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1.1

(l . Background material

The upper half plane and PSL;(R)
A model of the hyperbolic plane is given by
H={z=x+iy|x,y€R,y >0}

The group
SLy(R) = {(24) € Maty(R)|a,b,c,d € R, ad — bc =1}

acts on H by fractional linear transformations as follows: for z € H and v = (”C’ Z) €
SL,(R), we define

N +b
T et d
We also write 7y(z) or 7.z instead of yz.

The map given by z — vz (z € H, ¢ € SLy(R)) is also called Moebius transformation.
The group of all Moebius transformations PSL, (IR ) satisfies
PSL;(R) ~ SLy(R) /{£}.

To ease notation, elements in PSL;(IR) will be denoted by matrices in SL;(RR).

Recall that the modular group is given by
SLy(Z) = {(25) e Maty(Z)|a,b,c,d € Z, ad —bc =1} .

One can consider subgroups I' C SL,(Z) of finite index. These are groups such that there
is a coset decomposition

SLy(Z) = U I'g;
j=1

for certain g1,...,gn € SL2(Z) (n € IN). The subgroups of finite index play a fundamental
role in the theory of modular forms.
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Lemma 1.1. For v = (“4) € GLy(R) and z € H, we define 7z := Z. Then, for

cz+d*
(Z?l)/ (75) € GLy(R) and z € H, we have

(i)

. az+b :Im(z)det(”c’s)
cz+d lcz+d|>

Hence, if det(? %) = ad —bc > 0, then (24)z € H.
(if) 10 N
i) ([ 1)2=%

i) (¢5) ((Fa)z) = ((€)(Fa)) =
In particular, the modular group SL,(Z) and the subgroup GL; (R) of GL>(R) of matrices
with positive determinant both act on H.
Proof. Exercise. u
The group SL»(IR) acts transitively on H, since if z = x + iy € H we have i = z for

')/ = \/y % .
0 V¥

The stabilizer group

is given by the special orthogonal group

k= {kae) = (30 ) j0< o <on)

The element k(26) acts on H by a hyperbolic rotation at i of angle 26. One gets
H ~ SL,(R)/K,

where z = x + iy corresponds to the right coset

(‘éy %) K € SLo(R) /K.

We want to extend the action of SL,(IR) on H to the extended upper half plane
H* := HURU {0} = HUP'(R).
We write an element of P!(RR) as [r : s] with r,s € R, not both equal to 0. We define
vy[r:s] = [ar+ bs : cr + ds]
fory = (2%) € SLy(R). We also write y([r : s]) or +y.[r : 5] instead of [r : s].

Let [0: 1] =: 0and [1: 0] =: co. The group SL,(R) acts doubly transitively on P!(R), i.e.
for [r1 : s1], [r2 : s2] € P(R) there exists o € SL,(IR) such that

0.0 =[r1:s1) and 0.c0 = [r7 : 53].
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The hyperbolic line element dsflyp is given by

dx? + dy?
2

It is invariant under the action of SL;(IR).

Moreover, for z1,z, € H, we have

dhyp ('YZl/ 722) = dhyp (le 22)

for any v € SLy(R), i.e. the elements of SL,(IR) act as isometries on H (with respect to the
hyperbolic metric). Here, the hyperbolic distance dhyp,(21,22) (21,22 € H) is given by

1
2
dhyp(zl,zz) = ir71f </7 dsﬁyp> ,

where 7 runs over all continuous paths vy : [0,1] — H with y(0) = z1, 7(1) = z».
We have (see Beardon : "Geometry of discrete groups, p. 131) for z1,zo € H

|21 — 22| + |z1 — 22|
dhyp(zlfzz) = log <‘Zl — Z_z\ — |Z1 _22’

and the useful identity
cosh(dnyp(z1,22)) = 1+ 2u(z1,22),
with

u(zy,22) == =P
V220 4 (z1)Im(z2)

and cosh(x) 1= &5,

The hyperbolic Laplacian on H is defined by

d d
. 2
Bhyp = —Y (8x2 + ayz) :

It is SL»(R) invariant. Finally, the hyperbolic volume element on H is given by

dx Nd
I’lhyp(z) = yz y/

which is also SL; (IR) invariant.

The Iwasawa decomposition refines the identification H = SL,(R)/K as follows: We
define the subgroups
— (1 ¢
Ve bnerem (1 ©) 1 en)

A::{a(y)::( V(ll)\yelR,y>0}.

The subgroup A acts on H by dilations, N by translations. The Iwasawa decomposition
states that every ¢ € SL,(IR) can be uniquely written as

o=

v =nakwithn € N,a €K, k € K.

That is SLy(R) = NAK. In particular the right coset YK € SL,(R) /K which corresponds
toz = x + iy € IH can be written as

7K = n(x)a(y)K.



1.2

1.3

8 Chapter 1. Background material

Classification of isometries
By
[v] := {oyo o € PSLy(R)}

we denote the conjugacy class of 7y in PSL,(RR). If z € H* is a fixed point of ¢ € PSL,(R)
(i.e. 7z = z), then 0z is a fixed point of oyo 1. Therefore the number of fixed points for
v € PSLy(R) is invariant under conjugation of y by elements of PSL,(R). If v = id, every
z € H* is a fixed point of 7.

Ify=(78) € PSLy(R), 7 # id, the fixed point equation

z=qz<=c*+(d—a)z—b=0

is quadratic and we obtain the following cases :

()

7 is elliptic <= [tr(y)| < 2
<= 7 has exactly one fixed point in H (and one in —H)
<= [v] = [k(20)] for some 6 € [0, 7]

An elliptic element acts as a hyperbolic rotation centered at the (unique) fixed point of vy
in H.

(b)
7 is parabolic <= |tr(y)| =2
<= 1 has exactly one fixed point in P! (R)
= [7]=[n(1)]

A parabolic element moves points along horocycles i.e. circles in H tangent to P! (RR).

(©)
7 is hyperbolic <= |tr(y)| > 2
<= 1 has exactly two fixed points in P*(R)
< [v] = [a(n)] for some u € R~

A hyperbolic element acts as a dilatation, one fixed point is repelling, one is attracting.
This classification is invariant under conjugation.

A fixed point z € H* of a parabolic, hyperbolic or elliptic y € PSL,(R) is called parabolic,
hyperbolic or elliptic fixed point.

Fuchsian groups of the first kind

The group SL»(R) can be identified as a topological space with the subset {(a,b,c,d) €
R*|ad — bc = 1} of R*. It is a (locally compact) topological group (hausdorff, matrix
multiplication and inversion are continuous) with respect to the metric induced by the
norm

[191]3= (2% + 07 + & )2,
This is also true for PSL;(IR).
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Definition 1.2. A Fuchsian subgroup I' C PSL,(IR) is a discrete subgroup of PSL,(RR),
that means that {-y € T'| ||y|| < k} is finite for every k > 0. Every Fuchsian subgroup of
PSL,(IR) is therefore countable.

Fact. T C PSL,(R) is a Fuchsian subgroup if and only if I' acts properly disontinuously
on H, i.e. for any z;,z, € H there exist neighbourhoods U > z1, V 3 z; s.t.

#{yeT|yUNv # @} < oo.

This implies that the orbit I'z of z € IH under a Fuchsian subgroup I’ is a discrete set in JH.
A possible limit point of an orbit I'z for z € H can therefore only lie in P!(R).

A Fuchsian subgroup I' C PSL,(IR) is called of the first kind if every point in P!(R) is a
limit point of an orbit I'z for some z € H.

A Fuchsian subgroup I' C PSL,(IR) can be visualized by a "fundamental domain".

Definition 1.3. Let I' C PSL,(R) be a Fuchsian subgroup. A subset /r C H is called
fundamental domain for I' if
(@) Fr € His a domain (non-empty and open)
(b) Distinct points z; # z, of Fr are not equivalent with respect
tol,ie. fycT:yzy =2
(c) Every orbitI'z, z € H, contains a point in the closure Fr.

Every Fuchsian subgroup I' C PSL;(Z) admits a fundamental domain Fr. A fundamental
domain is not unique but all fundamental domains for a fixed Fuchsian subgroup I' have
the same hyperbolic volume

dxd
VOlnyp (F1) = /Fr yzy

which can be infinite. However:
Fact. T C PSL,(R) is a Fuchsian subgroup of the first kind if and only if the hyberbolic

volume volyy, (Fr) < 0.
11
()

is a Fuchsian subgroup (which is not of the first kind). A fundamental domain is
given by

m Example 1.4. (a) The group

Fr={z € H||Re(2)] < 3}.

it _ o,

I = PSLy(Z) =< (é })(_01 é) >

is a Fuchsian group of the first kind. A fundamental domain is given by

We calculate volpyp (Fr) = / i
(b) The group

Fr = {z € H||Re(z)| < % 2] > 1)

One can calculate that volpy, (Fr) = 3.
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bolic element of I', we say that z is an elliptic, parabolic or hyperbolic fixed point. A

Definition 1.5. When z € H UP}(RR) is a fixed point of an elliptic, parabolic or hyper-
parabolic fixed point of I' is also called cusp of T'.

elliptic, parabolic or hyperbolic fixed point of I' \ H. Parabolic points of I' \ H are called

Definition 1.6. The I'-orbit of an elliptic, parabolic or hyperbolic fixed point of I is called
cusps of '\ H.

Remark. The number of cusps and elliptic points of I" \ H is finite.

Lemma 1.7. The set of cusps of PSLy(Z) is Q U {0} = P1(Q) and all cusps of PSL,(Z)
are PSL,(Z)-equivalent, i.e. the number of cusps of PSL,(Z) \ H equals one.

Proof. By the classification of isometries, we know that every cusp is an element of P! (RR),
since a parabolic element has exactly one fixed point and it lies in IP* (IR). Clearly, we have
that co = [1: 0] is a cusp of PSL,(Z), since

G D{Lm:p;w

Let [r : s] € PI(R) with s # 0, be a cusp of PSLy(Z). Then [r : s] = [£ : 1]. Let
(*%) € PSLy(Z) be parabolic with

(¢a)l

This is equivalent to [a (1) +b: ¢ (%) +d] = [£ : 1], which is again equivalent to

gzu:g;m

u(g)-l-b_r

c(f)+d s

i.e. ; is a solution of a quadratic equation with rational coefficients, therefore { € Q.

On the other hand every element [g : 1] € IP}(Q) with g € Q is a cusp since it is PSL,(Z)-
equivalent to [1 : 0]. To see this let [a : ¢] € IP!(Q) with ¢ # 0. We can assume that gcd(a,c)
= 1. The euclidean algorithm gives us integers b,d € Z such that ad — bc = 1. But then

CZ)um:mw]

(Lcl Z) ((1) D (Z Z)l'[ﬂ:C]Z[a:c].

Hence [a : c] is a cusp. This completes the proof is finished. |

and therefore
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(2. Modular curves

The Riemann surface I'\H*

From now on let I' C PSL,(Z) be a subgroup of finite index (for example I' = PSL,(Z) or
T =To(N), N € N).

Remark. Since T is a subset of PSL,(Z) it is a discrete subgroup of PSL,(IR) and acts
therefore properly discontinuously on IH, i.e. for any two compact sets Ky, K, in H we
have that #{y € T| YKy N Ky} < oo.

Definition 2.1. We set
H* := HUQU {0}  HUP(Q).
Elements of H are called interior points, elements of IP!(Q) are called cusps.

Remark. IH* is a topological Hausdorff space, if one installs the following topology :
For an interior point z € H, a fundamental system of neighbourhoods is defined in the
same way as in H.

For [1 : 0] = co we can take the sets

{zeH|Im(z) >c},c>0

as a fundamental system of neighbourhoods.
For [r: s] € P}(Q), s # 0, we can take sets

{interior of circles in H tangent to [r : s]} U {oo}.

By construction the topology on H* generated by these open sets is Hausdorff.
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Definition 2.2. The stabilizer subgroup of z € H* in I is defined as
I, :=Stabr(z) = {y € T'|yz = z}.

m Example 2.3. (i) PSLy(Z)e =< <(1) 1) >

(i) If T C PSL,(Z) is of finite index, then I'x = < (

(1) ;11) > for some i € IN. Then

number & is called width of co.

