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1 The POD method in R™

In this section we introduce the POD method in the Euclidean space R™ and study the close
connection to the SVD of rectangular matrices; see [KV99]. We also refer to the monograph
[HLBR12].

1.1 POD and SVD

LetY =], ..., yn] be a real-valued m x n matrix of rank d < min{m, n} with columns y; € R"™,
1 <j < n. Consequently,

I
y=22Y (1.1)
Jj=1
can be viewed as the column-averaged mean of the matrix Y.

Theorem 1.1 (Singular value decomposition (SVD)). There exist uniquely determined real numbers
01> 02> ...> 04 >0 and orthogonal matrices U € R™*™ with columns {u;}", and V € R"™*"
with Co/umns {vi}_, such that

Uryv = < g) 8 > = ¥ e R™", (1.2)
where D = diag (o1, ..., o4) € RI%9 and the zeros in denote matrices of appropriate

dimensions. Moreover the vectors {u;}%_; and {v;}¢_, sat/sfy
Yvi=ojui and YTui=o;v, fori=1,..., d. (1.3)

Proof. We follow the arguments given in [DRQ8|, pp. 144-145]. For Y = 0 the claim is clear.
Suppose that Y # 0 holds. Then,

o= Y], = | Tax [YVllgs > 0.
]Rni

Let v € R” be vector with ||v||gm = 1, where the maximum is attained. We set v =Y'v/o; € R™.

It follows that [|u||gn = ||Y'V|lgm/01 = 1. We extend u and v to orthonormal bases {u, i, .. ., m}
and {v, ¥, ..., Vn} in R™ and R”, respectively. Next we define the two orthogonal matrices U; =
[u, bo, ..., im] € R™*Mand \j = [v, i, ..., Vm] € R"™". Since (&, Y v)grm = o1 ({;, u)gm = 0 holds
fori=2,..., m, we find that
Yi=U{ YV = ( on w’ > € R™X"
0 Y

with w € R ! and Y € R(m=1Dx(n=1) \We observe that

O’+WW o
b () =1 == (5)
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Moreover, ||Y||2 = ||Y1]|2 holds. Therefore, we have
01
(%)
01
w

0
U YV = ( Ty ) € R™N.

o1 =Y, >

R > /o2 + |w|Znr.

RI‘I

Consequently, w = 0 and

Thus, the claim has been proved for m = 1 or n = 1. For the case m,n > 1 we apply an
induction argument. For that purpose we assume that UZTXN/\/g = Y 5 with two orthogonal matrices
Uy € RIM=Dx(m=1) "\ ¢ R(m=1)x(n=1) 3nd with a matrix £, € R(M=D*("=1) of the same structure
as the marix © in (1.2). Then, we find

02 = [[Yll, < IMll, = [U{ YWill, = Y]}, = o1.
Setting
o 1 O mxm 1 O nxn
U—U1<OU2>E]R and (ovz)ER
T i 01 0
Uiyv = ( 0 2o )

which yields the claim by using the hypothesis of the induction. [l

we get the decomposition

It follows directly from ) that {u;}™, C R™ and {v;}7_, C R" are eigenvectors of YY"
and YTY, respectively, W|th elgenvalues >\ =02>0i=1,..., d. The vectors {u;}" .., and
{Vitgyq (if d < m respectively d < n) are eigenvectors of YYT and Y'Y with eigenvalue 0.

From ([1.2)) we deduce that
Y =Usv’.

We infer ([1.3]) from the columnwise evaluation of ({1.2)). The follows It follows that Y can also be
expressed as
Y =UID(vHT, (1.4)

where U9 € R™*? and V9 € R"™? are given by

Uj=U; for1<i<m 1<j<d,
V@=V; for1<i<n 1<j<d.

Setting BY = D(V?)T € R¥*" we can write (1.4) in the form
Y =U9B9 with BY = D(V))T e RI*".

Thus, the column space of Y can be represented in terms of the d linearly independent columns
of U9. The coefficients in the expansion for the columns yj, j =1,..., n, in the basis {u;}%_; are
given by the jth-column of BY. Since U is orthogonal, we find that

d d
ZBdUd _ Z Z Ud)TUd Vd)T>,-J-Ui
i=1 i=1 _/de]Rdxd
D L&
= Z Ud)TY Z(ZU,?,YM)U, Z uj, ¥j) gm Ui,
i=1 i=1 k=1 i=1
=uly;
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where (-, -)gm denotes the canonical inner product in R™. Thus,

d

J’J':Z<)/J"“/>Rm up forj=1,..., n (1.5)
i=1

Let us now interprete SVD in terms of POD. One of the central issues of POD is the reduction
of data expressing their essential information by means of a few basis vectors. The problem of
approximating all spatial coordinate vectors y; of Y simultaneously by a single, normalized vector
as well as possible can be expressed as

n
2 . 2 1
max W om subject to (s.t. ullpm =1, P
UGRm;§1\<n Vg | ] (st) [ullg (P*)

where ||u|lgm = +/{(u, u)ygm for u € R™.

Note that (]Ef]) is a constrained optimization problem that can be solved by considering first-order
necessary optimality conditions; cf. [DR11) Satz 11.43]. We introduce the function e : R™ — R by
e(u) = 1—|ul|3m for u € R™. Then, the equality constraint in @ can be expressed as e(u) = 0.
Notice that Ve(u) = 2u” is linear independent if u # 0 holds. In particular, a solution to (E])
satisfies u £ 0. Thus, any solution to (lEf]) is a regular point. Let £ : R™ xR — R be the Lagrange
functional associated with (PY)), i.e.,

L(u,\) = Z ’(yj, U)Rm‘2 +A(1- ||u||]§m) for (u,\) € R™ x R.
j=1

Suppose that v € R™ is a solution to @ Since u is regular, there exists a Lagrange multiplier
satisfying the first-order necessary optimality condition

VL(u,A\) =0 inR™xR.

We compute the gradient of £ with respect to u:

ar 5 n m 2 m n m
_ . _ 2 — ) L .
% wn=mam (Z Vigu| + >\<1 Zuk)> > (ZYMUQY,J o
Jj=1"k=1 k=1 Jj=1 N k=1
m n
=2 ( YiYik uk> — 2)\uj.
k=1 \j=1
——
:(YYT)/k
Thus,
VLX) =2(YYTu—Au) =0 inR™. (1.6)
Equation ([1.6]) yields the eigenvalue problem
YYTu=Xu inR™. (1.7a)

Notice that YYT € R™*™ is a symmetric matrix satisfying
Y u=0Tu) YT u=|YTuln >0 forall uecR™

Thus, YYT is positive semi-definite. It follows that YY' possesses m non-negative eigenvalues
A1 > Ao > ... > Ay > 0 and the corresponding eigenvectors can be chosen such that they are
pairwise orthonormal.

From %(u, ) < 0in R we infer the constraint
|lul|gm = 1. (1.7b)
1.1. POD AND SVD 5



Due to SVD the vector u; solves ((1.7)) and

n

Z\yjym ol E} Vo 1) o (VU1 ) o = 1<<yj,U1>Rmyj.U1>Rm
J Jj=
= <J§;<M.U1>Rm)ﬁyu1> < (ZYKJ(Ul)k)yJ U1>Rm
(S (Srton) )

= A1 (U1, 1 )pm = A1 lutllfm = X1

We next prove that u; solves (]Ef]) Suppose that i € R™ is an arbitrary vector with ||||gm = 1.
Since {u;}, is an orthonormal basis in R, we have

=SSN (g g 0 ) s g (0, )

n

_ Em:f: < S ) v, uk>Rm<ﬁ, Ui)gm u;<>Rm>

i=1 k=1 j=1

:>\,'U,
m m
= ZZ (<>\/Uiv Uk ) g (0, Uiy e (G Uk>]Rm)
i=1 k=1 e
= 2 = 2 a 2
= N[ u)gn|” <X U] = MR =2 =D [0 1) el
i=1 i=1 =1

Consequently, up solves (]Ef]) and argmax@ = 0% = 1.
If we look for a second vector, orthogonal to u; that again describes the data set {y;}_; as well
as possible then we need to solve

n

2
max L Weml” st Jullpm = 1 and (u, u1)pm = 0. P2
s 310 ol (i, 1) (P2)
SVD implies that u is a solution to (P?) and argmax(P?) = 03 = X,. In fact, up solves the

first-order necessary optimality conditions (1.7]) and for
m
i= (@, u)ygm u; € span {u }*+
i=2

we have
n

ST dgnl” <22 =3 [ u2) |

j=1 Jj=1
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Clearly this procedure can be continued by finite induction. We summarize our results in the following
theorem.

