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Multiobjective Optimization [e.g., Ehrgott’05]

Competing goals in many applications: e.g.
– production (quality←→ production costs)
– transport (travel costs←→ comfort←→ energy consumption)

Multiobjective optimization: Ĵ ∈C1(Uad,Rk), U Hilbert space

min Ĵ(u) =
(
Ĵ1(u), . . . , Ĵk(u)

)
subject to u ∈ Uad ⊂ U (P̂)

Pareto optimal points: ū ∈ Uad Pareto optimal, if there is no u ∈ Uad such that

Ĵ j(u)≤ Ĵ j(ū) for 1≤ j ≤ k and Ĵ j(u)< Ĵ j(ū) for at least one j ∈ {1, . . . ,k}

Sets: Pareto set Ps =
{

ū ∈ Uad

∣∣ ū Pareto optimal
}
, Pareto front Pf = Ĵ(Ps)⊂ Rk
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Optimality Conditions and Optimization Methods
Karush-Kuhn-Tucker [Kuhn/Tucker’51]: ū ∈ Uad Pareto optimal, then there is µ̄ = (µ̄1, . . . , µ̄k) ∈ Rk

0≤ µ̄i ≤ 1,
k
∑

i=1
µ̄i = 1,

k
∑

i=1
µ̄i
⟨
Ĵ′i(ū),u− ū

⟩
U
=

⟨
k
∑

i=1
µ̄iĴ′i(ū),u− ū

⟩
U

≥ 0 for all u ∈ Uad

→ first-order (necessary) optimality conditions for min
u∈Uad

Ĝ(u; µ̄) =
k
∑

i=1
µ̄iĴi(u)

Weighted sum method: solve ūµ = argmin
u∈Uad

Ĝ(u; µ) with 0≤ µi ≤ 1 and
k
∑

i=1
µi = 1

Euclidean reference point method [Wierzbicki’79]: min
u∈Uad

F̂T (u) = 1
2 ∥T − Ĵ(u)∥2

2 for reference point T = (T1, . . . ,Tk)
⊤

Sets: Pareto set Ps =
{

ū ∈ Uad

∣∣ ū Pareto optimal
}
, Pareto front Pf = Ĵ(Ps)⊂ Rk

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−10

−5

0

5

10

15

20

25

30

35

40

←  J
1
(u)=6 (u−0.5)2 − 3

J
2
(u)=5 (u+0.75)2 − 4 →

Pareto set

u axis

Pareto set

−5 0 5 10 15 20 25 30 35
−5

0

5

10

15

20

25

30

35

←  Pareto front

J
1
 axis

J 2 a
xi

s

Pareto front

−5 0 5 10 15

−4

−2

0

2

4

6

8

10

12

←  Pareto front

←  computed efficient point

←  new efficient point

Point T

J
1
 axis

J 2 a
xi

s

Reference point method

3 / 5

November 10,
2022

PDE-Constrained Multiobjective Optimization Stefan Volkwein



Motivating Example: Heat Equation with Convection
Bicriterial optimal control problem: minimize

J(y,u) =
1
2

 ∥y(T, ·)− yΩ∥2
L2(Ω)

m
∑

i=1
∥ui(t)∥2

L2(0,T )


subject to the parabolic convection-diffusion PDE

yt(t,x)−∆y(t,x)+b(x) ·∇y(t,x) =
m
∑

i=1
ui(t)χΩi(x), (t,x) ∈ Q = (0,T )×Ω, Ω = Ω1 ∪̇ . . . ∪̇Ωm

∂y
∂n (t,x)+αiy(t,x) = αiya(t), (t,x) ∈ Σi = (0,T )×Γi, 1≤ i≤ r

y(0,x) = y◦(x), x ∈Ω⊂ Rd , d ∈ {1,2,3}

(SE)

Reduced cost: Ĵ(u) = J(S (u),u), where y =

S (u) solves (SE).

Diffusion dominated (Movie 1):
temperature y(tf , ·) (left) and Pareto front (right)

Convection dominated (Movie 2):
temperature y(tf , ·) (left) and Pareto front (right) 0 0.2 0.4 0.6 0.8 1
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