Remark. Consider the orbit space
NH* ={Tz|z € H*}.
It is a topological space in the following way : if
m:H — I'\H"

denotes the canonical projection, then the quotient topology on I'\IH* is defined by calling
a subset U C T'\IH* open if and only if 77~} (U) C H* is open.

In this chapter we want to prove that the topological space I'\IH* has the structure of a
Riemann surface. To do this, we first prove that I'\IH* is a Hausdorff space. This is clearly
true for T'\IH C T'\IH*, since I' acts properly discontinuously on H (because it is discrete).
It remains to show that you can seperate:

(a) points in I'\IH and orbits of cusps

(b) different orbits of cusps.

Proposition 2.4. For any cusp [r : s] € P1(Q) and every compact set K C H there exists
a neighbourhood H* D U > [r: s] such that UNyK = @ forall y € T.

Proof. Without loss of generality we can assume that [r : s] = [1 : 0] = co. We are going to
prove the claim in 4 four steps :

Claim 1: Let M > 0. Then there exist only finitely many double cosets I'cyTe (7 € T),
such that |c,| < M, where
(x x
T (Cv *) '

Claim 2: For any 7y € '\ ', we have that

Proof of Claim 1: Left as an exercise.

lcy| > 7
for a fixed r = r(I') > 0, which only depends on the group I'. Additionaly we have

1

Im(z)Im(yz) < —.

<

for any z € H.
Proof of Claim 2: Let M > 0 be fixed. Consider the finitely many double cosets

I1c>o')’1I1<>01 sy I100')’71I1<>o-
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from claim 1. Then for ¢ € (U7:1 I’oo'yjl’oo> \ I'ec we have |c,| < M. Since ¢, €

{¢yy, ..., Cy, } we define

1 )
r= Emin{|c%.| li=1,...,n}.
We have r > 0, since otherwise v € I',, which contradicts our assumption. Obviously
lcy| > 1.
Now let y = (%) € I'\ I'. Then ¢ # 0 and for any z € H it holds that

_ Im(z) Céo Im(z) < 1
ez +d]2 T c2m(z)?2 T r2Im(z)’

Im(yz)
which proves the second claim.

Claim 3: There exists a neighbourhood H* C U > [1 : 0] = oo with
I'v={yeT|yUNU # &}.
Proof of Claim 3: Let
u:= {Z € H" |Im(z) > 1}
with r > 0 from claim 2. Then
T C{yeT|yUNU # o}.
Moreover for any ¢ € I'\ T'w, z € U, we have the estimate

1 1

I <t <2
m(7z) < r2Im(z)? ey r?’

ie. vz € U, hence yU N U # @. This proves claim 3.
Claim 4: Let z € H. The orbits 71(z) = I'z and (o) = I'co have disjoint neighbourhoods.
Proof: Let K C IH be compact. We choose A, B > 0, such that

A <Im(z) <B

for all z € K. Furthermore we define

. 1
u:= {ZEII—I | Im(z) >max{B,Ar2}},

where ¥ > 0 comes from claim 2. Therefore for any v € T' \ ', and any z € K we get

I —.
m(’yz) < ATZ

On the other hand
Im(yz) =Im(z) < B

for any v € I's, and any z € K. Overall we proved that
UNyK =9
for all ¢y € T. This proves claim 4.

This finishes the proof of Proposition 2.4. u
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Proposition 2.5. The Hausdorff space I'\IH* is compact.

Proof. Let (U;);e; be an open covering of I'\I[H*. Then

(7 (U))jey)

is an open covering of H*. Therefore there exists j; € | with co € 7~!(Uj,). Therefore
there exists C > 0 such that

N (U;,) 2 {z € H|Im(z) > C} U{co},

since the sets {z € H|Im(z) > M} U{c0}, M > 0, form a neighbourhood base of oo in
H*. Hence Tr\ 1 (U]' ) is compact (closed and bounded). Therefore there exist fo, . . ., ju
in | such that

fr\ ﬂfl(u]'l) - 7T71<u]'2) u...u ﬂil(u]' )

Since 7t(Fr) = T'\H*, we have that
NH*=U; U...uU,,
which proves that I'\H* is compact. n

Recall. A Riemann surface is a connected, topological Hausdorff space X, endowed with
a complex structure S (also called “atlas”) given by

S = (uac/ %)ael,
where [ is an index set, (Uy)qe; is an open covering of X and
(O u, — qow(ll,x) cC
is a homeomorphism for every a € I. Furthermore if a, B € I with U, N Up # < the map
Ppo @r ' pu(Ux NU) — @p(Ux N Ug)

is required to be biholomorphic. Finally, S has to be maximal with these properties.

Proposition 2.6. T\IH* is a Riemann surface.

Proof. We have to construct an atlas.

1. case: 1t(z) € T\H* with I'; = {id}, so especially z € H. We choose a neighbourhood
U, C H of z such that
Io={yeTl|yU.NU; # &}.

The existence of such a neighbourhood can be seen by a similar argument as in the proof
of claim 3 in Proposition 2.4. Then we have

MNH* DT\ U, «— U, CHCC.

Therefore we choose
(T \ Uz, 7771)

as a chart for 7(z).
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2. case: t(z) € T\H* with ', = Z/dZ (d € N, d > 1), so especially z € H. Let U, be
defined as in the first case. Now consider the biholomorphic mapping
AMH—D={weCl||lw| <1}

, Z —z
zZ —

2 —Z
Obviously we have A(z) = 0. Therefore
AoT,oA !l ={[D3wm e t]|j=1,...d—1}
and we obtain a homeomorphism
¢, :T\H* DT\ U, — C
n(Z) — A(Z')4
Thus we choose the chart (T'; \ Uz, ¢;) for 77(z).

3. case: 71(z) € T\IH* is a cusp, i.e. in particular z € P} (Q). Without loss of generality we
can assume z = o = [1 : 0]. Then
1 h ~
(1) =
for some h € IN.

We choose U = {z € H|Im(z) > 1} U {co} with r > 0 as in Proposition 2.4, claim 2.
Then

MNH* D Te \ Us & {ZEIH\ —Z < Re(z) < Z,Im(z) > 1}U{00}
With the holomorphic map
P : H* — C

2miz

Zr——e h

we find the chart (T'e \ U, @) for co. The proof that this atlas satisfies the compability
requirements is left as an exercise. n

Remark. A fundamental domain is a connected subset F/r C HH* such that there is a
bijection Fr = I'\IH*. From now on we are going to use this new definition (it turns out
that this definition is easier to work with in technical proofs).

Remark. (a) LetT,I” C PSL,(Z) be subgroups of finite index and
letI" C T. Then there is a natural projection

728 B i I’ \ H* — F\]I‘F<
and we have the following commutative diagramm: :

H* id H*

lnr/ lﬂr

Trs ¢
I\ H* —% \H*

(b) The number of cusps of I'\IH* is finite.
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Lemma 2.7. Let I,T" C PSL,(Z) be subgroups of finite index and let I” C I'. Then the
Riemann surface I'' \ H* is a (branched) covering space of the Riemann surface I'\IH* of
degree N := [[: T"].

Proof. The natural projection 7t r from the last remark is surjective and holomorphic. It
is a local isomorphism and has degree [I" : I"]. |

Now we want to study the covering I'\IH* — PSL,(Z) \ H* for arbitrary I' C PSL,(Z)
of finite index.

Proposition 2.8. The fixed points of I' := PSL,(Z) on H* are equivalent (with respect to
PSL2 (Z)) to

(@) co (parabolic); I'nw =< ((1) 1) >=7,
(b) i (elliptic); I'; =< (_01 é) >=7/27,

() p:= e (elliptic); T, = < <(1) j) >~ 7/3Z.

Proof. Ad (a): This has already been proven.
Ad (b), (c): Let z € H be a fixed point of y = (‘; Z) € I', v # id. Since z is not a cusp we

have
az+b

cz+d
and therefore get the solutions

a—dx \/(a—d)>?—4b a—-dx./(a+d)>—-4
2c B 2c '

=z<=c+(d—a)z—b=0,

212 =

Since z7 or zp lies in H we have |tr(y)| = |a+d| < 2. Together with the fact that
a+d e Z,wegettr(y) € {—1,0,1}. Thus we could have the following three characteristic
polynomials for : A2 +1, A2+ A + +1, A> — A + 1. Therefore we only have to consider
v’s which satisfy (v € SLy(Z))

vt =id (v #£id), 7 =id, ° = —id.
We start by considering the first equation (which will lead to (b)).

Assume y* = id: Consider the polynomial ring Z[y] = Z[i].

The Z[i]-module Z? is torsion free. To see this let 0 # a +ib € Z[i], x € Z?. Then
(a+ib)x = 0 implies (a® + b*)x = 0. Hence x = 0.

Therefore the Z[i]-modul Z? is free of rank 1 and there exists u € Z? such that Z[i].u = Z2.
Hence u and v := ~yu together are a Z-basis of Z>. Since 7> = —id we have y[u,v] =

wol (X o)

If det([u, v]) = 1, then 7y is conjugate to ((1) _01> in SL,(Z).

-1 0
Therefore every elliptic fixed point z of order 2 is equivalent to i

and I'; =< <0

If det([u, v]) = —1, then 7 is conjugate to ( 0 1) in SL,(Z).

-1 .
1 0 > >. The other cases are left as an exercise. [ |
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We consider the following situation: For I' C PSL,(Z) a subgroup of finite index, we have
the following commutative diagram:
H* id H*

r l”PSLZ (Z)
Tr,PSLy (Z)

N\H* 2% PSL,(Z)\H*

Recall that a point 7tr(z) € T\IH* (z € H*) is called fixed point (with respect to I'), if z has
a non-trivial stabilizer group I',. Note that this notion is well-defined, since the cardinality
of the stabilizer group is invariant under conjugation.

Definition 2.9. The ramification index e,y of a point 7tr(z) € T'\IH" is defined as

e := [PSLy(Z), : T].

nr(z)

A point 7tr(z) € T\IH" is called ramification point (with respect to 71 psi,(z)), if €7 (z) > 1.

Proposition 2.10. Let I' C PSL,(Z) be a subgroup of finite index. Let
7'[1"(Z1), ceey ﬂr(Zr) S F\H*

denote the preimages of a point 7pgy,(z)(z) € PSL2(Z)\H*. Then, the following
assertions hold:
(a) The point 7tr(z;) (j = 1,...,7) can only be a fixed point, if 7tpgy,(z)(2) is a fixed
point. Hence, the fixed points of I'\IH* lie all above
TTpsL,(Z) (i), TTpsL,(Z) (p), TTpSL, (Z) (c0).

(b) We have
Zenr (zj) = [PSLa(Z) : T] =: N.
=1

Proof. The first assertion of (a) follows immediately from I'; C PSL,(Z),. The second
assertion of (a) follows from Proposition 2.8.
To prove (b), we recall how one obtains the points 7rr(z;) (j = 1,...,7) from the point
Ttpsr, (z) (2): We start with the decomposition

N
U F'yk = PSLz(Z),
k=1

which exists, since I' C PSL,(Z) is of finite index N. From this we obtain an orbit
decomposition of the form

N
TTPSL, (Z) (z) =PSLy(Z)z = U Tygz.
k=1

Now we order the 7;’s in such a way that the first r < N orbits represent exactly all
pairwise disjoint orbits, i.e. we have a disjoint union

- r

TTPSL, (Z) (z) = szlﬂr(zj),
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where we have set zj := 1yjz. We now prove that for j = 1,...,7, we have the identity

rr(zy) = H 1k | Tmz = Tz e, Tz = Iz}

7'(1"(2]'
We have
#He | Tyz =Tz} = #{me [ 3y € T ymey; 'z = 27}

= \PSLQ(Z)Z]./I’ N PSLQ(Z)Z].\

= [PSL2(Z)z; : 2] = exp(2)).
All in all, this yields

.
N =[PSLy(Z) :T] =) ex(z)),
j=1

as asserted. [ |

Digression. (The genus of a Riemann surface)
Let X be a compact Riemann surface. From topology we know that such 2-dimensional
real, oriented, closed surfaces can be given the structure of a 4g-gon :

alblal_lbl Lo, agbgag_lbg_1

(see for example: Seifert, Lehrbuch der Topologie, pp. 130 -142).
The number ¢ € IN is the homeomorphy type of X, called genus of X. The genus g can
also be computed with the help op a triangulation of X. Let

E : # O-simplices (vertices),
K : # 1-simplices (edges),

F : # 2-simplices (areas).
Then, we have the Euler polyeder formula
2—-2¢g=E—-K+F.