Theorem 1.2. LetY =[y1,..., yn] € R™" be a given matrix with rank d < min{m, n}. Further,
let Y = UXVT be the singular value decomposition of Y, where U = [uq, ..., um] € R™M,
V=1v,..., Vo] € R™" are orthogonal matrices and the matrix © € R™*" has the form as ([1.2)).

Then, forany £ € {1,..., d} the solution to
;. max ZZ] Y, bj Rm‘ (i, Uj)gm = 0j; for 1 < i,j < £ (P?)

is given by the singular vectors {u,} _4. I.e., by the first £ columns of U. Moreover,

4 L
argmax = Za? = ZA,-. (1.8)
i=1 i=1

Proof. Since is an equality constrained optimization problem, we introduce the Lagrangian

L:R”x ... x RM™ xR
—_———
{-times
by ¢ ¢
LY, ..., Yy, \) = Z Z (v, ¢i>Rm‘2 + Z Xij (05 — (Wi W) gm)
i—1 j—1 ij=1

for Y1, ..., P € R™ and A = ((\;;)) € R¥¢. First-order necessary optimality conditions for
are given by

w(wl ..... Pe, N)op =0 forall 69 € R™ and k € {1, ..., 2} (1.9)
K
From
oL y/ n
gy, (W Ve NG = 23 i) (¥, 0%i) i
=1 j=1
¢ ¢
- Z Nij (Wi, 0%k )pmjk — Z Nij (0%, Wj) pmOki
ij=1 /171

n

= 22 Y, ’l[}k Rm(yj 5'¢k Z (>\/k + >\k1) <"p/ 6"ljk>
Jj=1

n

= <2 D Y i — Z Nik + Aki) ¥i, 5'tl/k>
J=1 i=1

Rm

and (1.9 we infer that

n l
1 .
Z W Wkdpm ¥j = 5 Z (Nik +Xi) ¥ inR™and for all k € {1,..., 2} (1.10)
Jj=1 i=1
Note that

n
YY = (v ¥)gny, for €R™.
Jj=1

1.1. POD AND SVD 7



Thus, condition can be expressed as
1L
YY T = 5 > ik + M) in R and forall k € {1,..., ). (1.11)
i=1
Now we proceed by induction. For £ = 1 we have k = 1. It follows from that
YYT4hy = A11py in R™ (1.12)
with A1 = A11. Next we suppose that for £ > 1 the first-order optimality conditions are given by

YY e = M in R™ and for all k € {1,...,4}. (1.13)

We want to show that the first-order necessary optimality conditions for a POD basis {z,b,}fi% of
rank £ 4+ 1 are given by

YY 9 = Aethx in R™ and for all k € {1,...,£+1}. (1.14)

By assumption we have (|1.13)). Thus, we only have to prove that

YY pi1 = Aeraters  in R (1.15)
Due to (|1.11]) we have
1 4+1
YY gy = 5 Z (Nig1 +Xerr) i in R™. (1.16)

i=1
Since {wf}fill is a POD basis we have (Yg41,¥j)rm = 0 for 1 < j < £. Using (1.13)) and the
symmetry of YYT we have for any j € {1, ..., L}

0=X (W1, ¥)gm = Wer1, YY ) gm = (YY 011, ¥ ) g
|

= § Z (>\i,€+1 + >\€+1,i) <'€biv Ill}j>]Rm = ()\J"g_;_l + >\g+1'j) .
i=1

This gives
Ae+1i=—Nig+1 foranyied{l, ..., L} (1.17)

Inserting ({1.17]) into ([1.16]) we obtain

¢
1
YY g1 = 5 D et + Aepr) Wi+ Aerrer: Yo
=1

¢
1
=5 E (Nig+1 = Nigr1) Wi + Neg1.041 Vo1 = Met1.0+1 Yot1-
i—1

Setting Agt+1 = Agy14+1 We obtain ((1.15)).
Summarizing, the necessary optimaity conditions for are given by the symmetric m x m

eigenvalue problem

YYTuj=xu; fori=1,... L (1.18)
It follows from SVD that {u;}%_; solves (T.18)). The proof that {u;}*_; is a solution to (P¥) and
that argmax = Zf:l 01-2 holds is analogous to the proof for (]Efl); see Exercise 1.2). [l

Motivated by the previous theorem we give the next definition.
Definition 1.3. For£ e {1,..., d} the vectors {u;}_, are called POD basis of rank £.

8 Prof. Dr. Stefan Volkwein



The following result states that for every £ < d the approximation of the columns of Y by
the first £ singular vectors {u,} _, Is optimal in the mean among all rank £ approximations to the
columns of Y.

Corollary 1.4 (Optimality of the POD basis). Let all hypotheses of Theorem be satisfied.
Suppose that U9 € R™*? denotes a matrix with pairwise orthonormal vectors ; and that the
expansion of the columns of Y in the basis {0,-},‘-’:1 be given by

Y =09C9  where C,-‘j- = (0j, yj)gm for1 <i<d, 1<) <n.
Then for every £ € {1, ..., d} we have
IY = USBH | < |IY — O*CHf. (1.19)
In (L.19)), || - || denotes the Frobenius norm given by

m n
ZZ ‘A,-J'|2 = y/trace (ATA) for Ae R™*",
i—1 j=1

IAllF =

the matrix U% denotes the first £ columns of U, BY the first £ rows of B and similarly for U¢ and
ct.

Remark 1.5. Notice that

m Y/
v -0t = 3050 Y, Zu,kckj\ =D SRS ST A
i=1 j=1 Jj=1i=1 k=1
¢ 2
=" [ =3 5 dmnti,
Jj=1 k=1

Analogously,
5 n l >
Iy = UBHIE = 3 |y = 3 0 et
= =1

Thus, (1.19) implies that

2

RrRmM

n 4
3P0 SRR 5 » M SR A
J: :

for any other set {0,-},‘;1 of ¢ pairwise orthonormal vectors. Hence, the POD basis of rank £ can
also be determined by solving

2
’“r_T’uneRmZ HyJ yJ, u1>Rmu;HRm s.t. ({0, Uj)gm = 0jj, 1 <1,J <L (1.20)

Proof of Corollary 1.3. Note that (see Exercise 1.3) in Section [1.4)

d n

~ 2 ~ 2 2 2

IY = O*CHl = 109(C? = CE)Ilr = 1€ = Chll- = D> > |cdl
i=4+1 j=1

1.1. POD AND SVD 9



where Cg € R9*7 results from C € R9*" by replacing the last d — £ rows by 0. Similarly,

2
Iy — ULBY|7 = |UK(BY — BE)|7 = ||BY — BOHF—ZZ\

i={+1 j=1
d n d n
= 2 D0l = 30 D gy ) (12D)
i=0+1 j=1 i=0+1 j=1
d d
= Z YT up, upypm = Z o?,
i=0+1 i=£+1

By Theorem [1.2] the vectors uy, . .., ug solve (PY). From (T.21)),

IV I = 109Cz = lIcllE = ZZ [

i=1 j=1
and

d
VI = !B = IBdIIF—ZZ}B =) of
=1

i=1j=1
we infer that

Iy — UBY|% = Z Zo— Zo = Y17 - ZZ\ Vi i)z |”

i=0+1 i=1j=1
< VI = 3 [ 00l = 3 S0 — 3D
=1 j=1 =1 j=1 =1 j=1
d n ~ 5
=3 S =1y - 0t
i=+1 j=1
which gives (|1.19)). O

Remark 1.6. It follows from Corollary that the POD basis of rank £ is optimal in the sense
of representing in the mean the columns {yj}f:l of Y as a linear combination by an orthonormal
basis of rank £:

£ n £
2 2
D N vidgnl” =3 0F = Z% = ZZ\ . i)
=1 j=1 =1 =1 j=1
for any other set of orthonormal vectors {d;}4_;. O
The next corollary states that the POD coefficients are uncorrelated.

