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Multiobjective Optimization (eg. enrgottos)

Competing goals in many applications: e.qg.
— production (quality «+— production costs)

— transport (travel costs «— comfort «+— energy consumption)

Multiobjective optimization: J € C'(U,q,R¥), U Hilbert space

minJ(u) = (fi(u),...,Ji(u)) subjectto ue€U,gCU

Pareto optimal points: i € U,q Pareto optimal, if there is no u € U,4 such that

Jiw) <Ji(@) for1 < j<k and J;(u)<J;(i) for atleastone j e {1,...,k}

Sets: Pareto set P = {ii € U,q | & Pareto optimal}, Pareto front P; = J(P.) c R
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Optimality Conditions and Optimization Methods

Karush-Kuhn-Tucker wummersi: i € U,q Pareto optimal, then there is i = (fiy, ..., fix) € R

k
0<m<l, Yig=1, Zu,(] — i)y, <Zu,f’()u—ﬁ> >0 for all u € Uyg
i=1 u

A k ~
— first-order (necessary) optimality conditions for mliln G(u;n) = Z iJi(u)
uclyy i=1

Weighted sum method: solve i, = argmin G(u; 1) with 0 < y; < 1 and ): wi=1
u€Uyqg

Euclidean reference point method [Wierzbicki'79]: mllln Fr(u)=3|T —f(u)||§ for reference point T = (T,...,T;) "
ad

Sets: Pareto set P, = {it € U,q | # Pareto optimal}, Pareto front P = J(P;) C R

Pareto set

Pareto front Reference point method

40 12
35 N 20 10
30F Y,

25 8
250y 2

« J(U)=6 (u-055)* -3
20 \‘\ ()= (u-0.5) 20 6 :
15 % 15 i H : H 1 % 4 &« computed efficient point
J,W)=5(ur0.757 -4 -, o = : ‘
10 B 10 2 &~ %« new efficient point
- Point T *
50 o 12 of - -
S~ Pareto set -~ - sb :
0 < — M S *.. « Pareto front
5 B B S 0 .« Pareto front -
R -4 ]
10,
=2 -15 -1 -05 0 05 1 15 2 5 0 5 10 15 20 25 30 35 -5 0 5 10 15
u axis 3, axis 3, axis
1 L
3/5 PDE-Constrained Multiobjective Optimization Stefan Volkwein



Motivating Example: Heat Equation with Convection

Bicriterial optimal control problem: minimize
2
I¥(T.") = yallr2q)

J(y, M) = = m
2 _;1 eti ()72 0,7

subject to the parabolic convection-diffusion PDE

yt(l,X)—Ay(t,X)+b(X)'Vy(I,X) = % ui(f)XQ,-(X)a (I,X) €0= (OaT) XQ, Q=0Q,U...UQ,
i=1

2 (1 x) + o4y(t, X) = Qyalt), (t.x) €Xi=(0,T) x Ty, 1<i<r (SE)
¥(0,x) = yo(x), xeQcRY de{1,2,3}
Reduced cost: J(u) = J(.#(u),u), where y = 2
& (u) solves (SE). B 5
Diffusion dominated (Movie 1): .0 10
temperature y(z, ) (left) and Pareto front (right) x 5 .
Convection dominated (Movie 2): uo \2\20 ? 0wy, 0 0 102(;
temperature y(z,-) (left) and Pareto front (right) e 1 N 5 N
(a) Advection Field (b) Three Costs (c) Pareto Front
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