The genus can also be computed in terms of Betti numbers.

Proposition 2.11. Let I' C PSL,(Z) be a subgroup of finite index and let X(T') := I'\H*.
Further let

N := [PSLy(Z) : T,

v, := # of fixed points of order 2 of X(T),
v3 := # of fixed points of order 3 of X(T'),
Voo := # of cusps of X(T').

Then, the genus g := g(X(T')) of X(I') is given by

N v 13 9«
14 _2_UB_ oy
8=t "1 73 3

Proof. We start by considering the covering map

X(T) = I\H* 3% psL,(z)\H* = P(C)
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Assume that the ramification points of X(T') lie over the points
PY(C)>x; (j=1,...,h)

and denote these (for the moment) by

Sk G=1,....k=1,...,1)),
see also the picture given in the lecture. Starting from the preimages of a point

x0 € PHC),x0 #x(j=1,...,h),
we perform disjoints cuts from

7T1:,I1’SL2(Z) (x0) to &

in every sheet. Thereby, the Riemann surface X(I') decomposes into F = N copies of
P!(C), and we have performed K = N - I cuts. Finally, since there are N points lying over
Xo, we have

Applying the Euler polyeder formula, we thus get
2-2¢=E—K+F

N+Zr] (N-h)+N

j=1
h

— Z(N—T’])
j=1

Let now ¢(¢jx) denote the ramification orders of the points ¢jx. Then, applying Proposition
2.10 (b), we compute (forj =1,...,h)

T

Y (e(Ex) —1) =N —r;.

k=1

Therefore, for the genus ¢ of X(I'), we get the following formula

1N+ Y Vel 1) @)

Lemma 2.12. Let 7tr(z1), ..., 7r(z,) € T\IH" be the points lying over a point 7tpgy,(z)(2) €
PSL,(Z)\H*. If T is a normal subgroup of PSL,(Z), we have the identity

enr (Zj) = €np (Zl)

forj=1,...,r
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Proof. The group PSL,(Z)/T acts on {71 (z1), ..., 7r(zs) }. Therefore

en(2j) = |StabPSL2(Z)/r(7Tr(Zj)|

= |StabPSL2(Z)/F(7TF(Zl)‘ = em(21)-

Remark. LetT C PSL;(Z) be a normal subgroup, as in the Lemma before. The points
lying above 7r (i) (resp. 7ir(p)) are either all of order 2 (resp. 3) or all of order 1, i.e. no
fixed points.

Congruence groups

We now discuss some examples of congruence groups.
Definition 2.13. Let N € IN, N > 1. We define the subgroup

I(N)={("t)eSLy(Z)|a=d=1 mod N, b=c=0 mod N}.

The group I'(N) :=T(N)/{+£id} C PSLy(Z) is called principle congruence subgroup of
level N.

Note that (1) = SL,(Z) and T'(1) = PSL,(Z).

Lemma 2.14. For the index of the principle congruence I'(N) in PSL,(Z), we have

- N IIA-p?), ifN>2
[PSLy(Z) : T(N)] ={ ~ »IN
6, if N =2.

Proof. We first observe that following short sequence

1 I(N) — SLy(Z) L5 SLy(Z/NZ) — 1

is exact, which yields
SLy(Z)/T(N) =2 SLy(Z/NZ).

To prove this claim, it remains to show that f is surjective. Let (fr 1) € SLo(Z/NZ). We

have to find (7)€ SLy(Z) with (7}) = (f‘y’g) mod N. We know (a, 8, N) = 1, hence

we can find g’ € Z with («, 8+ p'N) = 1. Therefore, we can assume without loss of
generality that («, 8) = 1. Now, we can choose 7/,¢" € Z such that

ad — By =1.
We then set
a:=u«,
b:=B,

c:=7+9(1—ad+By),
d:=38+06(1—ad+By).
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Then one easily verifies that (%) € SLy(Z) and that (*}) satisfies the required proper-
ties.
Let N =TI, pv be the prime factorization of N. Then, we have

[SLo(Z) : T(N)] = SLa(Z/NZ)| = [] ISLa(Z/p¥Z)|.
pIN

To compute the orders |SL,(Z/p**Z)|, we observe that

GL,(Z/p™Z GLy(Z/pMZ

Stz vy = (G2 /P2 _ [Gla(z/p2)]
prr =t prrd—p™)

and we employ well-known facts for the general linear group, namely

GLy(Z/pz) = (p* —1)(p* — p).

We now consider the exact sequence

1 — ker(f') — GLy(Z/p™Z) N GLy(Z/pZ) — 1.

Since ker(f’) consists of the elements in M,(Z/p"»Z) which are congruent to the identity
matrix modulo p, we find easily find that

Ker(f)] = p*h 1),

Allin all, we get
4(Ap—1) . (2 _ 2 _
p= - (pt =1)(p° —p)
SLo(Z2/pMZ)| =
pr(1—p1)
=P (1-p).

Hence, we obtain

[SL2(Z) : T(N)] = N° I|_I(1 —p).
p|N

Finally, observing that —1 € T'(N) if and only if N = 2, the claimed formula follows. W

Lemma 2.15. Let N > 1and X(I'(N)) = I'(N)\H*. Then

()
[PSL,(Z) : T(N)] {Z\f [T(1-p2), ifN>2;

UOO: =

N

(b)
Uy =03 = 0.

Proof. (a) Since I'(N) is a normal subgroup of PSL,(Z) the ramification orders of all cusps
of X(T'(N)) are equal (by Lemma 2.12) say equal to e. We first notice that

Hence
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and, since voe = [PSLy(Z) : T'(N)], we have v, = [PSL2(Z) : T(N)]/N. Together with
the last lemma the claim follows.
(b) Since I'(N) is a normal subgroup of PSL,(Z) we only have to consider the elliptic fixed

points nm(i) and ﬂm(p).

We have
PSL,(Z); = < (_01 é) >, (_01 é) ¢ T(N).

Hence I'(N), is trivial for all N > 1. Therefore v, = 0. The proof of v3 = O is analogous. W

Corollary 2.16. For N > 1, the genus g of X(T'(N)) is given by

[PSLy(Z) : T(N)]

g=1+ 12N

Uoo
(N=6)=1+=2(N—6).

Proof. Using the formula given in Proposition 2.11, we get
14 [PSLo(Z) :T(N)] 02 03 Vo _ 14 [PSLa(Z) : T(N)]  [PSLa(Z) : T(N)]
&= 12 43 2 - 12 2N ’

which yields the claim. [

» Example 2.17. The Riemann surface X(I'(2)) has 6/2 = 3 cusps, which can be repre-
sented by co = [1:0],0 =[0:1],and 1 = [1 : 1]. Thus, we have g(I'(2)) = 0. See the
lecture for a picture of a fundamental domain, or, e.g., the book of Katok.

One can show, that the genus of X(I'(N)) is zero, if and only if N = 1,2, 3,4, 5. "

Definition 2.18. A subgroup I' C PSL,(Z) is called congruence subgroup of PSLy(Z), if
T(N) CT for some N € IN. The level of a congruence subgroup I' is the smallest such
N. (Note that from this definition it immediately follows that congruence groups are
examples for groups of finite index in PSL,(Z).)

Remark. The literature on congruence subgroups is vast, and the subject remains very
active. Rademacher conjectured that there are only finitely many genus 0 congruence
subgroups. Stronger versions of the conjecture were proved by Thompson, and Cox and
Parry, which show that the number of congruence subgroups of any genus is finite.

Definition 2.19. Let N € IN. We define

Io(N) = {(?}) €SLa(Z)|c=0 mod N}

and I'o(N) :=To(N)/{+£id}; it is is called Hecke congruence group of level N.

Lemma 2.20. For the index of the congruence I'g(N) in PSL,(Z), we have

[PSLy(Z) : To(N)] = NJJ(1+p ).
pIN

Proof. This proof is left as exercise. For completeness, we give the idea of proof. We
consider the map f as in the proof of Lemma for I'(N). Considering the image of I'y(N)
under f, we get

To(N)/T(N) = {(g ub1> c SLZ(Z/NZ)}.
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Hence, we get

[To(N) : T(N)] = Ng(N) = N? I|_I(1 -p).
p|N

Since —id € Tp(N), we have

[PSLo(Z) : To(N)] = [SLa(2Z) : Ty(N)] = 22(Z) TN

_ NaHp\N(l _P_Z)
NZHp\N(l - pil) pIN

Remark. (Legendre symbol/quadratic residue symbol) Let p be an odd prime number. We
define
1 p/fn A x*=n mod pissolvablein Z
n . :
<> =<¢—-1 pfn A x>=n mod pisnotsolvable in Z

P 0 pln

If p = 2 we define
1 n=1 mod8
(E): —1 n=5 mod8
0 otherwise

Lemma 2.21. For X(Ty(N)) = To(N)\H* we have
(@) veo = Lgn ¢((d, M) with Euler’s g-function

a>0
(b) v2 = {0 1 4N .
I~ <1 + (7» otherwise
(c) v3 = {O _3 oIN .
[Ty~ <1 + (7» otherwise
with
(1 p=1 mod 4
(‘71): -1 p=3 mod 4
0  otherwise
and
1 p=1 mod3
<_73): -1 p=2 mod3.
0  otherwise

Proof. We will only prove the case where N = p is an odd prime.

(@) In this case the two cusps nw(oo) and NW(O) lie above 7tpgy,(z)(c0). For the

ramification indices we compute

3(”@("0)) =1, nro(p)m) =Pp.

Since their sumis p +1 = yg we conclude v, = 2, as asserted.
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(b) We have to study how the SL,(Z) conjugation class Sy of ((1) 0

> (resp. the conjuga-

tion class S, of ( 0 1

) splits into I'g(p) conjugation classes.
1 0o)/°%P p Jug

To do this let, let A := Z2, Ny :=ZDpZ. If 0 € Sq (resp. 0 € Sy) then Z[o] = Z[i],
hence A is a free Z[c]-module of rank 1. Therefore there exists a Z-linear isomorphism
fo: Z[i] — A.

For the submodule A, C A we define a, := f,1(A,) C Z[i].

Then
a, C Z[i]ideal <= 0 € S NTy(p) (resp. o € S, NTo(p)).
Since
Z[il/as = N/ Ny =2 Z/pZ
we get
(i) Noq)/qlar) =p
(ii) a, & Z.

Furthermore we have the following bijections :

. 0 -1 0 1
{Fo(p)—conjugacy classes of <1 0 > , (_1 0) }
= {a C ZJi],ideal | NQ(i)/Q(lla) =p, a0 € Z}

= {a C Z[i], prime ideal | Ng(;),q(4s) = p, p decomposes }
The cardinality of the last set equals 0,if p =3 mod 4 and itis2,if p =1 mod 4. Thus

we get
=1+ <_1> .
p

(c) Analogous to (b). [ |

Corollary 2.22. The genus of X(Ty(p)), if p is an odd prime, is given by

p+1 1 ~1 1 -3
P i (=) ) -1+ (=2
12 4 + p 3 * p
» Example 2.23. The Riemann surface X(I'o(4)) has 3 cusps, which can be represented
byoco =[1:0],0=1[0:1],and 1/2 = [1 : 2]. Thus, we have ¢(I'(4)) = 0. Picture of a
fundamental domain:
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One can show, that Riemann surfaces of the form X (T'o(N)), with genus 0 and no elliptic
fixed points, are exactly the one with N = 4,6,8,9,12,16, 18. n

Remark. Article of Elstrodt on fundamental domains https://arxiv.org/abs/2308.11997.

Remark. Fundamental drawer by H. A. Verrill and I. Breeze

https://www.mathamaze.co.uk/complexplane/

Exercise 2.1 For N € IN, N > 1, we consider the subgroup

To(N) := { <Z Z) € SLy(2) ‘c =0 mod N}

10 0 —1 11
=(o1)s=( 0) =0 1)

and let p be a prime number. For j € IN, 0 < j < p, we set

of SL(Z). Let

e ST/, f0<j<p-1;
P E, ifj=p.

