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PSD vs SOS forms

For n € N, a polynomial p(x) € R[x] = R[x,...,x,] is called
> nonnegative or positive semidefinite (psd) if p(x) > 0 Vx € R”
> a sum of squares (sos) if p = Z q? for some g; € R[x]

Clearly every sos is psd. i

Converse: When can a psd polynomial written as a sos of poly's?

> Sufficient to consider this question for forms (i.e. homogeneous
polynomials) of even degree.

Let be the ("tzfll_l)—dimensional vector space of all real forms
in n variables and degree 2d, called n-ary 2d-ics, where n,d € N.
= {f € Fpoq | fis psd }, the set of psd forms.

= {f € Fpoa4 | f is sos}, the set of sos forms.



PSD vs SOS forms
Theorem (Hilbert, 1888):
Pnod = Xno4 if and only if n =2 or 2d =2 or (n,2d) = (3,4).
» Hilbert proved that X365 C P36 and X34 C Pa 4, and demonstrated

that it is enough for all remaining cases, i.e.
Proposition [Reduction to Basic cases]:
If ¥36 C P36 and 244 C Pas, then
Yp2d © Pnog forall n>3,2d > 4 and (n, 2d) # (3,4).
» (Motzkin, 1967)
M := 2% + x*y? + x2y* — 3x2y222 € P36\ L3.
» (Robinson, 1969)

W= x*(x —w)?+ (y(y —w) — z(z - W))2
H2yz(x+y —w)(x+z—w) € Pas\Xss



PSD vs SOS forms invariant under the action of S,

A form f € F, o4 is called symmetric if V o € S,
of(x1,. .., xn) == F(Xo(1)s - - » Xo(n)) is €qual to f(x1, ..., xp).
Let SPp24 and S¥, 04 be the cones of n-ary 2d-ic symmetric forms
which are psd and sos respectively.
Theorem (Choi-Lam, 1976; G.-Kuhlmann-Reznick, 2015):
SProd = S¥p04 iff n=20r2d =2 or (n,2d) = (3,4).
Proposition [Reduction to Basic cases]:
If 5336 C SP3g and SX,4 C SPra V n> 4, then
S¥p2d € SPpog forall n>3,2d > 4 and (n,2d) # (3,4).
(Robinson, 1969)
R = x% 4 yb 4 26 + 3x?y27?

—(x*y2 + y* 22 + 2% + X2yt + y2 2 + Z22xY) € SP36 \ STa.
(Choi-Lam, 1976)
faa = 26 x2y? + le x2yz — 2xyzw € SPas \ STa4.
(G.-Kuhlmann-Reznick, 2015)
Fn’4 S 57)”,4 \ 52,,74 for n > 5.



PSD vs SOS forms invariant under the action of S, x Z3

» A form f € F, o4 is called even symmetric if it is symmetric and
in each term of f every variable has even degree.

> Let SP;,, and SL7,, are cones of n-ary 2d-ic even symmetric
forms WhICh are psd and sos respectively.

» Theorem (G.-Kuhlmann-Reznick, 2016):

SPrag =S%; g iff n=20rd=1or (n,2d) = (n,4)n>3 or (3,8).

Proposition [Reduction to Basic cases]:

If SZZ 2d = 577” 2d for (n, 6),,23, (n, 8),,24, (n, ].0),,23, (n, 12),,23,
then Sy¢ n2d & Spe 52q forall n>3,2d > 6 and (n, 2d) # (3,8).

» (Choi-Lam-Reznick, 1987)

Fne € SPse\ SXf g for n > 3.

» (Harris, 1999)

Fnad € SPp o4\ ST} 54 for (n,2d) = (3,10), (4,8).

» (G.-Kuhlmann-Reznick, 2016)

Fn2d € SPp o4\ SE} 54 for (n,8)n>4,(n,10)n>3 and (n,12)n>3.



Finite Reflection Groups

» Goal: Hilbert's 1888 theorem for psd and sos forms invariant
under the action of a finite reflection group

» Let V be a finite Euclidean space endowed with a positive definite
symmetric bilinear form. Given a non-zero vector o € V, we define

the linear operator s, by s,(\) ==\ — 2<<oif>>a forany A e V.

> s, is an orthogonal transformation, i.e. < s4(A),sa(p) >=< A\, pu >
for all A\, u € V.

> s2=1,ie s, isan element of order 2 of the group O(V) of all
orthogonal transformations of V.

> A finite subgroup of O(V') generated by reflections is called a finite
reflection group!.

!(Reflection groups and Coxeter groups, J.E. Humphreys, page-3)



Finite Reflection Groups

For s € G, where G is a finite reflection group.

» If s is the linear operator on R" then the corresponding action on
R[x] is defined as:
for f € Frod, sf(x1,...,xn) == f(s(x1,...,Xn)) € Fnod-

In particular if G = S,,, G acts on R" by permuting the coordinates
of a given n tuple of reals, so defining the corresponding action on
R[x] gives
Sf(Xl, R ,Xn) = f(S(Xl, R ,Xn)) = f(Xs(1)7 R aXs(n)) S ]:n,2d-

» If the linear operator s on R” is represented w.r.t. the standard
basis by the n x n matrix A, then the action description becomes:

X1
for f € Frod, sf(x1,...,xn) == f(As |...|) € Fnod-

Xn



Finite Reflection Groups

Let G be a finite group that acts linearly on R[x]. Denote by
R[x]® :={f eR[x] | o.f :=Ff Y 0 € G}
the subspace of G-invariant polynomials.

For a group G, denote by and respectively the cones of
n-ary 2d-ic forms invariant under G which are psd and sos.

When a reflection group G acts on V = R" with no nonzero fixed
points, we say that G is essential relative to V.