Corollary 1.7 (Uncorrelated POD coefficients). Let all hypotheses of Theorem[1.2] hold. Then.

n

Z Vi, Uiy gm (V) Uk)gm = Z B 0,-25/k forl1 <i k<U{.
j=1

Proof. The claim follows from (1.18) and (u;, ux)rm = 0k for 1 < i, k < £:

n n

S (5 )5 ) = <Z - uk> — (0701, tkgm = 026k,

j=1 j=1 Rm

=YYTuy;
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O

Next we turn to the practical computation of a POD-basis of rank £. If n < m then one can

determine the POD basis of rank £ as follows: Compute the eigenvectors vy, ..., vz € R" by solving
the symmetric n x n eigenvalue problem

YTYvi=Nv, fori=1,..., ¢ (1.22)
and set, by (1.3),
1
i=—=Yv; fori=1,..., L.
uj Ny v; fori

For historical reasons [Sir87] this method of determing the POD-basis is sometimes called the
method of snapshots. On the other hand, if m < n holds, we can obtain the POD basis by solving
the m x m eigenvalue problem ((1.18)).

For the application of POD to concrete problems the choice of £ is certainly of central importance
for applying POD. It appears that no general a-priori rules are available. Rather the choice of £ is
based on heuristic considerations combined with observing the ratio of the modeled to the total
energy contained in the system Y, which is expressed by

¢
() = Z;ilx
Z/:l Ai

Let us mention that POD is also called Principal Component Analysis (PCA) and Karhunen-

Loéve Decomposition.

1.2 The POD method with a weighted inner product

Let us endow the Euclidean space R with the weighted inner product
(u, iy = u"Wii = (u, Wiygm = (Wu, i)gm for u, i € R™, (1.23)

where W € R™*™ is a symmetric, positive-definite matrix. Furthermore, let ||u|ly = /{(u, u), for
u € R™ be the associated induced norm. For the choice W =/, the inner product ([1.23]) coincides
the Euclidean inner product.

Example 1.8. Let us motivate the weighted inner product by an example. Suppose that Q =
(0,1) C R holds. We consider the space L?(Q2) of square integrable functions on :

12(Q) = {w Q- ]R‘ / o2 dx < oo}.
Q
Recall that L2(Q) is a Hilbert space endowed with the inner product
(0. D) 12(0) = /Q<p<ﬁ dx for @, ¢ € L%(Q)

and the induced norm (||l 2(q) = /(. ¥)12(q) for ¢ € L?(Q). For the step size h=1/(m — 1)
let us introduce a spatial grid in Q2 by
xi=((—1)h fori=1,..., m.

For any ¢, ¢ € L?(Q) we introduce a discrete inner product by trapezoidal approximation:

~ -1 ~
i N B o WO A L4
(0. Bz =h( =5+ D (076]) + =), (1.24)
=2

1.2. THE POD METHOD WITH A WEIGHTED INNER PRODUCT 11



where

5 h/2
/ p(x) dx for i =1,
h Jo
1 X,'+h/2
ol = / o(x)dx fori=2,..., m-—1,
h x;i—h/2

5 1
/ p(x)dx fori=m
h Jizns2

and the ¢'s are defined analogously. Setting W = diag(h/2,h, ..., h,h/2) € R™mM ol =
(o, ..., ©h)T € R™and ¢" = (@h, ..., @Y7 € R™ we find
(0. 8)12(0) = (@" &My = (e")TWe".

Thus, the discrete L?-inner product can be written as a weighted inner product of the form ((1.23)).
O

Now we replace @ by

n

2

max > [y, uw|” st uly =1 )
j=1

Analogously to Section We treat as an equality constrained optimization problem. The
Lagrangian £ : R™ x R — R for is given by

n
LX) =3[ u [P+ A1~ [lullf)  for (u,A) € R” x R.
j=1

Suppose that v € R™ is a solution to . Then, a first-order necessary optimality condition is
given by

VL(u,A\) =0 inR™xR;
cf. [DR11, Satz 11.43]. We compute the gradient of £ with respect to u: Since W is symmetric,
we derive

LB S )

k=1v=1

oL ) 1
on 25 (&
m

R (ifiyfmk”k) (Zvj,twu,-)

k=1v=1 u=1

]

=2 (WYYTWU — >\Wu> .

Thus,
VoL(uN) = 2WYYTWu —A\Wu) =0 in R™. (1.25)

Equation (|1.25) yields the generalized eigenvalue problem
WY)YWY) T u= Wu. (1.26)

12 Prof. Dr. Stefan Volkwein



Since W is symmetric and positive definite, W possesses an eigenvalue decomposition of the form
W = QDQT, where D = diag (1, .. ., Mm) contains the eigenvalues 1 > ... > nyn > 0 of W and
Q € R™*™M is an orthogonal matrix. We define

= Qdiag (0%, . .., n%)QT for a € R.

Note that (W)~ = W~ and W8 = WeWP for a, B € R; see Exercise 1.4). Moreover, we
have
(u, iy = WY2u, WY@ pm for u, i € R™
and ||ullw = W2uljgm for u € R™.
Setting 7 = W2y € R™ and Y = W2y € R™*" and multiplying by W~1/2 from the
left we deduce the symmetric, m x m eigenvalue problem

YYTG=Xd inR™. (1.27a)
From %(u, A) = 0 in R we infer the constraint llullwy = 1 that can be expressed as
|a||gm = 1. (1.27b)

Thus, the first-order optimality conditions (L.27)) for (P{,) are — as for (PY)) (compare (T.7)) -
an m x m eigenvalue problem, but the matrix Y as well as the vector u have to be weighted by the

matrix W1/2.
It can be shown (see Exersice 1.4.1)) that

uy = W71/2U1

solves , where @ is an eigenvector of YY7 corresponding to the largest eigenvalue A; with
||T1]|[gm = 1. Due to SVD the vector u; can be also determined by solving the symmetric n x n
eigenvalue problem

Y'Y =M1

where YTY = YTWY, and setting
- 1
771 Wil/ZYV1 - 771YV1 (128)

As in Section we can continue by looking at a second vector u € R™ with (u, u1)yy = 0 that
maximizes J’f’:l [(yj, u)w|?. Let us generalize Theorem as follows.

up = w— 1/251

Theorem 1.9. LetY € R™*" be a given matrix with rank d < min{m, n}, W a symmetric, positive
definite matrix, Y = WY2Y and £ € {1,..., d}. Further, let Y = UXVT be the singular value
decomposition of Y, where U = [iiy, . . ., ] € R™M V = [,..., vn] € R™" are orthogonal
matrices and the matrix > has the form

UTW:(S B)ZZERWXH_

Then the solution to

max ;) s.t. {d;, Gi)y, =0; forl1 <ij<H¥ Pt
Gy, u@eRmZ;;‘yf ! {0, Tj)yy = 0ij ShL)s (Pyy)
is given by the vectors uj = W=Y2g,, i=1,..., 2. Moreover,