(a) Prove that
P _ P
SL2<Z) =5 Uj:O a]. 1r0(p) = Uj:O ro(p)lx]
(b) Using (a), conclude that there is a fundamental domain Fr,,) for I'g (p) satisfying
P
Frop = U #iFs1,2).
j=0

(c) Draw a fundamental domain F7 ;) and determine all the cusps of I'9(2), i.e., the
orbits T'g(2)[r : s] with [r : s] € P(Q).

Exercise 2.2 Determine the genus of the Riemann surface X(T') for

= {ro(z),r0(4),r0(11)} .







(3. Modular forms for SL,(Z)

In this chapter, we let I' := SL»(Z).

Definition 3.1. A modular function (resp. a modular form) of weight k € Z for SLy(Z) is a
function f : H — C satisfying
(i) f(vz) = (cz+d)*f(z) forany v = (*}) € SLy(Z) and z € H.
(ii) f is meromorphic (resp. holomorphic) on H.
(iif) f is meromorphic (resp. holomorphic) at oo, i.e., f has a Fourier expansion of the
form

[ee]

f(z) =Y aug" (3.1)

n=nyp

for some 1y € Z (resp. ny € IN), where g := ¢*™ and with coefficients

Ay = /Olf(z)q_”dz cC.

Definition 3.2. A cusp form of weight k for SLy(Z) is a modular form of weight k for
SL,(Z), which vanishes at oo, i.e., we have ny > 0in (3.1), that is ag = 0.

Remark. Since <(1) }) € SLy(Z), wehave f(z+1) = f(z) for all z € H* for a function

that satisfies (i) and since

fz) =Y ang" +ao+ ) ang",

n<0 n>0

where a,q" = O(e~#™Y), the starting index 1 from (iii) tells us how a modular function f
behaves at co.
Remark.  (a) If k is odd, there are no modular functions f # 0 of weight k. Namely,
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applying (i) of Definition 3.1 with (! %) € SL,(Z), we obtain the equality

f(z) = (0z = 1)*f(2) = (=1)*f(2) = ~f(2).

(b) To verify property (i) from Definition 3.1 it suffices to verify (i) for the generators

11 0 -1
T— (0 1), S .= <1 O)
of SL,(Z), i.e., it suffices to show that

fe+1) = 1), £ (—3) = £

z

holds for all z € H.
(c) If k = 0, then f is a well-defined function on I'\H. If f is a modular form of weight
k = 2, then f(z)dz defines a differential form on I'\IH, since then, we have

f(2)dz = f(yz)d(v2)

forall y € T.
Remark. The set

M (T) : = {f| f is a modular form of weight k for '}, resp.
Si(T) : = {f| f is a cusp form of weight k for I'}

is a C-vector space. Functions in M (SL»(Z)) resp. Sx(SL2(Z)) are also called modular
forms resp. cusp forms of level 1.
We now consider/define the following examples.

m Example 3.3. (i) The constant functions are modular forms of weight O for I'.
(ii) The normalized Eisenstein series Ex(z) := Gi(z)/(2{(k)) of weight k (k € N, k > 2,
k even) satisfies (cf. Definition 6.1)

B =50~ 2 . Ezz (mz + n)k
(mm)=1
2k &
=1——2-) oca(n)-q (3.2)
Bknzl

with the Bernoulli numbers By, (see Definition 6.7) and with (cf. (6.1))

Ga(n) =y a1,
dn

1<d<n

and is an element of M (T) \ S¢(T). The last claim follows from Proposition 6.3
together with Proposition 6.6. The proof of expansion (3.2) will be given on the next
pages. To explicitly determine the coefficients of the g-series for E4(z) and E4(z),
note that —8/B; =240 =2*-3-5and —12/Bs = —504 = —2%-32.7.
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(iif) The A-function, also called discriminant modular form, is defined by

23 _ E.(2)2
Az) = Ey( )17256( )

- if(”) 7,

with the so-called Ramanujan 7 function, and is an element of Si>(T'). In 1947,
Lehmer conjectured that 7(n) # 0 for all n € IN+. This assertion is also known as
Lehmer’s conjecture and it is still open today, even though it has been verified for all
n € N with n < 816212624008487344127999 (in the year 2013).

(iv) The j-function is defined by

=q—24g> + ...

ooy Bz o Ea(z)®
=30 =80 - B

=;+744+...

(3.3)

and is a modular function for I' of weight 0 (but not a modular form I'). Note that
we will later see that A has no zeros on H.
| |

Proof of expansion (3.2). By Proposition 6.6, we have (for k > 4 an even integer) the identity

Gi(z) = 2¢(k) + Zm Z Ok—1(

Hence, we get

Gk(Z) (27‘[ kk k&

B = a0 =1 R 0
Using (6.4) (with 2k replaced by k), namely
_ —(2n)k* By
we get
E =1- ka Z Of— 1
as asserted. [ |

In the following, we will be interested in computing the dimension of the space of modular
forms resp. cusp forms of weight k for I'. In a first step, we prove the %-formula, also
called valence formula, for I'.

Definition 3.4. Let f # 0 be a modular function of weight k for I'. For z € H, we define

vz(f)

to be the order of the zero (respectively, minus the order of the pole) of f(z) at z. By

veo(f),
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| we denote the index of the first non-vanishing term in the g-series (3.1) of f.

Remark. (i) Since (cz + d)* has no zeros in H, we have

12(f) = v2(f)

forally e 'and z € H.
(ii) For the functions given in Example 3.3, we have

Veo(Ex) =0, Veo(A) =1, Voo(j) = —1.

Theorem 3.5 — £ -formula, valence formula for SL,(Z). Let f # 0be a modular function
of weight k for I'. Then, we have

voo(f>+w(2f)+1/péﬁ+rzezmvz<f) z%, (3.4)
z¢TiTp

where p := ¢27/3,

Proof. The idea of proof is to count the zeros and poles of f in I'\H by integrating the
logarithmic derivative of f along the boundary of a (standard) fundamental domain Fr.
The proof is conducted in four steps.

1. step: We choose T > 0 in such a way that T is greater than the imaginary part of any
zero or pole of f in H. This is possible, since after a change of coordinates z — ¢, the
function f = f(gq) is a meromorphic function in a disc about g = 0.

picture

2. step: We cut the fundamental domain Fr at height T and obtain F := Fr N {Im(z) <
T}. We then choose a closed path C along the boundary of F{ in such a way (see picture!)
that every zero and every pole of f lying on the boundary of F' is avoided by the segment
of a circle of radius € > 0 (¢ small) and every I'-equivalence class of a zero or a pole of f is
contained exactly once inside of C, and such that, if I'i or I'p contain zeros or poles of f,
they lie outside of C.

picture with C; up to Cg

By the residue theorem, we then have

1 rfliz, 1
L "Zm_zmc Fl2) 2= g i e

where we have set

with
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3. step: We now consider step by step the integrals I;. First of all, we have

1726[]}/5 /f’z—l = -1,

where we substituted z := w + 1 in the first equality, and made use of f(z — 1)
and f'(z — 1) = f'(z) for the second equality. Next, we compute

/ r(_1
f(w) f (_E) z A z
3 3
where we substituted w := —1 in the first equality, and made use of
1 dz
i(-2)=%
f(-1) =2,
r{ Iy 1 _ 1.,k—1 k ¢/
f(=3) 7 = k@ +#F)
for the second equality. Furthermore, we get
1 1 f(z) 1 f'(a)
—,18:—_/ dz = — 7{ —2dg = —Ve(f),
2711 2711 z 27t
Cs f( ) circle around 0 of radius e~ 27T f(q)
with .
fz2) =} ang" =: f(a).
n=np
Finally, to compute I, resp. I, resp. Iy, we employ the formula
1 / f'(z) %4

— . dz — ——v,(f),

27 pesment ot acinle ) 42 =2~ <U/)
ase — 0, withw = p,19— ,resp.w =1,% = n,resp.w:—%,ﬂ:%”.
4. step: Adding up the results obtain in step 3, yields

k dz 1 1 1

i 1 = zmQEaZz)‘”ﬂﬁ‘é%U*‘fﬂﬁ‘6“ﬂﬁﬂ
—L3

After substituting z := ¢/, we get the equality

e—0 zZ

2771
. dz . Tl
lim — = z/dr = —,
—Cs z

Also, by Remark 3, we have v_j /,(f) = v,(f). Allin all, we thus get

1 k vi(f)  ve(f)
o I e = 35— veo(f) = =5 = =5,

which proves the claim.

= f(2)
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Remark. Since vo(A) = 1and A € 512(SLa2(2Z)), we deduce from (3.4) the identity

14 v ) Y, w(f)=1
2 3 Izel'\H
z¢T'i,Ip

Hence, A has no zeros on H.

We now will apply the k/12-formula to obtain dimension formulas for My (SL(Z)) and
Sk(SLa(Z)).

Lemma 3.6. LetT := SL,(Z). For k € Z, k even, we have:

(i) M(T) = {0} fork < 0.
(il) My(T) =C.
(i) M>(T') = {0},

(iv) My(T) =C - E; fork =4,6,8,10,14.
(v) Su(T) = {0} fork = 4,6,8,10, 14.

Proof. (i) The left hand side of the %—formula (3.4) consists of non-negative terms,
whereas right hand side of (3.4) is negative for k < 0. This proves (i).

(i) Let f € Mp(T') and let c be a value of f. Then the function f — c € M(I') has a zero.
Hence the LHS of (3.4) is positive, but the RHS of (3.4) equals zero for k = 0. Hence
f—c=0,thatis, f(z) =cforallz € H.

(iii) This claim follows, since

oo _1

L¥+E+§:g

has no solution for a, B,y € Z>o.
(iv) Let f € My(T), f # 0. We have the following table (easy exercise):

k| & | vie) | wi) | volf)
41 0 0 1
6|1 0 1 0
8 | 2 0 0 2
10 | 2 0 1 1
14| Z 0 1 2

Hence f and Ej have the same zeros and therefore

f(z)
E(2) e My(I).

From (ii), we thus conclude that

for a constant ¢ € C. This proves (iv).
(v) Fork =4,6,8,10, 14 the claim follows from the table in (iv).
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Proposition 3.7. For k € IN, k even, we have:
(1) Sk(T) =A- My_12(T), if k > 12. In particular, we have Sj5(T') = C - A.
(i) M(T) =C-Ex® S(T) if k > 2.

Proof. (a) Letk > 12 be even and let f € Sk(I'), hence v (f) > 1. Since A has no

zeros on H (by the table in (iv) above, see also the remark above) we conclude

i(é)) € My_12(T).

This proves the claim. For k = 12, we use that M(T') = C.
(b) Let k > 2 be even and let f € M;(T'). Then there exists a constant ¢ (more
precisely, ¢ = ap(f), where f = Y>_ a,(f)q" is the Fourier expansion of f) with

f—C'Ek € Sk(F)

This proves the claim.
[

Remark. Using the above results, on can easily compute dime¢ My (T') fork =0,2,4,...,14.

k 0[2[4[6[8[10[12] 14
dmc M) [[T|0[1[1][1|1] 21

Theorem 3.8 For k € IN, k even, we have:

5], ifk=2 mod12;

dim¢e My (T) =

kl4+1, ifk#2 mod 12.
5]

Proof. By Lemma 3.6 and Proposition 3.7 the assertion is true for 0 < k < 14, k even. We
already know that

(i) dime My (T) =1+ dimg Sk(T) for k > 2, k even.

(i) dimg Sk(T') = dime My_12(T) for k > 12, k even.
Hence for k > 12, k even, it holds that

dim¢ Mk(r) =14 dim¢ Mk_lz(l“)

The claim follows from induction on k (exercise). |

Theorem 3.9 Letk € IN, k > 2 be even and let f € M (T). Then, we can write

fz) =) Capp - Ea(2)" - Eg(2)"

a,beIN

for certain constants c,; € C.

Proof. To ease notation, we write My := M(I') and Sy := M (T). For k = 4,6,8,10, 14,
we observe that

Ey € My, Ege< Ms, EieMg, E4 - Eg € My, EE-E6€M14
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and that these functions generate My, since dim¢ My = 1, by Lemma 3.6 (iv). Now let
k = 12 or k > 14. Since k is even, we have

k=4-m or k=4-m+2=4m—-1)+6 (meIN,m > 3).
Therefore there exist a,b € IN such that 4a + 6b = k. In this case it follows that
ES-E! € M.

