y) ∈ Rn+m : gj(x, y) ≥ 0, j ∈ Jxy}
Kyz := {(y, z) ∈ Rm+p : hj(y, z) ≥ 0, j ∈ Jyz}.
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Let f ∈ R[X,Y ] + R[Y, Z].
(So in the definition of K and f there is
no coupling of variables X and Z).
Can we have a specialized representation
of f > 0 on K that preserves this cou-
pling pattern?
If yes, can we extend to more than two
subsets of variables (X,Y ) and (Y, Z)?

Theorem 1 L (2006)
Assume that K is compact, and Q({gj})) ⊆
R[x, y], Q({hj}) ⊆ R[y, z] are archimedean.
Then

f ∈ Q({gj})) + Q({hj}).
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Let {I1, I2, ..., Ik} be a finite covering of
the set of indices I = {1, 2, ..., d}.
Denote the polynomial ring in the vari-
ables {xj : j ∈ Ij} by R[x(Ij)] and the

corresponding affine space by RIj .

Assume that the covering {I1, ..., Ik} sat-
isfies the running intersection property
(RIP): for all j, 2 ≤ j ≤ k, there exists
k(j) < j such that

Ij ∩ (I1 ∪ I2 ∪ ... ∪ Ij−1) ⊂ Ik(j) .
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Theorem 2 (Kojima-Lasserre)
Consider f.g. archimedean quadratic mod-
ules Qj ⊆ R[x(Ij)], 1 ≤ j ≤ k with

compact positivity sets K(Qj) ⊆ RIj .

Let K(Qj) = K(Qj)×RI\Ij be the as-

sociated cylinders in RI . Consider the
compact K := ∩k

j=1K(Qj).

Let f ∈ R[x(I1)] + ... + R[x(Ik)] be
strictly positive on K. Then

f ∈ Q1 + Q2 + ... + Qk .

*******
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A Striktpositivstellensatz for
fibre products.

Let Z = X1×Y X2 be the (reduced) fi-
bre product of affine real varieties. Specif-
ically

fi : Xi −→ Y, i = 1, 2,

are given morphisms and

Z = {(x1, x2) ∈ X1×X2; f1(x1) = f2(x2)}.
This is still an algebraic variety, with the
ring of regular functions

R[X1 ×Y X2] = R[X1]⊗R[Y ] R[X2].

Denote by ui : Z −→ Xi, i = 1, 2, the
projection maps, so that: f1u1 = f2u2.
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Proposition 2.2. With the above no-
tation, let Qi ⊆ R[Xi], i = 1, 2, be
archimedean quadratic modules.
If an element p ∈ u∗1R[X1] + u∗2R[X2]
is strictly positive on the compact set
u−1

1 K(Q1) ∩ u−1
2 K(Q2), then p ∈

u∗1Q1 + u∗2Q2.

The proposition applies to recover Lasserre’s
Theorem: let X1 = Rn1 × Rm, X2 =
Rm×Rn2 and Y = Rm, while f1, f2 are
the corresponding projection maps onto
Y .Then one immediately identifies

Z = Rn1 × Rm × Rn2

.

*******
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Generalization to Projective
Systems.

Let I be a non-empty set, endowed with
a partial order relation i ≤ j. A pro-
jective system of algebraic varieties in-
dexed over I consists of a family of va-
rieties (affine in our case) Xi, i ∈ I ,
and morphisms fij : Xj −→ Xi defined
whenever i ≤ j, and satisfying the com-
patibility condition

fik = fijfjk if i ≤ j ≤ k.

The projective limit V = proj.lim(Xi, fij)
is the universal object endowed with mor-
phisms fi : X −→ Xi satisfying the
compatibility conditions

fi = fijfj, i ≤ j.
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For example, the fibre product is the pro-
jective limit of two arrows converging to
the same target:

X1
f1−→ Y

f2←− X2.

Iterating this construction we obtain va-
rieties of the form

((X1×Y1
X2)×Y2

X3)×Y3
. . .×Yn

Xn+1.

The associated ordered sets belong to the
following category: LetR be the class of
partially ordered sets (I,≤) thus induc-
tively constructed:

• {α1, α2, β; β ≤ α1, β ≤ α2} ∈ R;
• (I,≤) ∈ R ⇒ I ∪ {α, β} ∈ R;
∃ ! i(β) ∈ I, i(β) ≥ β, α ≥ β
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We do not exclude in the second axiom
i(β) = β, but we ask α to be an external
element of I . For example, the graph

∗ −→ ∗ ←− ∗ −→ ∗ ←− . . . −→ ∗
is another example of an ordered set be-
longing to R.
The relevance to (RIP) is summarized
in the following obvious observation.