¢l 4
argmax = Za,z = ZA,-. (1.29)
i=1 i=1

1.2. THE POD METHOD WITH A WEIGHTED INNER PRODUCT 13



Proof. Using similar arguments as in the proof of Theorem one can prove that {u,'}f?:1 solves

see Exersice 1.4). -

Remark 1.10. Due to SVD and YTY = YTWY the POD basis {u;}¢_, of rank £ can be determined
by the method of snapshots as follows: Solve the symmetric n x n eigenvalue problem

YWYy, =\ fori=1,..., l,

and set ) 1 )
——=WT2(YV) = = WPW Yy, =
VA (w) oy VN

uj = W_1/2L7,' = Y\_/,'
fori=1,..., £. Notice that
OijAj

VAN

For m > n the method of snapshots turns out to be faster than computing the POD basis via
(T27). Notice that the matrix W'/2 is also not required for the method of snapshots. O

(Ui, up)yy = ul Wu; = for 1 <i/,j <4

1.3 Application to time-dependent systems

For T > 0 we consider the semi-linear initial value problem

y(t) = Ay(t)+ f(t,y(t)) forte (0, T], (1.30a)
y(0) = yo, (1.30b)

where yp € R™ is a chosen initial condition, A € R™*™ is a given matrix, f : [0, T] x R™ — R™ is
continuous in both arguments and locally Lipschitz-continuous with respect to the second argument.
It is well known that there exists a time T, € (, T] such that has a unique (classical) solution
y € C1(0, To;R™) N C([0, To]; R™) given by the implicit integral representation

t
y(t) = ePyo + / elt=9)Af (s, y(s))ds, te[0,Tsl,
0

with et = 3" t"A"/(n!) (local existence in time; cf. [DR11) Satz 16.5]). Here we suppose that
we can choose T, = T (global existence in time; cf. [DR11), Satz 16.1]). Let 0 < t1 < tr < ... <
t, < T be a given time grid in the interval [0, T]. For simplicity of the presentation, the time grid is
assumed to be equidistant with step-size At =T /(n—1), i.e., tj = (j — 1)At. We suppose that we
know the solution to at the given time instances t;, j € {1, ..., n}. Our goal is to determine
a POD basis of rank £ < n that desribes the ensemble

tj
y=y(6) =ty + [ Ne(s y()ds, =1,
0

as well as possible with respect to the weighted inner product:

L

n

min Ea”y'—g Vi, Ui, i

by,... 0 eRm = || i B G
j=1 =1

2 ~
st. {f; Gj)y, =0 for 1<ij <4, (P

w

where the o;'s denote non-negative weights which will be specified later on. Note that for a; =1

forj=1,..., nand W = I problem (P;/) coincides with (L.20).
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Example 1.11. Let us consider the following one-dimensional heat equation:

0:(t, x) = Oxx(t, x) forall (t,x) e Q=(0,T) xQ, (1.31a)
0x(t,0) =6,(t,1) =0 forall t € (0, T), (1.31b)
6(0, x) = 6p(x) forall x e 2 =(0,1) CR, (1.31¢c)

where 6y € C(Q) is a given initial condition. To solve (1.31)) numerically we apply a classical finite
difference approximation for the spatial variable x. In Example [L.8] we have introduced the spatial
grid {x;}; in the interval [0, 1]. Let us denote by y; : [0, T] — R the numerical approximation for
0(-,x;) fori=1,..., m. The second partial derivative 0, in and the boundary conditions
(1.31b)) are discretized by centered difference quotients of second-order so that we obtain the
following ordinary differential equations for the time-dependent functions y;:

( (t) = —2J/1(t)h;r 2}/2(1“),
yi(t) :y’—l“)‘”,;g””’“(”, =2, .m—1, (1.32a)
\ ym(t) _ _2)/m(t) 77‘22%77—1(1:)

for t € (0, T]. From ({1.31c])) we infer the initial condion

y,-(O) = 90(X,‘), I=1,..., m. (132b)
Introducing the matrix
-2 2 0
1 -2 1
1 -2 1
0 2 =2
and the vectors
y(t) Bo(x1)
y(t) = : fort€[0,T], w= : eR"
Ym(t) 60 (Xm)

we can express (|1.32]) in the form

y(t) = Ay(t) forte (0,T],

y(0) =y (1.33)

Setting f = 0 the linear initial-value problem coincides with (1.30]). Note that now the vector y(t),
t € [0, T], represents a function in Q evaluated at m grid points. Therefore, we should supply
R™ by a weighted inner product representing a discretized inner product in an appropriate function
space. Here we choose the inner product introduced in ; see Example . Next we choose a
time grid {¢;}/_; in the interval [0, T] and define y; = y(t;) forj=1,..., n. If we are interested in
finding a POD basis of rank £ < n that desribes the ensemble {yj}f:l as well as possible, we end

up with . O

To solve 1) we apply the techniques used in Sectionsand , I.e., we use the Lagrangian
framework. Thus, we introduce the Lagrange functional

L:R"x ... xR"xR* 5 R
N——
{—times
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by

n 14
L(u, ..., uz,/\):Zaijj—Z()g,u,-)Wu, ° —i—ZZ/\U (Ui, uj)yy)

Jj=1 =1 i=1 j=1

for ug, ..., up € R™ and A € R with elements Njj, 1 <i,j <. It turns out that the solution to
- is given by the first-order necessary optimality condions

Vo L(un, ... upN)=0 inR™ 1<i<4, (1.34a)
and |
<U,‘,LIJ'>W ié,’j, 1< I,_jSZ (1.34b)
From ((1.34al) we derive
YDYTWu; = Nuj fori=1,..., 2, (1.35)

where D = diag(ay, .. ., a,) € R™" Inserting u; = W~1/2g; in and multiplying ([1.35) by
W1/2 from the left yield
W2y DYTW2 g, = N, (1.36a)

From (|1.34b]) we find
(U,’, UJ>Rm = U,TUJ' = U,-TWUJ' = <U,‘, UJ>W = 5,‘], 1 S /,j S Z (1.36b)

Setting Y = W12y D2 € R™ " and using W' = W as well as DT = D we infer from
that the solution {u,-}le to qp is given by the symmetric m x m eigenvalue problem

YY o =N, 1<i<e and (@, T)gm =065, 1< i,j <4

Note that
YTy = DY2yTwypl/2 ¢ R,

Thus, the POD basis of rank £ can also be computed by the methods of snapshots as follows: First
solve the symmetric n x n eigenvalue problem

\_/T\_/V,‘:A,'V/,ISI'SZ and <V, VJ> —5,J 1<, <4

Then we set (by SVD)

1 _ 1
W-2yy = ——vyDY?%y, 1<i<y;

WY =
N R/ v =N

compare ({1.28)).
Note that

(Ui, uj)yy = Ul Wuj = v DYV2yTywypl/2y. — Ty — %
e OV s SRVO) Vi AP

for 1 <i,j </¥, ie., the POD basis vectors ug, ..., g are orthonormal in R™ with respect to the
inner product (-, )y .