Let now f € M;. Since E4(z)? - E¢(z)” has no zero at oo (see its Fourier expansion), there
exists a constant ¢ € C with
f—c-E}-Eles.

By Proposition 3.7 (i), we thus get that
e BBy —eg
for some g € Mj_1,. Therefore, we have
f(z) = Es(2)" Es(2)" +A-g

=c-Eq(2)*- E6(Z)b + (E4(Z)i7_2§6(z)2) .

Now the claim follows by a simple induction on k. u

We end this chapter with some results for the j-function defined in (3.3).

Theorem 3.10 Let f : H — C be a meromorphic function. Then the following statements
are equivalent:
(i) fis a modular function of weight O for I'.
(ii) f is the quotient of two modular forms of the same weight for I.
(iif) f is a rational function in j, i.e. f is of the form

for polynomials F, G, G # 0, with complex coefficients.
In particular, the field of all modular functions of weight 0 for I equals C(j).

Proof. Let f : H — C be a meromorphic function.
(iii) = (ii) : Let F =Y, qa,X"and G = }J_, b, X" be two polynomials with complex
coefficients with

_ F(j(2))
)= 5@)
Recalling that
z 3
i) = S,

we thus have

£(2) _F(j(2) _ T0mi(2)" _ Lo arEa(z)"A(z)
(z))  Tlobri(z)  ElobrEa(z)¥A(z)~
(
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where we expanded the fraction in the last step by A(z)"A(z)™. This is a quotient
of modular forms of the same weight 12(n + m). (Every term in the numerator has
weight12-m+4-3-r+12-(n—r) =12 (n + m) and a similar formula holds for
the denominator.) This proves (ii).

(ii) = (i) : Clear, by the definition of a modular function of weight 0 for I".

(i) == (iii) : Let f be amodular function of weight 0 for I'. Further, letzy,...,z, € FrNH
be all the different poles of f in Fr NH, i.e. representative of the poles of f modulo
I, and let v4, . .., v, be the orders of these poles. Consider the function

h(z) = TT(i(2) — j(z)™

k=1

Then, the function

f(2)h(z)
is holomorphic on H by construction (since the function /(z) has zeros of order at
least vk in z;). Hence, there exists m € IN, such that the function

8(2) := f(2)h(2)(A(2))"

is holomorphic on IH and at co. Therefore

g(z) € My (T)

and, by Theorem 3.9, we can write ¢(z) as a sum of terms of the form
E4(z)"Ee(z)" (a,b € N;4a + 6b = 12m).

Now, since h(z) is obviously the claimed form, it suffices to prove that the terms of
the form
E4(2)" Eg(2)"
Az)™

can be written as rational functions in j. We note that, since 42 4- 6b = 12m, there
exist natural numbers a’, b’ with

a=23d,b=2b and m=d +V'.
Recalling that

E4(z)? — Eo(2)?
1728

A(z) = <= Eg(z)? = E4(2)° — 1728A(2),

we thus get

Ea(2)"Es(2)" _ (Ea(2)*)” (Es(2)*)"
Az)™ A(z)" A=)
. \w (Ea(z)® —1728A(2))Y
_](Z) A(Z)b,

= j(2)" (j(z) — 1728)""

This finishes the proof.






(4. Modular forms of higher level

In this chapter we let I' C SL,(Z) be a subgroup of finite index.

4.1 Modular forms of weight k

Remark. We recall/refine some facts on cusps
(i) T\ P}(Q) is the set of cusps of T\H and #I' \ P!(Q) < [SL,(Z) : T]. Identifying
IP1(Q) with Q U {c0}, we write a cusp [a : c] often as 2.

1 k . 11
(b) SLa(Z)eo = {i <0 1) | m e Z} —<+id, <0 1) >
(c) Leto := (%) € SLy(Z). Then the stabilizer of the cusp £ is given by

B (11 R 11\ 4
Fg—FﬂU<j:1d,<0 1>>0 —<j:1d,0’<0 1)0 > .

Also, the width of the cusp £ is the smallest positive number /, such that

1 h —1 -1 —h -1
0'<0 1)0 EF% or 0(0 _1>0' GF%.

. 1 h\ 4 . 1 h\ 4 -1 —-h\ 4
Thenl“gequalselther<(7<0 1)(7 >,<—1d,‘7<0 1)‘7 >or<(7<0 _1>‘7 >

In the first two cases we say that ¢ is regular, in the last case we call ¢ irregular.
Remark. Irregular cusps are somehow exceptional, e.g. for I'y(N) there are no irregular
cusps (left as exercise).

Definition 4.1. Letk € Z, v = (%) € GL; (R) and f : H — C be a function. We
define j(v,z) := cz+d and

floy :H — €,z det(y)3j(7,2) *f(72).
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| The operator f — f|iy is called weight-k-operator.

Remark.  (a) If f : H — C is holomorphic, then f | is holomorphic for every ¢ € T
(b) Lety,7" € GL; (R), then flx(v7") = (fler) |7

Definition 4.2. A weak modular form of weight k for T is a holomorphic function f : H —
C such that forall v = (7%) € I and z € H the transformation property

frz) = (cz+d)*f(2)
is satisfied, i.e. we have f|y = f forally = (75) €T.

Proposition 4.3. Let f : H — C be a weak modular form of weight k for I'. Let
o= (7Y) € SLy(Z) and let h be the width of the cusp .
We set

_ {fl if % is regular

T . a : .
2h if ¢ is irregular
Then the function f ;o has a Fourier expansion of the form :
[o°]

(flko)(z Z aneznﬁm = Z anq%

n=-—oo n=—oo

Proof. It suffices to show that f|x0 has period h. Using the above remark, we compute

fletz+0) = (ol (o 1) @)

(o (5 1))@
= flko(z),

which proves the claim. [ |

Definition 4.4. Let f,0,hand £ be as in the last Proposition. We call f meromorphic at the
cusp ¢, if there exists m € Z such that

flko(z) i

We say that f is holomorphic at the cusp %, if in addition m > 0, and we say that f vanishes
at the cusp %,if m > 1.

:‘\:

Definition 4.5. A weak modular form f of weight k for I' is called
- modular function of weight k for T', if f is meromorphic at all the cusps of I'.
- modular form of weight k for T, if f is holomorphic at all the cusps of I'.
- cusp form of weight k for ', if f vanishes at all cusps of I'.
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We use the notation

M (T) :={f| f is a modular form of weight k for '},
Sk(T) :={f | f is a cusp form of weight k for I'}.

Remark. If f and g are two modular forms of weight k for I', then their sum f + g is also
a modular form of weight k for I', as is A f for any A € C. Thus for any fixed weight k and
congruence subgroup I' we obtain a C-vector space M (T') that contains the cusp forms
Sk(T') as a subspace. The dimension of these vector spaces is finite, and can be explicitly
in terms of invariants of the corresponding modular curve I'\IH.

Remark. Note that it suffices to check the ‘cusp conditions” on a system of representatives
of the cusps of I.

Using the Riemann—Roch theorem, one can prove the following dimension formulas.

Proposition 4.6. Let I' be a congruence subgroup of genus g. For k = 0, we have
dim(My(T)) = 1 and dim(Sk(T')) = 0. For any even integer k > 0, we have

dim(M(T)) = (k—1)(g—1) + U{LJ Vo + V;J V3 + gvoo.

For k = 2, we have
dim(8(T)) = g

and for k > 2, we have

dim(Si(I)) = (k—1)(g— 1) + m vy + V;J Vs + (’2‘ - 1) Veo-

Proof. See, e.g., Diamond and Shurman, Thm. 3.5.1. [ |

Remark. Use the commands dimension_cusp_forms and dimension_modular_forms to com-
pute in sagemath the dimensions of, e.g., Sx(T'o(N)) and My (T'o(N)), respectively:
sage: dimension_cusp_forms(Gamma0(2007),2)
221

sage: dimension_modular_forms(Gamma0(2007),2)
228

Proposition 4.7. Let I' be such that I'(N) C T for some N € N and let f be a weak
modular form of weight k for I', which is holomorphic at cc. If there exists a constant
C > 0 such that

a, < Cn’

for all n € IN, then f is a modular form of weight k for I'.

Proof. At oo we have f(z) = Y0 a,qV, since the width of every cusp divides N. First we
are going to prove that there exists constants Cp, C; > 0 such that

‘f(Z)’ <G+ G Im(z)r'
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To see this let z = x + iy € IH. Then we have

n=0
= 2 | e_zw
n=0
ad 2mny
<lag| +C Y n'em W
n=1
N\ 1 & [ 2myn\" _2wmy
“lool () 3 4 ()
N\ 1
< lao| +C (2”) ?Czl"(r +1)
1
= CO + Cl?.
We now prove that f is holomorphic at the cusps. For SLy(Z) let |0 (z) = Y5 o bug¥.
It suffices to show that :
lim g¥(f|xo)(z) = 0.
Im(z)—o0
We use that |cz + d| behaves as |c|Im(z) for large Im(z) and Re(z) < N. We compute
1 az+b
fler(2)] = lcz +d|k f <cz+d>‘
1 az+b\ "’
< —— G+ (G4l
= ez +d| 0+ &im <cz—|—d>
1 lcz +d|*
SRS o MO i
lcz + d|k 0t & Im(z)"
< CaIm(z) 7 F,
for large Im(z)
for some constant C3 > 0.
Hence )
lim |gV (fle0)(z)| < lim |e2™™E) C3Im(z) *| = 0.
Im(z)—oc0 Im(z)—o00
This proves the claim. |

Remark. LetT C I’ C SL,(Z) be subgroups of finite index. Then every modular form of
weight k for I is a modular form of weight k for I'. The same statement holds for modular
functions and cusp forms.

Definition 4.8. Let f be a modular form of weight k for I'1(N) and let x : (Z/NZ)* —
C* be a Dirichlet character. We say that f has character y if

flyz) = x(d)(cz +d)"f(2)
forall y € To(N).

Remark. If x is trivial, i.e. x(n) = 1foralln : (n, N) = 1, then a modular form for I'; (N)
has character y, if it is a modular form for I'y(N)).
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Notation 4.1.

My (T, x) :== {f | f is a mod. form of weight k for I and has character x }
Si(T, x) :== {f | f is a cusp form of weight k for T and has character x }

4.2 Old and new forms

We first define old forms. The newforms then are defined in the next chapter as a vector
subspace of the modular forms of level N, complementary to the space spanned by the
oldforms, i.e. the orthogonal space with respect to the Petersson inner product.

Proposition 4.9. Let M, N € IN and let f be a modular form of weight k with respect to
I'o(N). Then for any divisor m | M, the function

8(2) := f(mz)

is a modular form of weight k for I'y(NM). The analogous statement holds for cusp
forms.

Proof. Clearly g is holomorphic on H, since f is holomorphic on H.

Let (7%) € To(NM). We observe that <LCZ b;?) € I')(N). Hence

az+b
f <m cz + d)
a(mz) 4+ bm
(o)
c
(£ (mz) + @)t f(mz)
= (cz+d)rg(z).

g((¢3)?)

To see the holomorphicity at the cusps let o = (?%) € SLy(Z) and let p := (¢, ma). We
canfindr,s € Z : p = sc + rma (eucl. algorithm). Then

o= <_r __,jf’u> € SLy(Z)

<
P P

and

with x,y,v € Z.
Hence
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Since ¢ = fl <rg (1)> we get

sho@) =7l (" ") @

[

(i Y

= Lk (5.

[

Since f is a modular form, the limit lim f|ra~!(z) exists. Let this limit be denoted by

Im(z)—o0
C. Then . c
lim — (fl)) (x”y) — = <o,

Im(z)—o00 zk v Z

This proves the holomorphicity at the cusp 2. If f is a cusp form, then C = 0 and therefore
g is also a cusp form. n

Definition 4.10. A modular form of weight k for I'g(N) is called old form, if it is a linear
combination of modular forms

gi(diz),
where M; > 1is a divisor of N, d; > 1 is a divisor of M; and the g; are modular forms
of weight k for Ty (%) .



