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Inanutshell:Jʰ
i.a.The finite - dimensional A- BB -TMPon☆•:
A = IRIX , , . . . , ✗n]

,
K c- IRM

,
B = REIJI ⇐ REX]

: = 112T¥ ] Closed
some d c- AN

R.curto-L.FI alkow
,
. . .

lb
.
The finite - dimensional K - <A> - TMPONA:

A = REI]
,
K ≤ Rn
closed 1

A a finite setof

monomials
,
B = < et> ≤ RTE]

J
.
Nie

,
. . .

-



2. The generalised K - B - TMP on A :
A a commutative unital IR- algebra
K ≤
closed

✗ (A) : = the character space of A

B ≤ A a linear subspace .

3 . Three main theorems :
theorem I : A is endowed with a seminorm .

T
•

theoremI:] theorem1 :

A arbitrary
☒ compact # arbitrary.co?*ai?.n!!T:.,.moreconditionson-B-



4. Applications :

The finite dimensional K - TMP
- - - - - -

5. Other applications %

Lii ) The TMP for point processes .
Ciii) Triangular , Rectangular , sparse

TMR .

Civ) connections with the subnormalcompletion problem ^

-
- - - - -

#



1 . theclassical.TN/P:--A-- REI ] , K ≤ Rn , B ≤ A
closed

• B- :B → IR a linear functional is said
to be K - positive if Lcp) ≥ 0 for all

p e- PBB
which are nonnegative on K .

•
For a set of monomials A ≤ IR EE ]
and a K- positive linear functional
L on < it> ,

the
A- truncated K - moment problem
is the question of establishing whethersuch
[ can be represented as an integral
w.ir . 1- a t.ositi.ie Radon measure whose

support is contained in F- .

•
When Vt = { Id ; ✗ € No? 121£ d }

some d c- IN
, the it = TM P is known as

theclassicahTMP'•6-f



Answers by Curto - Fiat how fond others) :

I.EE?km-j-.Ekn:# a > contains a
polynomial strictly positive on K ,

then

any K - position linear functional
L

defined on act> is E- represented by a measure .

Thenem(lRI*I]zdorR[✗_]zd+#
It B = IRE ]zd or IREI ]zd +1 , then a

K - positive linear functional L defined
on B ni k - represented by a measure
iff L admits a K - positive extension

tolR[±]zdt2",#



2.thegeneralTMP-o.tncommutative unital R- algebra
• ☆☆.$AA☆ : the set of all veal valued
IR - algebra homomorphisms on A .

• ✗ (A) ≤ IRA

• For at A
,
Ñ : ✗ (A)→ IR defined by
a- (d ) : = 2cal

• ✗ (A) is endowed with the weakest topology
which makes all maps 2 continuous

.

• this topology coincides with the subspace topology
on ✗ (A) inherited from the product
topology on ☒ A

•wealwaysshall.az?umethatxCA)ismmempt-



• For any subset
SEA define

Ks : = Lt c- ✗ (A) : 21 5) ≤ [go)} .

s.EXgmplecfinikdimensio.sn#--A--R-Lx-
]

,

✗ (A) ≈ IRM
,
I =

p.tpc-AKS-fx-CRnr.gr/--0v-qESI
Definition : Let A be a unital commutative IR- algebra,

closed
,
B ≤ A a linear substance

,

L : B → IR a linear functional .
The B-A- truncated moment problem asks

whether there exists a positive Radon measure
whose support is contained in K such that

t.CH#.drfnallb-cBg



3h
.Thecaseofaseminormedalgebrar-Definit-ons.aea submultiplicative semi nnimm A

P : A→ [°,x#
if a c- A , re 112 :p Cra) = trip (a)

a) be A pcatb) ≤ pca ) *p (b)
if a ,

b C- A scab) ≤ pea)p (b) .

• Gelfemdstectrum :

spp (A) == { LEX (A) ; 12 (a) / ≤ p (a) Ka EA}
• spp (A) is compact .

• Let c ≤ A be a cone
, for a e- A define

✗ all •
, p : = into Pca + p)

:



Theorem I
.

-

Let (Ap) be a seminarmed algebra
B ≤ A linear subspace , S a quadratic
module in A and L :B→ R a

linear functional .
Then L admit an integral representation
v. r .
t a positive B- don measure (whose

support is contained in spp (A) s Ks ) riff
3- D 70 at

1L (b) I ≤ D 1lb /Is
,p

k be B.

Loft

proof is based on corollary 3.8 of
Ghasemi

,
Kuhlmann

,
Marshall

Applications of Ta Cobi 's Representation theorem to lmc

topologicalalsebqgyinJ.t-anct.AM/n266l20kfB



3b.Theorem II ( contact case)
Lit A be a commutative unital

'

HR - algebra
,

K ≤ ✗ (A) compact , B ≤ A a linear

subspace such that there exists q E B wilt

§ strictly positive on K .

Then every
K - positive linear functional

L : B → IR admits an integral
representation by a positive Radon

measuresuffortedeink.proof applies theorem I wilt

•
A = C (K) = algebra of continuous real valued
functions on the topological space £ equipped with

• Pk ( f ) : = sap I f- (d) 1 it f f CCK)
LE K

•Eaboundedexten%*
-



3c.Theorem III. Let A be a commutative unital

112 - algebra , K ≤ ✗ (A) Closed,
B ≤ A a linear subspace such that
7 P E A) B wilt I ≥ 1 on E

,

Bp : = < B
, p > 7 1

,
Bp generates A. and

sup 15121 / < o tf be B.
LEK ☒
Lit L :B → R be a K- positive linear
functional . If L has a A- positive
extension to Bp , then there exists
a K - representing measure for L

iub'=%



4.Applications.to/heClassicalTMP.---
lemma .

For any monomial It ol degree Zdorzdtl
¥→s- a polynomial p c- HR -1*1] zd+2
such that I Id / ≤ PCE) and p☆- 1 on RM .

t : write a = + + as with

✗ = ( 81 , . . . , 8m ) ,
ri c- { 0,1 } Hi = 1, _ . , m

so It = ± ✗ ± 2B .

• if 8=10 , . . . . 0) set p : = 1¥
,

¢1 + ok? )
Pi

• if 8 ≠ co, . . ;D Set

P= %,
( ¥

,

till + ✗F)
*¥7

,

( a + ×? ) ?

luseAGinequai.fi#-B



.
Let P ≤ IRIE ] £ .

Then
-

7 p E R [I]
☒ + ,
it k is odd and

P C- IRIE ] k+z if k is even such that

p ≥ 1 and sup
b-⇔ I ,%÷ / < a

ton all f- c- P . •

corollanytothl-Tos.LT/--c-1Rnclosed,Lak--positiF#functurned on IR [± ]zd ( respectively
IR [ I ] zd +a) . There exists p E REE]zd+z

such that P ≥ I end §;¥n /÷, / <• * to 'RE]zd
.



E.io?:::::::::?:i-w::-+
of Curto and Fiat Kow because it

requires the K - positive extension.

to a subspace Bp ≤ IRIE]zd+z ,

'%÷≤ᵗ¥T7m;¥-ʰdCorollary to th I .
B ≤ REI ] d et z p c- B , P > 0 on K

.

Let L : B→ R be a K - positive
linear functional .

ThenL•%¥ñᵗ•
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