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Parabolic boundary value problems

Exercises and Questions

Question 1. Let X, Y be Banach spaces, and T' € L(X,Y’). Show that {T'} is R-bounded.

Question 2. Are subsets of R-bounded sets of operators R-bounded? Is the union of two
R-bounded sets R-bounded? What can be said on the R-bounds?

Question 3. Let X, Y be Banach spaces. Show that T € L(Rady(X),Rady(Y)) holds if
T C L(X,Y) is R-bounded (see Lemma 2.7).

Question 4. a) Let X = LP(R), p € (1,00), and define Ty € L(LP(R)) by (Tsf)(z) =
e f(z). Is {T, : s € R} R-bounded?

b) Answer the same question for the operator family S, defined by S, f := .7 le* Z f.

Question 5. Let I' be a set, and let X,Y be Banach spaces. Define £(I", L(X,Y)) as the
space of all function f: ' — L(X,Y) with R-bounded range, and define the norm by

1fllee == R(f(T))-
Then, by definition, a family of operators {T’, : v € I'} is R-bounded if and only if f €
(T, L(X,Y)) for f(v) :=T,.

Show that £ (I', L(X,Y)) is a Banach space, and that the norm is submultiplicative (in
the case X=Y).

Question 6. In the situation of Question 5, define the completed projective tensor product
(*(D)®,L(X,Y) of £°(') and L(X,Y) as the space of all functions f: I' = L(X,Y) which
can be represented as f(7) = >, .y AnSu(7)An with (A,)nen C €1(N), f, = 0in £°(T") and
A, — 0in L(X,Y). Show that

°(T)@.L(X,Y) C (F(T, L(X,Y)).

(This implies that the range of C*°(M, L(X,Y))-functions for a closed manifold M is
R-bounded as well as the range of .#(R", L(X,Y))-functions due to C*°(M, L(X,Y)) =
C®(M)®,L(X,Y) and .Z(R", L(X,Y)) 2 .Z(R")®,L(X,Y).)

Question 7. A pseudodifferential operator (with constant coefficients) of order u € R is
defined as the operator op[m] with m € S*(R"), where the (Hérmander) symbol class
SH(R™) is defined as the set of all m € C*(R") with supgcgn [£]1*7#|D*m(€)| < oo for all
a € Nj. Discuss the R-boundedness of such operators (for an appropriate formulation, it
is reasonable to define a topology on S*(R™)).



Question 8. For fixed M > 0 define
O = {gp e LNRY : | 129 |0%¢(x)|dz < M (a € {0, 1}")}.
RTL
For ¢ € ® define the convolution operator

(K@) = [ plao-n)iwdy (€ DE)

Show that {K,, : ¢ € ®} C L(LP(R")) is R-bounded.

Question 9. Show that X has property (a) if and only if for all p € [1,00) there exists
C, > 0 such that for all oy; € C, |a;;| <1, N € N, x;; € X the inequality
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Show that every Hilbert space has property («).
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Question 10. Let X be a Banach space with property (o) and (2, 47, 1) be a o-finite mea-
sure space. Show that LP(€; X') has property («) for all p € [1, 00).

Question 11. The operator Ag(z,D) = 37y, @D, o € CN*N is called parameter-
elliptic on the ray Sp := {re : r > 0} if there exists a C' > 0 such that

det (ao(z,6) = A) = CEP" +IADY (6, A) € (R" x Sp) \ {(0,0)}).

Show that the set of angles 6 for which Ay(x, D) is parameter-elliptic in Sy is open.
Question 12. For f € (R"), define

= LY % fl(z) := lim /)
()= PV <Al =Ty |y

Show that, up to constants, H = .% ~!sign.#, i.e. H is the Hilbert transform.
Hint: Consider the function R — R, & — %ng\slgR (for small ¢ > 0 and large R > 0) and

its Fourier transform.

Question 13. Let R, := (0,00) and define the one-sided Hilbert transform

1w,

(= |

(f € LP(R,)).

Show that H, € L(LP(R,)).