5.1

(5. Theory of Hecke Operators

In order to understand the relationship between modular forms and elliptic curves we
need to construct a suitable basis for S;(I'o(N)). To do this, we use the theory of Hecke
operators. For any n € IN>; the Hecke operator T (1) (sometimes also denoted by T,) is a
linear operator that can be applied to any of the vector spaces My (I'o(N)), and it fixes the
subspace of cusp forms, so it is also a linear operator on Si(I'o(N)).

Theory of Hecke Operators for SL,(Z)

In this section we let T = SL(Z) and k > 1 be an even(!) natural number. Note that it is
possible to generalize the following results for arbitrary congruence subgroups. So the
case My (To(N)) is analogous, but the details are more involved and we address N > 1
shortly in the next section.

We start by defining the n-th Hecke-Operator T (n) for (n € IN>1) on the space M (T').

Definition 5.1. Let J; I'y; be a decomposition of the double coset I ((1) 2) I' in (finitely

many) left cosets I'y;. Then, for f € M;(T), we set
1 0 k_q
AT = £ () 0) 1@ = nd 1 Y
]

Remark. One can easily see that the definition of the Hecke Operator is independent of
the choice of the system of representatives {7;}.
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Lemma 5.2. For n € IN> we have the disjoint union

r<(1) 2)r: go r(g Z)

ad=n
b mod d

Proof. We have to show that, for every y € T <(1) 2) I', there exists a unique A € T (and
unique a > 0,ad = n, b mod d) such that

Existence: Let .
a b 10
V= <c/ d/>6r<0 n>r
with ¢’ # 0. We write —%f in reduced form, i.e.

a r

—— = — a's+cr=0,
c s
where r,s € Z with (r,s) = 1. By the euclidean algorithm, we can find p,q € Z such that

rp—sq=1.

Now, multiplication from the left by A’ := <Z Z) € T'yields

, B p [’] a/ b/ B a b//
Ary_(s r) <c’ d’>_<0 d)’

where without loss of generality we can assume a > 0. Since y € I’ ((1) 2) I', we have
det(y) = n, and therefore

a>0 and ad = n.
1 =

Finally, multiplication from the left by an appropriate matrix A = ( 01

) , the condition

b mod d

can be satisfied as well. This also shows that the existence in case ¢’ = 0 is trivial.

o b " b2> with a; > 0, a;d; = nand b; mod d; (j = 1,2) be

Uniqueness: Let 0 di)'\0 dy

)

(5 a)=G 5@ &)

Comparing coefficients yields 7 = 0 (since a; > 0). Without loss of generality we can
therefore assume « = 6 = 1, i.e. we have

(@)= a)

two "representatives” of y. Then there exists B = <z p > € I' with
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This yields
ap =, dp = dy,

and
b = by + ,Bdl =b mod d;.

This proves that the “representation” (g Z) witha > 0,ad =nand b mod d is unique.
|

Remark. For f € M(T) and n € N1, we get

AT =kt Y d "f(””b)

a>0
ad=n
b modd

_ Z kf<az+b>

a>0
ad=n
b mod d

Proposition 5.3. For n € IN>1, we have

f € My(T) = f[T(n) € My(I).

Proof. The last remark yields the proof of holomorphicity of f|T(n) on H, since f is
holomorphic on H. It remains to show that f|T(n) has weight k with respect to I" and that
the Fourier expansion of f|T(n) in co starts with an index > 0, and that f|T (1) has weight
kwrt toT.

To prove the last assertion, we work from the decomposition given in Lemma 5.2, namely,

forn € N>, we have
1 0 a b
r<0 )r U r<0 d).
a>0

ad=n
b mod d

We need the following Lemma:

Lemma 5.4. Assume the above notation and let A = ( p ) € T. Then there exist M =

a b , a b\ . o
0 d) M = 0 4 )M the above decomposition such that

!/ /
MA =AM, A= (i, ?,) er
and a'(yz+6) = a(yM'z+&").

(1) 2) I, the existence of A’, M’ follows from Lemma 5.2. To prove

the second claim we observe
OC/ ﬁ/ _ / ) — 1 Ll b ‘B d/ _b/
(’y’ & > = A =MAM 0 d ’y ) 0 a
1 *
“n dv d<5 dd"y —dbly +da's ) -

Proof. Since MA €T (
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Comparing coefficients yields (recalling that ad = n, a > 0)

,_dd'y _d
on a
! / / /
5 — db’y+da5:_b L
n a a
In other words, we get (observe for (i) that d’ # 0)
. ay’
(i) oy =dy= (Z =1

and
(ii)  ad' = —b'y+ds.
This results in (in the third step we employ (i) and (ii))

/ /
a(YM'z+46)=a <7,azd4/—b —1—5’)

ay'a'z  ay't’
T + 4’
=dyz+by—by+ds
—d(y2+9),

+ad’

as asserted. [ |

With the help of Lemma 5.4, we are now going to prove that f|T(n) has weight k with
respecttoI'. Let f € M(T') and A = (f’; g) € I'. We have (using det(A) = 1)

FIT(m)kAE) =n"" ) " f(MAz)(yz+6)7"

a>0,ad=n

b modd
Lemga5.4 1’171 Z bl/kf(A/M/Z) (’)//M/Z + (5/)7k
a'>0,d'd'=n
b modd
— n—l Z El/kf|kA/(M/Z)
a'>0,a'd'=n
b mod d
fEMK(T) 51 Z A% F(M'z).
a'>0,a'd'=n
b mod d

If M runs through a complete system of representatives of cosets I <1

0) I', then M’ will
0 n

do so as well. Hence
(fIT(n)xA = fIT(n),
and, since A € I" was arbitrary, this yields the assertion.

Finally, we are going to show that f|T(n) is holomorphic at co by studying its Fourier
expansion. Let f € M (T') and let
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be its Fourier expansion. Then, f|T(n) has the expansion

fIT()(z) =n*1 Y dFf (az;b>

a>0,ad=n
b mod d

d—1 oo .

= nf! ) dk Y. ) a(m) ezmm(md%bd)
d|n b=0m=0

ny k=1 27rimnz/d21 = 27timb/d

d) a(m)e P

m=0d|n b=0

I
agk:
]

E)kil a(m) eZm'mnz/dz
d

I
gk
g

m=0d|m

d|n

m::m’d i E (Z)kl a(m/d) eZm’m’nz/d
m'=0d|n

d:_n/d i Zd/k 1 (mn) 2mim'd'z
m'=0d"|n a

m:é”,d, i Z d/k 1 (t’;”;) 27Timz
m=0d"|m

Here, for the 4th identity, we observe that

1 dil 2rimba _ )1 i d|m;
d 10, else
b=0 ’ :
Hence, f|T(n) has the Fourier expansion
fIT(n)(z) = }_ a'(m)q"
m=0

with

a'(m):= ) )dkla (%) .

d|(mmn

Therefore, all in all, we have shown that f|T(n) € My(T). This completes the proof.

Remark. The above proof also shows:
(i) Let f € My(T') and let

£2)= X alm) 27

(5.1)

(5.2)

be its Fourier expansion. Then, the Fourier expansion of f|T(n) is of the form (5.1) with

coefficients given by (5.2). In particular, we have
a' (0) = ox_1(n)a(0) and a'(1) = a(n).
(ii) f € S(T) = fIT(n) € S(I).
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Corollary 5.5. For n = p, p prime, the m-th Fourier coefficient a’(m) of f | T(p) (m € IN)
satisfies the identity

o () = amp) +p~'a (2,

where we have set u(%) =0,if S ¢ Z.

Proposition 5.6. For all m,n € N> with (m,n) = 1, we have

T(mn) = T(m)T(n).

Proof. We consider the action of T(mn) and T(m)T(n) on elements f € M (T'). We have

wrronmirem @ = | 5w ((g §)z) | [ren
g mod 6
= = e ((5a) (605))
somign

_ 1 Y Y (a)f <<aoc ap + b5> z> '
Ll a>0,00=m a>0,ad=n 0 do
B modd b modd

If a (respectively a) runs through all positive divisors of n (resp. m), then a’ := ax runs
through all positive divisors of mn (since (m, n) = 1). By the chinese remainder theorem
we also know that if b (resp. ) runs through all remainders mod d (resp. mod J) then
b’ := aP + b runs through all remainders mod d’ := dé. Hence, we get

_ L ok a b
(UITEIT) @ = T @) ((5 ¥)2)
b mod d
= fIT(mn)(z).
This proves the claim. n

Proposition 5.7. Let r € N> and let p be a prime number. Then, we have

T(p)T(p) =T(p" ™) +p TP ).

Proof. First we observe that, for f, g € M(T), we have

(1)
AT =p" Y ptrkf (’”“’)
0<t<r p
Ogbt<pt
(i)

AT(P)E) =P g +p ' ¥ g (”b) .

0<b<p p



5.1 Theory of Hecke Operators for SL,(Z) 49

Thus, for f € M(T'), we get

ty Pl g
(FITENTE) @) =p ¥ pr (klf(+“)+plz:f(”))

0<t<r p' 0<b<p P
0§by<pt

1y r 1’+1 tz_|_ b
— Y tkf<r7t)+

0<t<r p
OSbt<P

1y rf V—tz+ tb+b
p Y. pl K ) f<p ptfl t>

0<t<r 0<b<p
Ogbt<pt

. . _ r—tz+b
N t>kf<zﬂt1t>+
0<t<r p

Ogbt<f)t

py Y Y P((r+1)—(t+1))kf< i )

0<t<r 0<b<p
0<bt<p

—1—r r+1— ritz—i_b
=P ! Z p( i t)kf <p_t)+

t—1
0<t<r p
OSbt<Pt

. . / 7+1 tZ+b
pl Z p((+1 tkf< )

0<t'<r+1 P
0§b;,<pt

(r1-tkp (P Z+bt r+1
Loty (EEE) AT )

1<t<r
Oﬁbt<pt

Let us now write b; in the form
bi=qp 4+, 0<r<p!

Then, b; runs through a complete system of representatives mod p', if r; runs through a
complete system of representatives mod p'~! and g; runs through a complete system of
representatives mod p. Hence

priz4+b\ Ptz B Ptz 4
f<pt1) —f<pt1+‘7t AN =
and also

(r=1)=(t=1)7 4 ¢,
((FITENIT(P) (2) = FITE D)) +pp™ " ) P“‘“‘”W(p . >

1<t<r p
0<r<pt~t
B o T’ 1— tz+r/
:f‘T(pr+1)(Z)+pk 1p (r—1) Z P(r 1-t') kf —t
0<t'<r-1 p"
0§r£,<pf

= fAIT(P ) (2) + P £IT(p ) (2).
This finishes the proof. [ |
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Remark. The above propositions show that it suffices to understand the behavior of T(p)
for p prime.

Corollary 5.8. For m,n € N>, we have

In particular, we have

Proof. If (m,n) = 1 the first assertion follows from Proposition 5.6. It remains to prove the
first claim for m = p’,n = p°, i.e., we have to show that

r

T(pr)T(ps) — Zpt(k—l)T(pr—i-s—%)

t=0

for all ¥ and s > r. This can be done by using Proposition 5.7 and induction (exercise). The
second claim clearly follows from the first claim. [

Remark. Consider
H = {Z cyT(n)|cy € C, ¢y = 0 for almost all n} .
n=1

By Corollary 5.8, H is a commutative C-algebra, called the Hecke algebra. We have also
seen that H is a commutative subalgebra of End(M(T')), generated by all T(p) for p a
prime number.

We now define a scalar product (-, -) on Si(I'). We will see that the Hecke operators are
self-adjoint with respect to (-, -).

Definition 5.9. Let f, ¢ € M;(T), where at least one of them is a cusp form. Then, the
Petersson scalar product of f and g is defined by

(£,8) = | FRgEm() nyp(2),

r\H

where z = x + iy and pingp(z) = dxdy/y>.

Proposition 5.10. Let f,g € M(I'), where at least one of them is a cusp form. Then,
(f, g) converges absolutely and satisfies the following properties:
(i) (f,g)islinearin f, and conjugate linear in g.
(i) (f,8) = (& f)-
(iii) (f,f) > 0for f € S(I),and (f, f) =0 <= f =0.

In particular, (-, -) defines a scalar product on S (T').