Of course, the snapshot ensemble {yj for - and therefore the snapshot set span {y1, . . ., Yn}
depend on the chosen time instances {tj ;. Consequently, the POD basis vectors {u,},:1 and
the corresponding eigenvalues {A,-}f:l depend also on the time instances, i.e.,

up = uj'

and A\ =M, 1<i<¢L

Moreover, we have not discussed so far what is the motivation to introduce the non-negative
weights {ocj}le in 1) For this reason we proceed by investigating the following two questions:
- How to choose good time instances for the snapshots?
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- What are appropriate non-negative weights {c;}” y 1?7
To address these two questions we will introduce a continuous version of POD. Let y : [0, T] — R™
be the unique solution to ([1.30)). If we are interested to find a POD basis of rank £ that describes
the whole trajectory {y(t)|t € [0, T]} C R™ as good as possible we have to consider the following

minimization problem

T ¢
min, [ o) - > 0. @ ], o

ii,..., dgeRM 0

()

s.t. (dj, UJ>W =0, 1<1i,J<¢,

To solve . we use similar arguments as in Sectlons and . For £ = 1 we obtain instead
of . the minimization problem

T 2
min £) = (), By | dt st fallf =1, 1.37
min [ v = w0 ], Il (1.37)
Suppose that {;}!", are chosen in such a way that {a, ip, .. ., im} is an orthonormal basis in R™

with respect to the inner product (-, ). Then we have

m

y(t) = (y(t), Dy G+ > (1), Gy b forall t€[0,T].
=2

Thus,

dt

/OTHW)_<y(t)"7>W‘7H;dt=/OTHiw(t),ngi i\/
i=2

- ;/@ (), | dt

we conclude that (1.37]) is equivalent with the following maximization problem

.
[nax/ [y (2), iy [Pdt st |ld)2, = 1. (1.38)
geR™ Jq

The Lagrange functional £ : R™ x R — R associated with ([1.38)) is given by

-
L(u,\) = / [y (2), u>W‘2dt + (1= Jlullfy)  for (u,\) € R™ x R.
0
First-order necessary optimality conditions are given by
VL(,A) =0 inR™xR.

Therefore, we compute the partial derivative of £ with respect to the ith component u; of the

vector u:
oL ) TR & 2

de+A(1- izm: ukauuu))

=lv=l1 k=1v=1
/ (Z Zyk(t)wkuuu> Zyﬂ(t)WM, dt — 2)\2 Wkuk

k=1v=1

= 2(/0T (y(t), uyyyWy(t)dt — AWU)

i
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foried{l,..., m}. Thus,

VoL \) = 2</T (L), uhy Wy (t) dt — >\Wu> Lo inR™,
0

which gives
.
/ W(E), Uy Wy(t)dt = \Wu  in R™, (1.39)
0

Multiplying (1.39) by W~ from the left yields

-
/0 (y(t), u)yyy(t)dt =Au inR™. (1.40)

We define the operator R : R™ — R as

-
Ru:/ (v(t), )y y(t)dt forueR™. (1.41)
0

Lemma 1.12. The operator R is linear and bounded (i.e., continuous). Moreover,
1) R is non-negative:
(Ru,u)y, >0 forallueR™.

2) R is self-adjoint (or symmetric):
(Ru, i)\, = (u, Rii)y, forallu, ieR™

Proof. For arbitrary u, i € R™ and a, & € R we have

-
R(au+ i) = / (v(t), ou+ @iy, y(t)dt
0
-
= [ @e) uy + & e ) ey at
T T
_ a/ Y (E), W)y y(£) dE + &/ (L), By y(t)dt = aRu + &R,
0 0
so that R is linear. From the Cauchy-Schwarz inequality (cf. [DR11, Satz 5.49]) we derive
T T
[Rully < /0 [ (8), v (D), dt :/o [y (2), uyw | ly ()l dt

T T
<[ ||y<t>|6v||u||wdt=( / ||y(t)navdt)||u||wz||y||i2(o,T;Rm)||u||W

for an arbitrary u € R™. Since y € C([0, T];R™) C L?(0, T;R™) holds, the norm I¥1lL2¢0,7;mm) is
bounded. Therefore, R is bounded. Since

T T T
(R, )y = </0 (y(t),u)Wy(t)dt> Wu:/o (), W)y (DT Wudt
T
:/O [ (8), uy P dt > 0

for all u € R™ holds, R is non-negative. Finally, we infer from

T T
(Ru B = [ 00) b (2, By 0t = < JRCE e >
— (Ri, uly = v R}y

w
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for all u, i € R™ that R is self-adjoint. O
Utilizing the operator R we can write ((1.40]) as the eigenvalue problem

Ru=MXu inR™

It follows from Lemma that R possesses eigenvectors {u;}”; and associated real eigenvalues
{N\i}; such that

Ru=X uifor1<i<m and X1 >X>>...>2 Xy, >0. (1.42)

Note that

T T
/0 (2), )| dt = /O ((8), whyy(£), 1), dE = (Run, )y = N il = X
forie{l,..., m} so that u; solves (|1.37)).

Proceeding as in Sections and [I.2] we obtain the following result.

Theorem 1.13. Let y € C([0, T];R™) be the unique solution to (1.30). Then the POD basis of
rank £ solving the minimization problem 4} Is given by the eigenvectors {u,-}le of R correspon-
ding to the £ largest eigenvalues A1 > ... > Xy.

Remark 1.14 (Methods of snapshots). Let us introduce the linear and bounded operator Y :
L2(0,T) = R™ by

-
Yv :/ v(t)y(t)dt for v e L?(0,T).
0
The adjoint Y* : R™ — L2(0, T) satisfying
YVu, V)20 = (U Yv)y, forall (u,v) € R™ x L2(0,T)

IS given as
(YV*u)(t) = (u,y(t)), forueR™ and almost all t € [0, T].
Then we have

T

]
yyw:/o <u,y(t>>Wy<t>dt:/O ((2), uhy ¥(£) dt = Ru

for all u € R™, i.e., R = YY* holds. Furthermore,

T T
(y*yv)(t>:< / v(s)y(s)ds.y(t)> = [ 60950 ()85 = (k0)(0)

w

for all v € L2(0,T) and almost all t € [0, T]. Thus, K = Y*). It can be shown that the operator
K is linear, bounded, non-negative and self-adjoint. Moreover, K is compact. Therefore, the POD
basis can also be computed as follows: Solve

-
Kvi=Xvifor1<i<{ M>...2X>0, / V,'(t)\/j(t)dt = 5,‘] (1.43)
0

and set

1 1 [T
u/=37V/=/ vi(t)y(t)dt fori=1,..., L.
VA Vi Jo (£ly(1)

Note that (1.43)) is a symmetric eigenvalue problem in the infinite-dimensional function space
L2(0, T). For the functional analytic theory we refer, e.g., to [RS80]. O
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Let us turn back to the optimality conditions ([1.35)). For any v € R™ and / € {1,..., m} we
derive

m m m

n
(YDYTWU ZZZQ'YU’YMWkuUU = Z;O‘jyij (vj, t)yy
=

v=1 j=1 k=1

= o (v, )y ()i,

Jj=1

]

where (y;); stands for the ith component of the vector y; € R™. Thus,
n
YDY Wu = Zaj vj, )y = R"u.
j=1

Note that the operator R" : R™ — R is linear and bounded. Moreover,

R0 = (3o ) =30t 20
j=1 W =1

holds for all u € R™ so that R” is non-negative. Further,

(R0, 0 = (3 a8 =y s
j=1 j=1
= <ZO‘J <yJ-,L7>WyJ-,u> = (R"0, u)y, = (u,R")y
j=1 w

for all u, i € R™, i.e., R" is self-adjoint. Therefore, R" has the same properties as the operator
R. Summarizing, we have

RO = Aluf, A >N Ny > Ny = = Am =0, (1.44a)
Ruj = Ajui, M=M= A > Agg1=... = Ay =0. (1.44b)

