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Problem Formulation
Hormone EPO (Erythropoietin):
- produced in kidneys
- drives production of new red blood cells
- low EPO levels cause neocytolysis (active reduction of erythrocytes)
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Chronic kidney disease:
- insufficient production and release of EPO
- chronic anemia (chronic lack of blood)

- exogenous EPO administration during hemodialysis treatments
Question: What are the „optimal“ EPO doses?
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Optimal Control Problem

PDE-Constrained Optimization Problem:
minJ(y ,u) subject to e(y ,u) = 0 and u ∈ Uad

Control input:
- administration time points (3 times per week): t∗1 , t

∗
2 , t

∗
3 , . . . , t

∗
m ∈ [t◦, tf]

- find EPO dose in [0,Emax] for every t∗i , i = 1, . . . ,m
- vector u = (u1, . . . ,um) ∈ Rm, Uad =

{
u ∈ Rm | 0 ≤ ui ≤ 1 for 1 ≤ i ≤ m

}
- variable EPO doses: one component refers to one time
- constant EPO doses: one component refers to several times t∗1 , t

∗
2 , t

∗
3︸ ︷︷ ︸

u1

, t∗4 , t
∗
5 , t

∗
6︸ ︷︷ ︸

u2

, . . .

EPO concentration in blood:
- E(t,u) = Eex(t,u)+Eend with remaining endogeneous Eend

- Eex(t,u) = 1
ctbv

∑m
i=1 uiχi(t) with χi(t) = Emaxe−λ (t−t∗i )χ(t∗i ,∞)(t)

- ctbv total blood volume
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State vector: y = (y1, . . . ,y5) with population densities yi(t,x) and maturity x ∈ [ai,bi]

Model equations:

yt(t,x)+

maturation velocity︷ ︸︸ ︷
v(E(t,u)) yx(t,x) =

(proliferation︷︸︸︷
β −

apoptosis︷ ︸︸ ︷
α(E(t,u),x)

)
y(t,x)

y(t◦,x) = y◦(x)

Boundary conditions:

y1(t,a1) = S0, y2(t,a2) = y1(t,b1), y3(t,a3) = y2(t,b2)

y4(t,a4) =
y3(t,b3)

ν(E(t,u)), y5(t,a5) = ν
(
E(t,u)

)
y4(t,b4)
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Patient-depending functions:
α2(E) =

µ1

1+ exp
(
µ2E −µ3)

, α5(E,x) = α0
5 +χ[xmin,xmax](x) · α̃5(E), ν(E) =

µ4 −µ5

1+ exp
(
−µ6E +µ7)

+µ5

Control input: E(t,u) = 1
ctbv

m
∑

i=1
uiχi(t)+Eend with χi(t) = Emaxe−λ (t−t∗i )χ(t∗i ,∞)(t)
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Desired total population: hemoglobin target range of 10-11 g/dl

Total erythrocytes population:
b5∫
a5

y5(t,x)dx

Cost functional:

J(y ,u) = σΩ
2

∫ tf

t◦

∣∣∫ b5

a5

y5(t,x)dx− yd
∣∣2 dt + σf

2

∣∣∫ b5

a5

y5(tf,x)dx− yd
∣∣2+ 1

2

m

∑
i=1

γi |ui|2

with weights σΩ,σf,γi > 0
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Numerical optimization: projected Quasi-Newton, BFGS, Armijo
Discretization: Legendre polynomials
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Numerical Experiments
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