Proof. If f € S¢(T) or g € S(T), then

fg € Su(),
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and the function |f(z)g(z)|y* is bounded on H. Since volny, (T\IH) < oo, this yields the
absolute convergence of (f, g). The properties (i), (ii), and (iii), now easily follow using
the definition of (-, -). [

Remark. To explicitly compute the Petersson scalar product (f, g), we usually choose a
fundamental domain F for I'\IH, and we note that the result doesn’t depend on the choice
of F.

We now compute the Petersson scalar product of a cusp form and of the normalized
Eisenstein series Ej of weight k.

Proposition 5.11. Let k > 4 be an even integer. For f € S¢(T'), we have

<Eklf> =0.

Proof. We start by writing

E(z)= ), 1l

YET\T
withTo = {£(} %) | n € Z}. We then compute (using the absolute convergence)

Eof)= ¥ [ i(n2) FEm(E) ngp(2)

7€Fm\rrvH

= ) /Wlm(ﬂ)kﬂhyp(w),
7€r°°\rr\]l—l

where for the second identity we used the I'-invariance of pinyp,(z) and the identities

) ek
i(7v,2) Kj(v,z)

2 = F@) - j(v,2) -

We now consider the standard fundamental domain F of I'\H. We first substitute w := 7z,
and we obtain, applying the so-called unfolding method, the identity

Im(yz)F = Im(z)

Eof)= ¥ [ Fmw) ()

= \H J@Im(z)kyhyp(z)‘

[}

With z = x + iy and substituting the Fourier expansion

of f (with a(0) = 0, since f is a cusp form), we now compute (using the standard
fundamental domain for T's,\H)

as asserted. [
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Remark. The above result shows that the decomposition
/\/lk(l") =CE. & Sk(l")
is orthogonal with respect to the Petersson scalar product (-, -).

Before coming back to Hecke operators, we will find generators of Si(T').

Definition 5.12. Let k > 4 be an even integer. For m € IN>1, we define the m-th Poincaré
series (of weight k) by ‘
Pux(z) = Y &y

YET\T

Remark. Note that in case m = 0 this definition would lead to

Pox(z) = ). 1y = E(2).
Y€l \T

That’s why we assume m € IN>;.

Proposition 5.13. Let k > 4 be an even integer and let m € IN>4. Then, we have

Pm,k(z) € Sk(r)/

and, for any cusp form f € S(I') with Fourier expansion

f(z) = ia(n)q",

we have (k2
f) P} — W“(’”)~

Further, the Poincaré series P, ; with m € IN>1 span the vector space Si(I').

Proof. The absolute and locally uniform convergence of P, ; can be proven analogously
as for Ey. Hence, P,  transforms like a modular form of weight k for I', by construction.
Furthermore, we have

: 1 : 2 K

Jim [Pus(z)| <5 3. limexp (~27mmy/lez +d[?) ez +d| ™ = 0.
(cd)ez
cd)=1

Hence, we get
Py (z) € Sk(I),

as claimed. Now, let f € S¢(T') be a cusp form with Fourier expansion

f2) = Y a(n)q"

n=1
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Using the unfolding method, we get

oo 1 o0
<f, Pm, > — f —mexdx e—27rmy e—4nmy
" |

_ rk—1) (k—2).
= a(M)W = a(m)W,

as asserted.

Finally, let P be the subspace of Si(I') spanned by the Poincaré series P, x with m € N>,
and let P’ C Si(T') denote its orthogonal complement. Let f € P’. Then, the Fourier
coefficients a(m) of f, satisfy identity

m k—1
o(m) = S Pas) =,

for all m € N>, and trivially we have a(0) = 0. Hence f = 0. This proves P = S(I'), as
claimed. u

Now, we study so-called Hecke eigen forms.

Definition 5.14. A modular form 0 # f € M(T) is called Hecke eigenform (or eigenform
with respect to H), if f is an eigenfunction for all T(n), i.e. for any n € IN>; there exists
an eigenvalue A(n) € C such that

fIT(n) = A(n)f.

Proposition 5.15. Let 0 # f € My(I') be a Hecke eigenform with Fourier expansion
f(z) = To0_ga(m)e?™™=, then

forall n € IN>;.

Proof. Let 0 # f € M(T') be a Hecke eigenform with Fourier expansion f(z) =
Y oo_oa(m)e?™™=_On the one hand (see Remark 5.1), we then have

e

f’ T 2 mez

where

On the other hand, we have
fIT() = Am)f = Y Aln)a(m)e™m=.

All in all, this yields

as asserted. ]
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Remark. Let0 # f € Sk(T') be a Hecke eigenform. By the previous Proposition, we then

have
a(l) #0,

since otherwise f = 0. Furthermore, f is uniquely determined by the eigenvalues
A1), A(2),....
Similarly, for a non-constant Hecke eigenform 0 # f € M(T'), we have

a(l) #0,
since otherwise f would be a constant.
Definition 5.16. A Hecke eigenform f is called normalized Hecke eigenform, if a(1) = 1.

We then have a(n) = A(n) for all n € IN>q, thus the Hecke eigenvalues A(n) are
precisely the coefficients an in the g-expansion of f.

Proposition 5.17. Let f € M(I') be a non-constant modular form, with Fourier expan-
sion f(z) = Y ;_ga(m)q™. Then, f is a normalized Hecke eigenform if and only if the
Fourier coefficients a(m) of f satisfy

= ¥ (%), (53)

d| (mn)

forallm € INand n € IN>;.

Proof. Let f € M(T') be a non-constant modular form, with Fourier expansion

=Y a(m)g™ (5.4)
m=0
Recall that, for n € IN>1, by Remark 5.1 we have
fIT(n)(z) = ) a'(m)q" (5.5)
m=0

with

In particular, we have
a' (0) = ox_1(n)a(0) and a' (1) = a(n).

Now, assume that f is a normalized Hecke eigenform, with f|T(n) = A(n)f for all
n € IN>1. We have a(n) = A(n) for all n € IN>1. Thus, comparing (5.4) with (5.5), we get

a(0)a(n) = a(0)A(n) = a'(0) = ox_1(n)a(0) = Y d*'a(0),

d|n
for all n € IN>1, which proves (5.3) for m = 0. Next, by Corollary 5.8, the eigenvalues

satisfy
AmArm) = ¥ d A (),

d| m,n)
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for m,n € IN>1. Since a(n) = A(n) for all n € N>, this yields the claimed relation (5.3)
form,n € N>;.
Now, assume that the Fourier coefficients of f satisfy (5.3), i.e

a(m)a(n) = Z d1g <d2)

d| (mn)
forallm € IN and n € IN>1. For n = 1, this yields
a(m)a(l) = a(m),

for all m € IN>q. Since f is non-constant, not all of the a(m)’s vanish, hence we get
a(1) = 1. Furthermore, for all m € N and n € IN>1, we get

= Yy d! ( ):a(m)a(n),

d| (mn)
hence
fIT(n) = a(n)f,
for all n € IN>1. This completes the proof. n

» Example 5.18. The following examples can be proven as exercise:
(@) A(z) € S12(T) is a normalized Hecke eigenform.
(b) Ex(z) € M,(T) is a Hecke eigenform.

We now finally prove the self-adjointness of the Hecke operators with respect to the
Petersson scalar product.

Proposition 5.19. Let n € IN>;. For all f,g € S(T'), we have

(fIT(n),g) = (f,8|T(n)),

i.e. the Hecke operator T(n) is selfadjoint with respect to the Petersson scalar product.

Proof. Without loss of generality we may assume k > 12. Let f € Si(I') and let a(m)
(m € N>; denote the Fourier coefficients of f. Then, also f|T(n) € Si(T); let a’(m)
(m € IN>1 denote the Fourier coefficients of f|T(n).

By Proposition 5.13, it suffices to prove the assertion for ¢ being equal to the Poincaré
series P,  with m € IN>1. We compute

IT(0), Poe) = fgo o)

_(é(lnmk1 L dkl( )

d| (m,n)
o (47‘[m)k*1 d\(mn)d (k— ) <fP k>
k 1
=(f, Z dk 113@7(>

d| (mn)
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Here, for the first equality we used Proposition 5.13, for the second equality we used
(5.2), and for the third equality we used again Proposition 5.13. The proof is complete by
showing that

PudT(n) = ¥ TP,
d| (m,n)

for m,n € IN>1. This can be shown similarly as for the Eisenstein series Ej, and is left as
exercise for the reader. [ |

Proposition 5.20. The vector space Si(T') has a basis consisting of Hecke eigenforms.

Proof. The existence of a basis of Sg(I') of Hecke eigenforms follows by known facts from
linear algebra (spectral theory), since H is a commutative algebra, consisting of self-adjoint
operators. [

More precicely: we may decompose Si(T') as a direct sum of eigenspaces V; for the Hecke
operators T(n). Let f = Y a(n)q" € V;, f # 0. For the first Fourier coefficient a’(1) of
f|T(n), wehave

a' (1) =a(n).
Also f | T(n) = A, f for some eigenvalue A, of T (1) which is determined by V}, so

a(n) = Aya(l).

This implies a(1) # 0, since otherwise f = 0, and if we normalize f so thata; = 1. We
then have
a(n) = Aya(l).

and f is completely determined by the sequence of Hecke eigenvalues A, for V;. It follows
that every element of V; is a multiple of f, so dim(V;) = 1 and the eigenforms in Si(T')
form a basis.

Theorem 5.21 The vector space Si(I') can be written as a direct sum of one-dimensional
eigenspaces for the Hecke operators T(n) and has a unique basis of eigenforms f, where
each a(n) is the eigenvalue of T(n) on the 1-dimensional subspace generated by f.

Hecke Operators for M (Ty(N))

In the previous section, we have studied Hecke operators for SL(Z) = TI'o(1). In this
section, we mention some results for I'o(N) with N > 1.

From the previous section, we recall (see in particular Corollary 5.5) that

Proposition 5.22. (i) Let f € Sk(I'o(1)) and p be a prime. Then, the m-th Fourier coeffi-
cienta’(m) of f | T(p) (m € IN) satisfies the identity

)=t 70 (%),

where we have set a(%) =0, if % ¢Z.
(ii) Let f € Sk(To(1)) and let m,n € N be relatively prime. Then, the m-th Fourier
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coefficient a’(m) of f | T(n) satisfies the identity
a'(m) = a(mn).

In particular
a' (1) = a(n).

Remark. All these results also hold f € Si(I'o(N)), if we restrict to Hecke operators T (1)
with (1, N) = 1, which is all that we require, and the key result

holds in general.

Remark. For p | N, the definition of T(p) (and T(n) for p | n) needs to change and the
formulas in Proposition 5.22 must be modified. The definition of the Hecke operators is
more complicated (in particular, it depends on the level N), but some of the formulas are
actually simpler (for example, for p | N we have T(p") = T(p)").

Also, we have seen

Theorem 5.23 The vector space S (T') can be written as a direct sum of one-dimensional
eigenspaces for the Hecke operators T(n) and has a unique basis of eigenforms f, where
each a(n) is the eigenvalue of T(n) on the 1-dimensional subspace generated by f.

An analoge of Theorem 5.23 doesn’t hold for Si(I'o(N)). We need to restrict our attention
to the Hecke operators T(n) with (n, N) = 1 (when n and N have a common factor T (1)
is not necessarily a Hermitian operator with respect to the Petersson inner product).

We can then proceed as above to decompose Sk (I'o(N)) into subspaces whose elements
are simultaneous eigenvectors for all the T(n) with (1, N) = 1, but these subspaces need
not be one-dimensional.

In order to ensure this, we restrict our attention to a particular subspace of Sg(T'o(N)). We
recall that a cusp form f € Sg(To(N)) is an oldform if it also lies in Sx(T'o(M)) for some
M]|N, which is a subspace of Sx(I'o(N)). The oldforms in S¢(T'o(N)) generate a subspace

SP4(To(N)).

Definition 5.24. Let f, g € M (To(N)), where at least one of them is a cusp form. Then,
the Petersson scalar product of f and g is defined by

(£.8)= [ FEIEME) ngp(2),
To(N)\H

where z = x + iy and pipyp (2z) = dxdy/y>.

Definition 5.25. We define S2®" (Iy(N)) to be the orthogonal complement of S'4(Iy(N))
with respect to the Petersson inner product, so that

Sk(To(N)) = §P(To(N)) @ S¢° (Lo (N)).