Any real reflection group can be identified with a direct product of
essential reflection groups.



Finite Reflection Groups

According to Coxeter classification, the real reflection groups have been
classified and are precisely:

» the four infinite families of essential reflection groups:
> A,(n > 1) [identified with Symmetric S,11],
> B,(n > 2) [identified with S, x ZJ],
> D,(n > 4) [Subgroup of index 2 in the group of type B,], and

> ly(m)(m > 3) [Dihedral group of order 2m acting on the euclidean
plane]

> the six exceptional reflection groups Eg, E7, Eg, Fa, H3, Hj.



PSD vs SOS forms invariant under the action of
a finite reflection group
» The dihedral group of order 2m, denoted by (m), is the symmetry
group of the regular m-gon and is a finite reflection group.

» Proposition:
I(m)-invariant forms are psd if and only if they are sos, i.e.,

ZIZ(Qd) = Pézgm) for all n and d.

Proof . l(m)-invariant forms are bivariate. Thus, by Hilbert's 1888
characterisation, these forms are psd if and only if they are sos.

» The signed symmetric group, denoted by B, can be identified with
Sn X Z5. It is generated by the reflections at {X; = £X;} for
1 <i<j<nandis a finite reflection group.
» Proposition:
Zi"zd = PBzd iff n=2o0rd=1o0r(n2d)=(n4),>3 or (3,8).

Proof . Forms invariant under B,, corresponds to even symmetric
forms.



PSD vs SOS forms invariant under the action of
a finite reflection group

» D, can be identified with S, x Zg_l. It is the subgroup of B, of
index 2, generated by the reflections at {X; = +X;} for
1 < i <j < n with even no. of sign changes.

» Theorem (Debus-Riener):
ZnD”2d = PDZd iff n=2ord=1o0r(n2d)=(n4).,>3 or (3,8).

Proof . Since f € PBzd \ x5 nag = F € PP 5\ ZI?,HZd' even symmetric
psd not sos examples work.

For proving equality in (4,4) case, they used the following result:
YC0q = Plag if and only if any extremal ray in the dual cone of
YS,4 is generated by a point-evaluation.



PSD vs SOS forms invariant under the action of
a finite reflection group

» A,_1 (n>2) can be identified with the symmetric group S, acting
on an (n — 1)-dimensional euclidean space as a group generated by
reflections, fixing no point except the origin.

> Work in progress (Debus, G., Kuhlmann, Riener):

For all n € N, Z’:’"‘l = 73:1.

» Ongoing work:

Complete the characterisation for forms invariant under the action
of A,.



PSD vs SOS forms invariant under the action of
a finite reflection group

» Consider forms invariant under products of the type hL(m):

» Theorem (Debus, 2019):

P12£4)x12(4) _ zzaz;)x/z(z;)_

)

» Proposition (Debus, G., Kuhlmann, Riener):

P‘ﬁ‘(l2)><lz(2) ; zfif)XIz(Q)-

Proof. Choi-Lam-Reznick’s psd symmetric quaternary quartic which
is not sos.

» Ongoing work: Consider forms invariant under
> all products of factors of types A,, By, Dy, l(m)
> the exceptional reflection groups Eg, E7, Eg, F4, Hs, Hs

» all products from A,, By, D,, lh(m) and exceptional reflection groups



[
[

[

References

G. Blekherman, Nonnegative polynomials and sums of squares,
Journal of the American Math. Society, 25(3), (2012), 617 - 635.
G. Blekherman and Cordian Riener, Symmetric nonnegative forms
and sums of squares, arXiv:1205.3102, 2012. Discrete and
Computational Geometry, 2020.

M.D. Choi, T.Y. Lam, An old question of Hilbert, Proc. Conf.
quadratic forms, Kingston 1976, Queen's Pap. Pure Appl. Math.46
(1977), 385-405.

[ M.D. Choi, T.Y. Lam and B. Reznick, Even Symmetric Sextics,

Math. Z. 195 (1987), 559-580.

C. Goel, Extension of Hilbert's 1888 Theorem to Even Symmetric
Forms, Thesis, University of Konstanz, 2014.

C. Goel, S. Kuhlmann, B. Reznick, On the Choi-Lam Analogue of
Hilbert's 1888 theorem for symmetric forms, Linear Algebra and its
Applications, 496 (2016), 114-120.



[

) & & W)

=) &

References

C. Goel, S. Kuhlmann, B. Reznick, The Analogue of Hilbert's 1888
theorem for even symmetric forms, Journal of Pure and Applied
Algebra, 221 (2017), 1438-1448.

S. Debus, Non-negativity versus Sums of squares in equivariant
situations, Master thesis, University of Vienna, 2019

S. Debus, C. Riener, Reflection groups and cones of sums of
squares, arXiv:2011.09997, 2020.

W. R. Harris, Real Even Symmetric Ternary Forms, J. Algebra 222
(1999), no. 1, 204-245.

D. Hilbert, Uber die Darstellung definiter Formen als Summe von
Formenquadraten, Math. Ann., 32 (1888), 342-350; Ges. Abh. 2,
154-161, Springer, Berlin, reprinted by Chelsea, New York, 1981.

J. E. Humphreys, Reflection groups and Coxeter groups, Cambridge
University Press, 1992.

B. Sturmfels, Algorithms in Invariant Theory, Springer Verlag,
Vienna and New York, 1993.



Thank You



	PSD vs SOS forms invariant under the action of Sn 
	PSD vs SOS forms invariant under the action of  Sn Z2n  
	Finite Reflection Groups 
	Finite Reflection Groups 
	PSD forms Invariant under Finite Reflection groups   Versus SOS 

