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Putinar’s
Striktpositivstellensatz

1. QUADRATIC MODULES

Let A be a commutative ring with 1
(assume Q C A). A quadratic module
() is a subset of A such that Q + Q) C
Q,1€Qand a?Q C Q for all a € A.

We denote by Q(S) the quadratic mod-
ule generated in A by the set S C A. If
S is finite, say Q(S) is finitely generated

(f.g.)



Throughout, a real algebraic affine vari-
ety X C R? is the common zero set of
a finite set of polynomials, and the al-
gebra of regular functions on X is A =
R[X| = R|xq, ..., z4]/I(X), where I(X)
is the radical ideal associated to X.

The non-negativity set of S C R|X] is
K(S)={z€ X;f(z) >0, feS}
A quadratic module @ C R[X] is

archimedean i for every element f &
R[ X there exists a positive scalar a such
that 1 + of € (). The non-negativity
set of an archimedean quadratic module
is always compact.



2. POSITIVSTELLENSATZE

The following Striktpositivstellensatz has
attracted in the last decade a lot of at-
tention from practitioners of polynomial
optimization:

Theorem 2.1. Let Q C R[X] be an
archimedean quadratic module and as-
sume that a polynomial f 1s positive

on K(Q). Then f € Q.

The aim of this talk is to extend the
above Striktpositivstellensatz to more gen-
eral convex cones of polynomials defined
on real algebraic varieties. The motiva-
tion comes from the work of Kojima and

Lasserre on sparse polynomials.
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Kojima-Lasserre Specialized
Version

In his October 2006 Banft talk, Lasserre
presented the following specialized ver-
sion of Putinar’s Positivstellensatz, which
yields specialized SDP-relaxations for poly-
nomial optimization with significant com-
putational savings.

Let X = (X1, ... Xp), Y = (Y1, ..., i)
and Z = (41, ..., Zp).

Consider K C R TmTp

K :={(z,y,2): (z,y) € Kgy; (y,2) € Ky}
Ky = {(z,y) e R"™ : gj(z,y) > 0,5 € Joy}
Ky, ={(y,2) € R"TP . hi(y,z) > 0,7 € Jy:}



Let f € RIX,Y]+R}Y, Z].

(So in the definition of K and f there is
no coupling of variables X and 7).

Can we have a specialized representation
of f > 0 on K that preserves this cou-
pling pattern?’

If yes, can we extend to more than two

subsets of variables (X,Y) and (Y, Z)7

Theorem 1 L (2006)

Assume that K'is compact, and Q({g;})) C
Rlz,y|, Q({hj}) € Ry, 2] are archimedean,
Then

feQgj}) + QUML)



Let {11, Io, ..., I.} be a finite covering of
the set of indices I ={1,2,...,d}.
Denote the polynomial ring in the vari-
ables {z; : j € I;} by R[x(I;)] and the
corresponding affine space by R

Assume that the covering { I, ..., I1.} sat-
isfies the running intersection property
(RIP): for all j,2 < j < k, there exists
k(j) < j such that

[N (LU U ULjy) C Iy



Theorem 2 (Kojima-Lasserre)
Consider f.g. archimedean quadratic mod-

ules Q; € Rlz(l;)]),1 < 5 < k with
compact positivity sets K(Q;) C RS,
Let K(Q;) = K(Q;) x R\ be the as-
sociated cylinders in RY. Consider the
compact K = ﬂ}‘le(Qj).

Let f € Rlz(I1)] + ... + Rlz({;)] be
strictly positive on K. Then

fe@+Qr+ ...+ Q.
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A Striktpositivstellensatz for
fibre products.

Let Z = X xy X9 be the (reduced) fi-
bre product of afline real varieties. Specit-
ically

fi: X, —Y, 1=12,
are given morphisms and

Z = {(x1,22) € X1xXo; fi(x1) = fow2)}.

This is still an algebraic variety, with the
ring of regular functions

R[Xl Xy XQ] = R[Xl] ®R[Y] R[XQ].

Denote by u; : Z — X;, © = 1,2, the
projection maps, so that: fiu; = fous.
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Proposition 2.2. With the above no-
tation, let QQ; C R[X;|, 1 = 1,2, be
archimedean quadratic modules.

If an element p € u]R[Xq] + usR[X5)]
18 strictly positive on the compact set
uTK(Q1) N ouy TK(Qg), then p €
uTQl + USQQ

The proposition applies to recover Lasserre’s

Theorem: let X1 = R" x R™ X5 =
R xR"2 and Y = R", while f{, fo are
the corresponding projection maps onto
Y Then one immediately identifies

Z =R"M x R™ x R"2

KKK KKK K
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Generalization to Projective
Systems.

