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Parabolic boundary value problems

Exercises and Questions

Question 1. Let X, Y be Banach spaces, and T ∈ L(X, Y ). Show that {T} is R-bounded.

Question 2. Are subsets of R-bounded sets of operators R-bounded? Is the union of two
R-bounded sets R-bounded? What can be said on the R-bounds?

Question 3. Let X, Y be Banach spaces. Show that T ∈ L(Rad2(X),Rad2(Y )) holds if
T ⊂ L(X, Y ) is R-bounded (see Lemma 2.7).

Question 4. a) Let X = Lp(R), p ∈ (1,∞), and define Ts ∈ L(Lp(R)) by (Tsf)(x) :=
eisxf(x). Is {Ts : s ∈ R} R-bounded?

b) Answer the same question for the operator family Ss defined by Ssf := F−1eis·Ff .

Question 5. Let Γ be a set, and let X, Y be Banach spaces. Define `∞R (Γ, L(X, Y )) as the
space of all function f : Γ → L(X, Y ) with R-bounded range, and define the norm by
‖f‖`∞R := R(f(Γ)).

Then, by definition, a family of operators {Tγ : γ ∈ Γ} is R-bounded if and only if f ∈
`∞R (Γ, L(X, Y )) for f(γ) := Tγ.

Show that `∞R (Γ, L(X, Y )) is a Banach space, and that the norm is submultiplicative (in
the case X=Y ).

Question 6. In the situation of Question 5, define the completed projective tensor product
`∞(Γ)⊗̂πL(X, Y ) of `∞(Γ) and L(X, Y ) as the space of all functions f : Γ→ L(X, Y ) which
can be represented as f(γ) =

∑
n∈N λnfn(γ)An with (λn)n∈N ⊂ `1(N), fn → 0 in `∞(Γ) and

An → 0 in L(X, Y ). Show that

`∞(Γ)⊗̂πL(X, Y ) ⊂ `∞R (Γ, L(X, Y )).

(This implies that the range of C∞(M,L(X, Y ))-functions for a closed manifold M is
R-bounded as well as the range of S (Rn, L(X, Y ))-functions due to C∞(M,L(X, Y )) ∼=
C∞(M)⊗̂πL(X, Y ) and S (Rn, L(X, Y )) ∼= S (Rn)⊗̂πL(X, Y ).)

Question 7. A pseudodifferential operator (with constant coefficients) of order µ ∈ R is
defined as the operator op[m] with m ∈ Sµ(Rn), where the (Hörmander) symbol class
Sµ(Rn) is defined as the set of all m ∈ C∞(Rn) with supξ∈Rn |ξ||α|−µ|Dαm(ξ)| < ∞ for all
α ∈ Nn

0 . Discuss the R-boundedness of such operators (for an appropriate formulation, it
is reasonable to define a topology on Sµ(Rn)).



Question 8. For fixed M > 0 define

Φ :=
{
ϕ ∈ L1(Rn) :

∫
Rn

|xα| |∂αϕ(x)|dx ≤M (α ∈ {0, 1}n)
}
.

For ϕ ∈ Φ define the convolution operator

(Kϕf)(x) :=

∫
Rn

ϕ(x− y)f(y)dy (f ∈ Lp(Rn)).

Show that {Kϕ : ϕ ∈ Φ} ⊂ L(Lp(Rn)) is R-bounded.

Question 9. Show that X has property (α) if and only if for all p ∈ [1,∞) there exists
Cp > 0 such that for all αij ∈ C, |αij| ≤ 1, N ∈ N, xij ∈ X the inequality

(∫ 1

0

∫ 1

0

∥∥∥ N∑
i,j=1

ri(u)rj(v)αijxij

∥∥∥p
X
dudv

)1/p
≤ Cp

(∫ 1

0

∫ 1

0

∥∥∥ N∑
i,j=1

ri(u)rj(v)xij

∥∥∥p
X
dudv

)1/p
.

Show that every Hilbert space has property (α).

Question 10. Let X be a Banach space with property (α) and (Ω,A , µ) be a σ-finite mea-
sure space. Show that Lp(Ω;X) has property (α) for all p ∈ [1,∞).

Question 11. The operator A0(x,D) =
∑
|α|=2m aαD

α, aα ∈ CN×N , is called parameter-

elliptic on the ray Sθ := {reiθ : r ≥ 0} if there exists a C > 0 such that

det
(
a0(x, ξ)− λ) ≥ C(|ξ|2m + |λ|)N ((ξ, λ) ∈ (Rn × Sθ) \ {(0, 0)}).

Show that the set of angles θ for which A0(x,D) is parameter-elliptic in Sθ is open.

Question 12. For f ∈ S (Rn), define

(Hf)(x) := [PV( 1
x
) ∗ f ](x) := lim

ε↘0

∫
|x−y|≥ε

f(y)

x− y
dy.

Show that, up to constants, H = F−1 sign F , i.e. H is the Hilbert transform.

Hint: Consider the function R → R, ξ 7→ 1
ξ
χε≤|ξ|≤R (for small ε > 0 and large R > 0) and

its Fourier transform.

Question 13. Let R+ := (0,∞) and define the one-sided Hilbert transform

(H+f)(x) :=

∫ ∞
0

f(y)

x+ y
dy (f ∈ Lp(R+)).

Show that H+ ∈ L(Lp(R+)).