The eigenforms in SPV (T'o(N)) are called newforms.
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Remark. One can show that the Hecke operators T'(n) with (1, N) = 1 preserve both
S4(To(N)) and 8P (Tp(N)). If we then decompose SV (Iy(N)) into eigenspaces with
respect to these operators, the resulting eigenspaces are all one-dimensional, moreover,
each is actually generated by an eigenform (a simultaneous eigenvector for all the T(n),
not just those with (1, N) = 1 that we used to obtain the decomposition); this is a famous
result of Atkin and Lehner. Thus Theorem 5.23 remains true if we simply replace S(T'o(1))
by S (Io(N).

At the end of this section, let us collect some facts for k = 2 und Sp(To(N)). The Petersson
scalar product of f,g € S>(To(N)) is given by

/ f(z)g(z)dxdy,

where z = x 4 iy.

For n € Z, the Hecke operators T (n) are defined as follows:
Definition 5.26. Let p be a prime. If p { N, we set

1”1

fIT(p Zf( >+Pf(PZ)

If p | N, we set
1+- z+
e =3 T r ().

These operators act linearly on S, (I'g(N)) and we have

Proposition 5.27. If p t N, we have
fIT(p)(z) = Y a(n)g""? +p Y a(n)g.
p‘n Vl>1
If p | N, we have
fIT(p)(z) = Y a(n)g™?.
pln

Definition 5.28. Let p be a prime. For n > 0, we set
T(p")(2) == T(p)(z)T(p")(z) — pT(p" ")(2)

Ifn =TI, pjj is a prime factorization, we set
flT(n H T(p

| Definition 5.29. We define the Hecke Algebra H of S»(To(N)) as Z[T(1), T(2), T(3),...].

Remark. Let M € N~o with M | N and let f € Sy(To(M)). Letd € N-g withd | 3.
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Then, we have seen that f(dz) € S;(To(N)). The map

Bi: S2(To(M)) = S$(To(N)), f(z) — f(dz)

called the d-degeneracy map from level M. On Fourier coefficients, we have

Bi:S2(To(M)) —€ S2(To(N)), i a(n)q" — i a(n)g™.
n=1 n=1

Remark. The old subspace S9!4(T'o(N)) is then the subspace of cusp forms that are images
of degeneracy maps from all levels M | N.

Theorem 5.30 — (Atkin-Lehner). We have
S2(To(N)) = 854(To(N)) @1 Cfa,

where the sum is taken over all algebra homomorphisms A : H — C, corresponding to
eigenforms in S}V (T'o(N)), and

fr= il A(T(m))g"

Remark. The simultaneous eigenvector f, is sometimes simply called newform of level N.






(6. Appendix: Eisenstein series

Definition 6.1. Let k > 4 be an even integer. Then the series

1 / 1
Gk(Z) — —_— = e
(m,nz):ezz (mz + n)k (m,nz):eZZ (mz +n)k
(m,n)7#(0,0)
is called Eisenstein series of weight k.
Lemma 6.2. The series 1
/
)y , (m2 £ n2)s

(mn)ez

converges for real s > 1.

Proof. Since all terms are positive, it suffices to prove the convergence of

oo m—1 1

since the m < n terms give the same contribution to the sum as the m > n terms and
m = n leads to

> 1 1
;1 (Zmz)s = Eg(zs)/

where {(-) denotes the Riemann zeta function.
So, let m > 1. Then
m

-1 1 o (m—1) 1
— (m2+n2)s — m2s < m2s—1°

n

Therefore .

£

m=1 n=1

< L
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Hence, the series under consideration converges absolutely for 2s —1 > 1 (<= s > 1).
This proves the claim. n

Proposition 6.3. Letk > 4 be an even integer. Then, the series G (z) converges absolutely
and locally uniformly on IH, hence it defines a holomorphic function Gy : H — C. For
any v = (1%) € SLy(Z), we have

Gi(72) = (cz +4) Gy (2)

and therefore Gy (z) is a weak modular form of weight k for SL,(Z).

Proof. Tt suffices to show that the series defining Gi(z) converges absolutely and locally
uniformly on
Ryc:={z=x+iycH||x| <C,y >}

forall 6 > 0, C > 0 (since, for C — oo and § — 0, the interior of this set fills all of IH).
We will show that for all § > 0, C > 0, there exists € > 0 such that for all m,n € R and all
z € Rs,c we have

\mz + n|* > e(m?* + n?).

This follows from the following inequality: for 6 > 0, C > 0 there exists ¢ > 0 such that
for all m,n € R with m?> +n?> = land all z € R :

imz +n|? >
(just divide m and n by v/m2 + n2). For m = n = 0, the inequality is trivial.
Forz = x + 1y € Rsc we get
lmz +n|? = (mx +n)? + (my)? > (mx +n)> + m?6*> > 0.
Since the set {(m,n,x) € R3|m? + n*> =1, |x| < C} is compact, the continuous function

(mx + n)? + m?6? attains its minimum. We choose ¢ to be this minimum.
Therefore, we have the bound

Z/

(m,n)ez?

1 1 / 1
< _—
(mz_i_n)k‘ — Ek/2 Z (m2—|—n2)k/2

(m,n)ez?

(0]

for all z € R ¢, using Lemma 6.2 and recalling that k/2 > 1. This proves the convergence
claim.

Now, for v = (*%) € SLy(Z), we compute (by reordering in the 4th step)

Ge(yz)(cz+d) * = Y ————(cz4d)*
(m,r?elz (miiifé +n)k

/ 1

N (m,:%é% (m(az +b) +n(cz+d))k
/ 1

- (m,%ézz ((ma+ nc)z + (mb + nd))*
/ 1

= (m//nzl):ezz (m’z + n/)k

= Gi(2).

This finishes the proof. [ |
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Remark. The series Gi(z) is a modular form for SL;(Z), since in this case being "holo-
morphic at the cusps of SL,(Z)" means that the g-series of Gi(z) is of the form

Gi(z) = Y ang".
n=0

We will now compute the g-series of Gi(z). To do this, we will use the following facts.
Remark. Letk > 4 be an even integer. Due to the absolute convergence, we can write

[e9) [e9) 1

Gi(z) =20(k)+2 ) ).

m=1n=—oo

(mz 4 n)k’

where {(-) denotes the Riemann zeta function, and we have the identities (for a proof, see
Proposition 6.8)
2 2 7°

5(2) = 6’ €<4) = 90’ €<6) = 945

Lemma 6.4. Let k > 2 be an integer. Define, for n € IN, the powers-of-divisor-sum

o (n) =Y dh (6.1)
dn
1<d<n

Then, the series

Y aa(n)g" (g =e"")
n=1

defines a holomorphic function on H and equals
E E nk—l qmn_
n=1m=1

Proof. We have o;_1(n) < nnk=1 < nk. To prove the first claim, it suffices to prove that
Yo, n*g" defines a holomorphic function on H. This is easily verified by using the ratio
test. The second claim follows by reordering and collecting all the terms with the same
mn. n

Lemma 6.5. Let k > 2 be an integer. Then, the following identity of absolutely and
uniformly converging series holds:

Cp» (z+1n)k = (k—11)!(2”i>k DR

n—=—oo n=1

Proof. Firstlet k = 2. We have to show that

i 1

o (24 1)?

= (271i)? i nq". (6.2)
n=1

We first recall that, for z € C \ Z, we have

ncot(nz):i—ki( ! + ! > (6.3)

= \z+n z—n
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and the series converges absolutely and locally uniformly. Using the series expansion
(6.3), we then compute

d L ! :
g(TCCOt(TCZ)) = A ; <(Z+?l)2 =+ (z—n)2>

n=1
_ f: 1
noo (2 +1)?
Further, we have
cos(7z) €7z 4 g7z
meot(nz) = M———= = Wi—————
sin(7tz) ez — e~z
g+1 , .
= mq+ = 71 — 2711
q-1 T—¢

=i —2mi Y q".
n=0

Hence p - -
_ ; Ay N2
gncot(nz) = —27i Z ng"12mig = —(27i) Z ng".
n=1 n=1
This proves (6.2).
The case k > 4 is obtained by differentiating the identity in (6.2) k — 2 times. u

Collecting the above facts, we can prove the following proposition, yielding in particular
the Fourier expansion of Gi(z) for k > 4.

Proposition 6.6. Let k > 2 be an even integer. We have the following identity of holo-
morphic functions on H:

> 1

27 (k) +2 é ( )

(2mi)k &
— | =20(k) +2-—F ) or_1(n)g".
o (mz+n)k> 00+ 20270 X aa )
If k > 4, this function equals Gi(z). If k = 2, this function will be denoted by P(z) and
is called Ramanujan P-function.

In particular, we have

P(z) = —8m° (—214 + i Ul(n)q”>

n=1
Gu(z) = 13—6774 (210 + iag(n)q”)
Golz) = 37 (—5(1)4 + ilmn)q") ,

2

recalling that {(2) = %, {(4) = g—g and {(6) = % (cf. Proposition 6.8).

Proof. We consider the left hand side and apply the result of Lemma 6.5 with z = mz (and
observe that for even k the factor (—1)* can be omitted), namely the following identity of
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absolutely and uniformly converging series

— 1 _ 27” k 1 Zmn (mz)
P P
_ (27‘[1) - k—1 _mn
- (k—1)!n§” 7
We get
o © 1 2771 N e 2
20(k)+2) ) (mZJrn)kzzg(k)Jrz( () Yo N af g
m=1n=—oo m=1n=1
(27i)5(

=20(k) 42

( ii 1mn

where for the last equality we used that the series is absolutely converging. Applying
Lemma 6.4, namely the identity

(e ] (e 9] oo
Z 2 nk 1 mn Z O'kfl(n)q”
n=1m=1 n=1

yields the claim. [

Remark. If k = 2, we are not allowed to reorder the series on the left hand side in Propo-
sition 6.6.

Finally, we recall the definition of the Bernoulli numbers.

Definition 6.7. We consider the function

z z 1
ez —1 ann

Yn=0 Gyt n+1

which is thus holomorphic at 0. We write its Taylor series of z/(e* — 1) at z = 0 in the
following form
z Bk N
ee—1 n”

k=0

The coefficients By (k € IN) arising in this expansion are called Bernoulli numbers.

Remark. One easily proves the relation

n+1 n+1 n+1 n+1
( 1 >Bn+< 5 >Bn_1+...+( " >B1+<n+1>B =0.

1
Bo=1,B1=—7, B =

Hence

and By, = 0 for all odd k > 3.

Proposition 6.8. — Euler. For k € IN, k > 0, we have

7(2K) = WBZ"' 6.)
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In particular, we have

2 4 6

7T 7T 7T
(@)= 1) = 5500 = 55

Proof. The idea of proof consists in comparing two different series representations of the
function 7tz cot(7rz). We start with the identity given in (6.3) (multiplied with z), namely

nzcot(nz):1+i< E 4= >,

i \z+n z-—n

for z € C \ Z. The above series is absolutely and locally uniformly convergent on C \ Z.
Hence, we get

nz cot(mz) = 14222 Z:l .
n=

Using the geometric series, for z in a neighbourhood of 0, we can write

1 _ 11 1g < 2 > ‘
22 —n? n21— (z2/n?) n? =\ n?
and we obtain
) =] 1 = Zz k
nzcot(nz) =1+ 2z Z _EZ <712> :
n=1 k=0
This series converges locally absolutely in a neighbourhood of 0, since for positive z ¢ Z all
terms are positive. Therefore we can interchange the sums and we get the first expression

o0 [e0] 1
nzeot(mz) =1-2) (Z n2k+2> 72k+2
n=1

k=0
oo (o] 1
=1-2)" (ZZM) 2
k=1 \n=1

=1-2 i 7(2k)z*.

k=1

A second expression for 7tz cot(7rz) is obtained by writing

em’z _i_efm'z eZm’z +1 2i
cot(mz) = i— — = =i+t
emiz _ p—miz eZmz -1 eZmz —1
whence .
¢ ) 27Tiz
ntz cot(mz) = miz + S

The last term can now be written in terms of the Bernoulli numbers, namely, we have

e Beo, ok
ntz cot(mz) = iz + Ig E(2mz)

= By

:1+Z(2k)!

k=1

22k7.c2k(_1)k22k/

where we used that By = 1, B| = —% and By = 0 for odd k > 3. Comparing the coefficients
now yields the assertion. n
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