Let us note that
T d m
| vl de =3 x =3 x (1.45)
i=1 i=1

In fact,

-
Ru; = / (v(t), upy y(t)dt foreveryie{l,..., m}.
0

Taking the inner product with wu;, using ({1.44b]) and summing over | we arrive at

d d m

d T
;/O |<y(t)v Ui>w’2dt = Z <RU,‘, U,'>W = Z}V = Z}V

i=1 i=1 i=1
Expanding y(t) € R™ in terms of {u;}/"; we have

m

y(£) = (y(t), udy ui

i=1
and hence

T ) m T ) m
| @l de=>" [ 1. upl de= 3",
0 =170 i=1
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which is (({1.45)). Analogously, we obtain

n d(n)
Zaj Hy(tj)||W Z A= ZA” for every n € N. (1.46)
j=1

=1

For convenience we do not indicate the dependence of o on n. Let y € C([0, T];R™) hold. To
ensure

n T
> o ()l —>/O ly(t)ll}y dt as At —0 (1.47)
j=1

we have to choose the a;’s appropriately. Here we take the trapezoidal weights

At At
L= aj=Atfor2<;<n—1, an=—. (1.48)
Suppose that we have
I|m IR" =R, (gmy = lim sup [[R"u—Rul|, =0 (1.49)
SR S v

provided y € CY([0, T];R™) is satisfied. In (1.49) L(R™) denotes the Banach space of all linear
and bounded operators mapping from R™ into itself. Combining (|1.47]) with (|1.45]) and (1.46]) we
find

m m
DA =) N asn— oo, (1.50)
i=1 i=1
Now choose and fix
£ such that g # Agy1. (1.51)

Then by spectral analysis of compact operators ([Ka80l pp. 212—214]) and ([1.49)) it follows that
Al =X\ forl1<i<<{asn— occ. (1.52)
Combining (|1.50)) and (|1.52)) there exists 1 € N such that
m m
S AT<2 ) N foralln>a, (1.53)
i=0+1 i=t+1

if ity 1 Ai # 0. Moreover, for £ as above, 7 can also be chosen such that

d(n) m
ST o ulwl? <2 3 o, udw|® foralln> T, (1.54)
i=£+1 i=£+1

provided that Zfleﬂ |{yo, uiyw|?> # 0 (1.49)) hold. Recall that the vector yg € R™ stands for the
initial condition in ({1.30b]). Then we have

m
2
volliy =D [0, udw|™ (1.55)
=1
If t; = 0 holds, we have yp € span {yj , for every n and
d(n)
2
Iyolliy =D [0 u) | (1.56)
i=1
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Therefore, for £ < d(n) by (1.55)) and ([1.56))

d(n) ) d(n) ) ¢ , ¢ ,
Z |<YO'”/n>W‘ :Z\O/O,UDW\ —Z‘<YO,U;7>W| +Z‘<J/0.U/>W‘
i=0+1 i=1 i=1 i=1
- » — 2
i=0+1 i=1
: 2 2 - 2
= Z (‘<J/0.U/>W‘ - ‘<J/0'U,'n>w‘ >+ Z |<YO:U/'>W‘ :
i=1 i=0+1

As a consequence of ((1.49)) and (1.51)) we have lim,— ||u] — uillw =0 for i =1,..., £ and hence
(1.54])) follows.

Summarizing we have the following theorem.

Theorem 1.15. Assume that y € C1([0, T]; R™) is the unique solution to (L.30)). Let {(u?, A\")}™ .
and {(uj, \j)}; be the eigenvector-eigenvalue pairs given by (1.44)). Suppose that £ € {1, ..., m}
is fixed such that (1.51)) and

m m 5
DTXNAO0 D o udw| #0
i=e+1 i=¢+1

hold. Then we have
. n_ B
n||m IR R”L(Rm) = 0. (1.57)

This implies

lim [A7 = X\| = nIi_)moo lu! = ujlly =0 forl<i<¢,

n—oco ~ - ) N 2
nliamoo Z ()\7 — )\,‘) =0 and nlmm Z }<y0, Uf)w‘ = Z ‘O/Ov Ui>W| .
i=£+1 i={+1 i=£+1

Proof. We only have to verify (1.57]). For that purpose we choose an arbitrary v € R™ with
|lullw = 1 and introduce f, : [0, T] — R™ by

fu(t) = (y(t), )y y(t) for t €0, T].
Then, we have f, € C([0, T]; R™) with
fu(t) = (1), uhyy (1) + (v (1), uhy, y(t) for t € [0, T]

By Taylor expansion there exist 7j1(t), Tj2(t) € [tj, tj+1] depending on t

/ttjﬂ fu(t)dt = 1 /ttj+1 fu(ty) + fu(Tjn (8))(t — t;) dt

+;/t}f+1 Fu(tien) + Fu(Tia())(t — i) dt
B % (fu(ty) + fu(tir1)) Jr;/tjj+1 fu(min())(t — t) dt
* ;/m fu(Tj2())(t = tj11) dt.

£
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Hence,

n T
IR v — Rul|,, = Zajfu(tj)—/o fu(t)dt
Jj=1

w

= i(A; (fu(t) + fu(tis1)) —/tm fu(t)dt>

j=1 &

w

IA

1 et ) .
35 [ Wl ]+ Watranly [t o
=17t

PP it S TSk
<3 max Hfu(t)HW;< R

At : = AtT .

AT

5 max [|fu(0)]]yy

AtT

= — — max H(y(t),U>Wy(f)+<Y(t):U>WY(t)HW

= AT max 17(®) I Iy (®)lhw < AT IVI23o,ryzm)

Consequently,

At—0
IR" =Rl amy = S0P IR = Rully < 28 Iyl rymm = 0

lullw=1

which is (1.57]). O

1.4 Exercises

1.1)
1.2)
1.3)

1.4)

1.5)

Show that any optimal solution to is a regular point.

Verify the claim in Theorem that argmax = Zle 0,-2 holds true.
Show that the Frobenius norm is a matrix norm and that

IAB|l < ||All-lIBll for any A, B € R™"

is valid. Suppose that U¢ € R™*9 is a matrix with pairwise orthonormal vectors u; € R™,
1 </ < d. Prove that

|UA|IF = ||Allg for any matrix A € R9*".

Suppose that W € R™*™ is symmetric and positive definite. Let 1 > ... > 1, > 0 denote
the eigenvalues of W and W = Qdiag (n%, .. ., n%)QT be the eigenvalue decomposition of
W. We define

W = Qdiag (0%, ..., n2)QT for a € R.

Show that (W)~ exists and (W)™ = W~2. Prove that W2 = W2W" holds for
a, B eR.
Verify the claims of Theorem [1.9|

1.5.1) Prove that u; = W~=2@;, 1 < i < ¢, solves (P{,), where the matrix W and the
vectors iy, . . ., {m are introduced in Theorem [T.9]
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1.5.2) Show that ((1.29]) holds.
1.6) Prove that u; given by (1.42)) is a global solution to (1.37]).
1.7)  Verify (1.46]).
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2 Reduced-order modeling (ROM)

In Chapter [1| we have introduced the POD basis of rank £ in R™ and discussed its application
to initial-value problems. If the POD basis is computed, it can be used to derive a so-called fow-
dimensional approximation or a reduced-order model for ((1.30]). This is the focus of this section.

2.1 ROM for time-dependent systems

Suppose that we have determined a POD basis {uj}f:1 of rank £ € {1,..., m} in R™. Then we

make the ansatz ,

vt = Z A(t), upy uj foralltel0,T], (2.1)
T S

where the Fourier coefficients yf, 1 <j < ¢, are functions mapping [0, T] into R. Since
m
y(t) =" ((t), up)y u forall t €[0,T]
Jj=1

holds, y*(t) is an approximation for y(t) provided £ < m. Inserting (2.1]) into (1.30]) yields

4 y/
Syt =Y yi ) Au + F(tyA(E),  te(0,T], (2.2a)
Jj=1 Jj=1

2
> ¥4 0y = yo (2.2b)
Jj=1

Note that (2.2)) is an initial-value problem in R™ for £ < m coefficient functions yf(t), 1<j<¢
and t € [0, T], so that the coefficients are overdetermined. Therefore, we assume that (2.2]) holds
after projection on the £ dimensional subspace V# = span {uj}le. From (2.2a) and (u;, uj)w = dj;
we infer that

¢
FE(t) = D> yi() (A, i)y, + (F(E4(D), uidy (2.3)
j=1
for1 <i<<{andte (0, T]. Let us introduce the matrix

A= ((a;)) e R®* with a; = (Au;, u)y,

the vector-valued mapping

y§

v=1 : |[:[0T]>R
Ve
and the non-linearity F = (Fq, ..., Fo)7 :[0,T] x R¢ — R by

Z
Fi(t,y) = <f<tv ZYJ“J)v u/> for t €0, T]and y = (y1,...,ye) € R®
j=1

W
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Then, (2.3)) can be expressed as

74(t) = Ayt(t) + F(t,¥%(t)) fort € (0, T] (2.4a)
From (2.2b)) we derive
y*(0) = yo. (2.4b)
where
(Yo, u1)yy
yo = : € R
(Yo, tg)yy

holds. System ([2.4]) is called the POD-Galerkin projection for (1.30)). In case of £ <« m the
{-dimensional system (2.4]) is a low-dimensional approximation for ([1.30]). Therefore, (2.4]) is a
reduced-order model for ((1.30)).