Proposition 2.3. Let {I1, ..., Ik} be
a covering of the set of indices I =
{1, 2, ..., d} satisfying the (RIP). Then
the partially ordered set underlying the
projective system of affine spaces and
projection maps

RIk(j) −→ RIk(j)∩Ij ←− RIj, 2 ≤ j ≤ k,

belongs to the class R.
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A repeated use of the Striktpositivstel-
lensatz for fibre products yields:

Theorem 2.4.Let (Xi, fij) be a finite
projective system of real affine vari-
eties, with the ordered index set be-
longing to the classR. Let Qi ⊆ R[Xi]
be archimedean quadratic modules, sub-
ject to the coherence condition

f∗ijQi ⊆ Qj for i ≤ j .

Let
p ∈

∑

i

f∗i R[Xi]

be positive on the compact set

K := ∩i∈If
−1
i K(Qi) .

Then p ∈ ∑
i f
∗
i Qi.
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The coherence condition (fij)
∗Qi ⊆ Qj

implies fijK(Qj) ⊆ K(Qi), that is we
can actually work with the projective sys-
tem (K(Qi), fij) of compact spaces.

*******
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Proof of the Main Lemma

Let V be a real vector space and let C
be a convex cone in V . We say that an
element ξ belongs to the algebraic inte-
rior, in short ξ ∈ alg.intC, if for every
f ∈ V there exists a positive constant
λ such that ξ + λf ∈ C. We recall
the following separation lemma (Eidel-
heit, Kakutani, Krein):

Lemma 2.5. Let C ⊂ V be a convex
cone in a real vector space V . Assume
that ξ ∈ alg.intC and that g /∈ C.
Then there exists a linear functional
L ∈ V ′, such that

L(g) ≤ 0 ≤ L(c), c ∈ C; L(ξ) = 1.
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We need Bourbaki:

Lemma 2.6. Let Z = X1 ×Y X2 be a
(reduced) fibre product of affine, real
algebraic varieties, with structural maps
fi : Xi −→ Y, ui : Z −→ Xi, i =
1, 2. Let µi be probability measures on
Xi, i = 1, 2, respectively, satisfying
(f1)∗µ1 = (f2)∗µ2. If the restricted maps
fi : suppµi −→ Y , are proper, then
there exists a probability measure µ on
Z satisfying (ui)∗µ = µi, i = 1, 2, and
with

suppµ ⊆ [u−1
1 suppµ1] ∩ [u−1

2 suppµ2].
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Let C ⊂ R[X ] be a convex cone, and
let V be the linear span of C in R[X ].
We say that C satisfies (SMP) if every
linear functional L ∈ V ′ which is non-
negative on C is represented by a posi-
tive Borel measure supported on K(C).
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Lemma 2.7.Let X1×Y X2 be the (re-
duced) fibre product of affine, real al-
gebraic varieties, with structural maps

fi : Xi −→ Y, ui : Z −→ Xi, i = 1, 2 .

Let Ci ⊆ R[Xi] be convex cones with
the (SMP) and 1 ∈ alg.intCi, with re-
spect to the linear subspace Vi gener-
ated by Ci, i = 1, 2, respectively, and
such that the maps fi : K(Ci) −→ Y
are proper. Assume that

p ∈ u∗1V1 + u∗2V2

is positive on

u−1
1 K(C1) ∩ u−1

2 K(C2) .

Then
p ∈ u∗1C1 + u∗2C2 .
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Note: The conditions in the statement
are met if Ci ⊆ R[Xi] are archimedean
quadratic modules. Indeed, in this case
1 ∈ alg.intCi and K(Ci) are compact
sets.
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3. Proof

Assume that p /∈ u∗1C1 + u∗2C2.

Since 1 ∈ alg.int[u∗1C1 + u∗2C2],
the separation lemma yields a linear func-
tional L ∈ [u∗1V1 + u∗2V2]

′, non-negative
on u∗1C1 + u∗2C2 and satisfying

L(p) ≤ 0 < L(1) = 1 .

Let Li(f ) = L(u∗i f ), f ∈ Vi, i = 1, 2.

By assumption, Li is represented by a
probability measure µi, supported by the
positivity set K(Ci). Moreover

(f1)∗µ1 = (f2)∗µ2

(because by definition:
∫

g d(f1)∗µ1 =
L(u∗1f∗1 g) = L(u∗2f∗2 g) =

∫
g d(f2)∗µ2).
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Since the restricted maps

fi : K(Ci) −→ Y

are proper, Bourbaki yields a positive
measure µ on

S = u−1
1 K(C1) ∩ u−1

2 K(C2)

which represents the functional L. Con-
sequently,

L(p) =

∫

S
pdµ > 0,

a contradiction.

*******

The End