Let I be a non-empty set, endowed with
a partial order relation ¢+ < 7. A pro-
jective system of algebraic varieties in-
dexed over I consists of a family of va-
rieties (affine in our case) X;, ¢ € I,
and morphisms f;; : X; — X defined
whenever ¢ < g, and satistying the com-
patibility condition

fik = Jfijljpite < j <k
The projective limit V' = proj.lim(X;, f;;)
is the universal object endowed with mor-
phisms f; : X — X, satistying the
compatibility conditions

fi=lijli 1< 7.
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For example, the fibre product is the pro-
jective limit of two arrows converging to
the same target:

x, Ly 2oy,
[terating this construction we obtain va-
rieties of the form

(X1 xy; Xo) Xy, X3) Xy .. Xy, X1

The associated ordered sets belong to the
following category: Let R be the class of
partially ordered sets (I, <) thus induc-
tively constructed:

o {aj,a0, 3,8 < aq, 8 < ag} €R;

e ([,<)eR =I1U{a,f} R,
3i(B) eI, i(B) >0, a=p
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We do not exclude in the second axiom
i(B) = B, but we ask « to be an external
element of /. For example, the graph

k — % < * >k 4 L. — X

is another example of an ordered set be-
longing to R.

The relevance to (RIP) is summarized
in the following obvious observation.

Proposition 2.3. Let {Iy,...,I;.} be
a covering of the set of indices I =
{1,2,...,d} satisfying the (RIP). Then
the partially ordered set underlying the
projective system of affine spaces and
projection maps

RIkG) — RIGM RU, 2<j <k,
belongs to the class K.
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A repeated use of the Striktpositivstel-
lensatz for fibre products yields:

Theorem 2.4. Let (X, f;;) be a finite

projective system of real affine vari-

eties, with the ordered index set be-

longing to the class R. Let QQ; C R|.Xj]

be archimedean quadratic modules, sub-
ject to the coherence condition

fi;Qi € Qj fori<j.
Let
peY [iRX]
1
be positive on the compact set

K = mie[fi_lK(Qz’) -
Thenp € ) ; fQ;.
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The coherence condition (f;;)"@Q; € Q;
implies f;;K(Q;) € K(Q;), that is we
can actually work with the projective sys-
tem (K (Q;), fi;j) of compact spaces.

KKK KKK K
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Proof of the Main Lemma

Let V' be a real vector space and let C
be a convex cone in V. We say that an
element & belongs to the algebraic inte-
rior, in short & € alg.intC, if for every
f € V there exists a positive constant

A such that &€ + A\f € C. We recall

the following separation lemma (Eidel-
heit, Kakutani, Krein):

Lemma 2.5. Let C C V' be a convex
cone in a real vector space V. Assume
that & € alg.intC' and that g ¢ C.
Then there exists a linear functional

L eV’ such that
Lig) <0< L(e), ceC; L(E) =1,
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We need Bourbaki:

Lemma 2.6. Let 7 = X1 Xy X9 be a
(reduced) fibre product of affine, real
algebraic varieties, with structural maps
fiIXZ'%Y, ui:Z—>XZ-, 1 =
1,2. Let p; be probability measures on
X;, 1 = 1,2, respectively, satisfying
(f1)sxp1 = (fo)spo. If the restricted maps
fi : suppu; — Y, are proper, then
there exists a probability measure [ on
7 satisfying (u;)spb = pi, © = 1,2, and
with

suppp C [u] 'suppp] N [uy 'suppps).
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Let C C R|X]| be a convex cone, and
let V' be the linear span of C' in R X].
We say that C satisfies (SMP) if every
linear functional L € V' which is non-
negative on C' is represented by a posi-
tive Borel measure supported on K (C').
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Lemma 2.7. Let X Xy X9 be the (re-
duced) fibre product of affine, real al-
gebraic varieties, with structural maps

fi X —Y v Z—X;, 1=1,2.
Let C; C R[X;] be convexr cones with
the (SMP) and 1 € alg.intC;, with re-
spect to the linear subspace V; gener-
ated by C;, 1 = 1,2, respectively, and
such that the maps f; - K(C;) — Y
are proper. Assume that

p € uiVi+usVh
1S positive on

u; 'K (Cr) Nuy P K (Cy)

Then

p € uiC1 +u505 .
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Note: The conditions in the statement
are met if C; C R|Xj;| are archimedean
quadratic modules. Indeed, in this case
1 € alg.intC; and K(C;) are compact
sets.
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3. PROOF

Assume that p & u7C1 + u5C%.
Since 1 € alg.int|u;C + u5Co),
the separation lemma yields a linear func-
tional L € [uiV] + u3V5]', non-negative
on u3C + u5Cy and satisfying

Lip) <0< L(1)=1.
Let Li(f) = L(u; f), feV;, i=1,2.
By assumption, L; is represented by a
probability measure p;, supported by the
positivity set K(C;). Moreover

(f1)xt1 = (f2)wp2
(because by definition: [ g d(f1)sp1 =

L(ufig) = L(ubf5g) = | gd(f2)sp2).
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Since the restricted maps

fi K(C;) — Y
are proper, Bourbaki yields a positive
measure [t on

S =u] 'K (Cy) Nuy LK (Cy)
which represents the tunctional L. Con-
sequently,

L(p) = /Spdu > 0,

a contradiction.

KKK KK KK
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