2.2 Error analysis for the reduced-order model

In this section we focus on error analysis for POD Galerkin approximations. For a more detailed
presentation we refer the reader to [KV01), [KV02a, KV02b] and [KVQ7].

Let us suppose that y € C([0, T];R™) N C'(0, T;R™) is the unique solution to and
{u;}_, the POD basis of rank £ solving

2

‘
mm/ Hy Z Uiy Ui W

i=1

dt s.t. <UJ', U,'>W = (5,‘1, 1<, <4 (2.5)
The reduced-order model for (1.30]) is given by (2.4). We are interested in estimating the error

T 2
/O Iy () - YA ()15 dt.

Let us introduce the finite-dimensional space

and the projection P¢: R™ — V¢ by

L
Plu= Z (u, upyypy uj for ue R™.
i=1

Then,

MN

2
732 au+au Zau—l—au Uiy Ui = ( (u, uj)yy +a(d, U/>W)Ui

= =1
= aqu +aPti

for all a, & € R and u, i € R™ so that P¢ is linear. Further,

2 2
||Pe||L(Rm) = sup ||7DEUHW: sup Z‘(U Ui)w

lully=1 ‘U|W—1, 1 (2 6)
2
< sup Z‘ u,upw!” = sup Jlullyy =1,
luly=1 = lully=1
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i.e., Pt is bounded and therefore continuous. In particular, (2.6) and ||Ptullw = |lully for any
ue VEimply [P @m = 1.
Throughout we shall use the decomposition

y(t) = vA(t) = y(t) — Phy(t) + Ply(t) — y4(t) = o*(t) + O%(¢), (2.7)

where gf(t) = y(t) — Pty (t) and 9¢(t) = Ply(t) — y*(t). Note that

T 2
/o O > (1), why

2 T ' 5 T ' 5
W 4t= [ (@) =Py@lwdt= [ e ()l dt.
=1 0 0

Since {u;}¢_, is a POD basis of rank £ we have
T ) m
| 1eoli o= > (28)
0 i=0+1

Next we estimate the term ©¢(t). Utilizing (1.30a)) and (2.4)) we obtain for every u € V¢ and
te (0,7T]

(04(t), i)y = (Py(t) — y(t), t)yy + ((t) = yE(1), i)y
= (Pty(t) — y(t), Py (2.9)
AW () = yH(1) + F(t, ¥ (1) — (£, ¥4 (1), i)

We choose vt = 9¢(t) € V¢, Let

IAl = max [|Aully,
llullw=1
the matrix norm induced by the vector norm || - ||\»/. Further,
1d ¢ 2 Y ¢
Sdt 19°(O) |l = (9°(¢t), 9°(t)), forevery t e (0, T].
holds. Then, we infer from ([2.9)
1d

1950l < IAINAD lw + 195 ) 195(E) I

+HIF(E y(0) = FE Y O I9(E) I
HIPEy () = y Ol 194 -

Suppose that f is Lipschitz-continuous with respect to the second argument, i.e., there exists a
constant L¢ > 0 satisfying

2dt
(2.10)

IF(t u) — F(t, @)y < Lrllu—dll, forall u, ieR™and telo,T].

Moreover, we have

ST (), udw|?

2
W=t

S ), udw u

i={+1

1PEy(t) — y(t) oy =
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for all t € (0, T). Consequently, (2.10]) and (2.7)) imply

> ey, < 120 (ot + 1oty ) + 1A ot
L + OOl

L (||7>¢y-(t) —y(B)e, + ||19£(t)||5v>

”A” I + (3 041+ L0 + 5 ) I

+ Ll @Il Ol + Y [0, uidw |’
i=0+1
< LSyt + (5 01+ o)+ 3 )1l

+ 3 ). udwl?

i=4+1

Consequently,
210l < (30041 + Le) + 1) DI + (VA1 + LA IOl
+ >0 [0 udw|”

=041

Using Gronwall's lemma (see Exercise 2.1)) and (2.8)) we arrive at
t
2 2 2
19401, < cl(nﬁf(omw +(1al+ L) [ 126 o)
+a Z / |(v(s), uj W\ ds

i=£+1
< C2<||19£(0)||W+Ize—;1 (}\ +/T}<y(t),u/>W’2dt))

where ¢; = exp(3(J|A|l + Lf) +1)T) and ¢ = c1 max{||A|| + L¢, 1}.

(2.11)

Theorem 2.1. Let y € C([0, T];R™) N CL(0, T;R™) be the unique solution to (1.30)), £ €
{1,..., m} be fixed and {u;}*_, a POD basis of rank £ solving (2.5)). Let y* be the unique solution

to the reduced-order model (2.4)). Then

/ (8 A dt<C (» +/OT}<y(t).u,->W]2dt)

i=4+1
for a constant C > 0.

Proof. From (2.8), (2.11]) and 9¢(0) = P*yy — y4(0) = 0 we find
’ ) 2 ’ ) ) 2
/0 ()~ y <r>||Wdt=/0 (e + 0t 2, de
’ ) 2 ) 2
<2 o 1" ()llyy + [19°(2) [y, dt

<2 Z A+ G Z <A +/ y(t),u,)W}zdt)

i=4+1 i=4+1

with c3 = 2¢,. Setting C = 2 + ¢3 the claim follows directly.
28
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Remark 2.2. The term
Z/ (), udy|* dt
i=4+1

can not be estimated by the sum over the eigenvalues Ag41, .. ., Am. If we replace (2.5)) by

mm/ HY(t) Z (y(t), ui)wy ui iV—I—Hy(t)—i(y(t),u,-)W u,-HlZ/th (2.12a)
=1

i=1
subject to
(uj, up)yy =65 for1<14,j<¢, (2.12b)

we end up with the estimate

T ) oom
| -yl a<e Y %

i={+1

for a constant C > 0. In this case the time derivatives are also included in the snapshot ensemble.
Of course, the operator R defined in ((1.41]) has to be replaced. It turns out that the POD basis
{u;i}e_ is given by the eigenvalue problem

Rij =Nl for 1<i<m and A1 >X>...>X;>0 (2.13)
where the operator R : R™ — R™ is defined by
_ T
Ru= [ (8, Uy y(8) + (8, by 1)
for u € R™. O

Remark 2.3. Suppose that we build the matrix Y’ € R™*(2") using the column vectors y; a2 (),
1<j<n andy = y(ti_p), n+1 < j < 2n. Then, the discrete variant R" of the operator R
introduced in Remark [2.2] is given by

"u= Z Q; YJ U>\/|/yj +aj <yn+J U)wyn—w

Jj=1
n m_m m m
- Z % ( ( Z Z YkJWkU“H) Y+ ( Z Z Yk,nJerkl/Uu) Y.,m+J>
n m
- Z Z ((Y'JDJJ'YJZ + Y. i DYy oy k) Wkuuu>
1v=1

1k

.
Il

|
~<

0 T — v Ay T
<O D)Y Wu=YDY Wu

— D6R2n><2n

with non-negative Weights in’Eroduced in 1} and the diagonal matrix D = diag(ay, . .., an) €
R™" Thus, we have R = YDYTW € R™ ™ which is of the same form as in (1.35]). The discrete
version to (2.13)) is

YDY™ Wi =X for1<i<m and A >X>...>An>0 (2.14)
Setting i; = W~20; in (2.14) and multiplying by W1/ from the left yield
W2y DY TW2g; = \;a;. (2.15)
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Let Y = W2y DY2 € R™*27 Using WT = W as well as DT = D we infer from ([2.15) that the
solution {U,}f:l is given by the symmetric m x m eigenvalue problem

YY g =i, 1<i<f€ and (@, T)gm =05, 1<i,j<2
and & = W~Y2g;. Note that
Y/T? — Dl/2yTwybl/2 c R2HX2’7'

Thus, the POD basis of rank £ can also be computed by the methods of snapshots as follows: First
solve the symmetric 2n x 2n eigenvalue problem

YIYU =NV, 1<i<f and (V, V)gon =0, 1<, j <L

Then we set (by SVD)

1 . 1 -
b0 = w2 = v W12y, = v Y D2y,

li I
for 1 < <. O

From a practical point of view we do not have the information on the whole trajectory in [0, T].
Therefore, let At = T/(n— 1) be a fixed time step size and t; = (j — 1)At for 1 < j < na
given time grid in [0, T]. To simplify the presentation we choose an equidistant grid. Of course,
non-equidistant meshes can be treated analogously [KV02a]. We compute a POD basis {u/ le
of rank £ by solving the constrained minimization problem m After the POD basis has been
determined, we derive the reduced-order model as described in Section 2.2] Thus,

Z
VO =S g0 e, T,
=1

solves the POD Galerkin projection of ([1.30))

L), UMy = (AYE(E) + F(£, Y5 (1), UMy fori=1...,£and t € (0, T], (2.16a)

(40), uMyy = o, UMy fori=1...,4. (2.16b)

To solve ([2.16)) we apply the implicit Euler method. By Y; we denote an approximation for yt at the

time ¢;, 1 <j < n. Then, the discrete system for the sequence {Yj}/_; in VE=span{uy,..., uy'}

looks like

L/ A A R T fori=1...,82<j< 2.17

S W—( G+ (Y], Uy ori=1...,4 2<j<n, (2.17a)

Vi, uy = o, ul)yy fori=1...,4 (2.17b)

We are interested in estimating
n
2
> o lly(t) = Yl
j=1

Let us introduce the projection 73,4, R — V,f by

L
Pl = Z (u,ul"y,, uf for ueR™. (2.18)
i=1

It follows that P% is linear and bounded (and therefore continuous). In particular, ||P4|| gm) = 1.
We shall make use of the decomposition

y(t) =Y = y(t) = Pay(t)) + Py () = Y, = ¢f + 97,
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where Qf = y(t;) — Pty (t;) and 19‘ Py(t;) — Y. Note that

n

L
>y |vie) = o). uny o

j=1 i=1

n
2 2
Z% Iy (&) = Pay ()l = D s Il
j=1

Since {u}_, is the POD basis of rank £, we have
Zaj Il = Z A (2.19)
i=£+1

Next we estimate the terms ﬁf Using the notation 6192 (ﬁf - ﬁf_l)/At for 2 <j < n we obtain

by (C303) and (EI73)
(@04, uly = <7>,e7 (J/(tj) _Y(tj—1)> Y=Y u”>
w

At At
= ((t) = (A + (. ¥))), ul)yy

+ <Pﬁ<y(tf) _A{(tf‘l)> — (), u,-”>W
= (A (&) = V) + (&, y(5)) — F (5. V), v )y (2.20)
y(t) —y(ti—1)\  y(t) —y(ti-1)
(M) )

A )

= (A (t) = Y5) + F(t, y()) — F(&.Y)) + zE+ wh uf),,

for 1 <i<Z£and?2 <, <n, where

e e Y@ —y(ti-1)\  y(G) —y(t-1) oY) —y(t-1)
g _P”< At At A At y(t).
Multiplying (2.20)) by (9%, u")yy and adding all £ equations we arrive at

(0%, 6‘) (Al (t) = Y) + (&, (1)) = F(8:.Y)) + 2F + wf, 95, (2.21)
forj=2,..., n. Note that

2(u— i,y =2 |ullz, =2 u)y = ulld, + llulld, —2(d, u)y + [ldlZ, - 1ld)Zy
= lulld, — a3, + lu— a3y

for all u, i € R™. Choosing u = 19f and i = 19?_1 we infer from ([2.21))

— 1 2 2 2
285, 98) = 5z (1915, — 1940l + 105 = 041 ). 222)
Inserting (2.22)) into and using the Cauchy-Schwarz inequality we obtain

2112
|9

2
ly, < 1195 + Bt | All(llef

-1l ly + 1951,,) 19511,

+ 8¢ (1175 (8)) = £ Dl + 12y, + Iwflly ) 1921,

Suppose that f is Lipschitz-continuous with respect to the second argument. Then there exists a
constant Ly > 0 such that

1t 3(5) = £ )l < Le () = Yilly fori=2....n.
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Hence, by Young’s inequality we find
2 2 2 .
19215, < 1921l + At (e llgtlly, + ca 84115, + 12E 1, + Wil ) forj=2.. .n.
where ¢; = max{||A||, Lf} and ¢ = max{3||A||, 3L, 2}. Suppose that

1
At < — 2.2
0<At< 5 (2.23)

holds. With (2.23)) holding we have

1 1
0<1—-200At<1l—0cAt and 1—At>1-——=-=—.

2 2
Thus, A A A
1 1 — oAt + oAt At
= = ——— < 1+2cAt 2.24
1 — oAt 1— oAt 1— oAt — T e ( )
Using (2.24)) we infer that
¢ 2 212 2112 212 .
1980, < (1+20o08) (1902 1Iy, + Ae(I2015, + 1wl + e ligfly,)) forj=2....n
Summation on J yields
2 / 2 2 2
19617, < @+ 2eaney = (1981, + 8¢ 3 (I2E15, + Il + a Nliy) ) for=2..oom
k=2
Note that
; 20,(j — )AL\ :
(1+20AtY "1 = (1 + Cz(j_1)> < e?@U DAL for j=2 ..., n.
Thus,

J
2 i 2 2 2 2 .
1642, < e 1>Af<||ﬁ§||W+At§:(||z£|w+||w£||w+cl|e£||W)) forj=2,....n
k=2

We next estimate the term involving W,f:

)/(fk 1)

AL Iy(t) = y(tey) — Dty (eI,

:

/ (et — $)9(s) ds

ty ty 5
(/ |te_1 — s/ dS/ 1)l dS)
th1 ty—1

(At)? t)2

_ 1
~ At

A
Zl-

=2

J
2
E |y||L2(tk71,tk;Rm)
k=2

||)/||L2(o t;;RM)
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forj=2,..., n. The term z;f can be estimated as follows:

ZZ — rpe y(tk) _y(tkfl) _ y(tk) _y(tkfl) 2
1215, H o180 = Ytn)y At ‘W
— — 2
_ pr,(y(tk) )ty 1 4 pty () - 2= :
() — y(ti-1)
< 2| P17 oy | A{ -1)
2
+2 Hpﬁ)'/(tk) — y(te) + y(te) — y(tk) —A)t/(tk_l) ‘
w
2
<2 HWkHW + 4 HP _V(tk) y(tk)HW + 4 Hy(t ) _)/(tk) —A);(tkl) ‘
w

= 4| PLy(tk) — (8l + 6 Wil -
Recall that At < 2ay for 1 < k < n. Hence,

Atz B 8Zak IPEy () — y(t)llyy + 2(At) 17117 2(0,¢;mmy  forj=2,..., n.
Further, 19‘3 =Ply1 —Y1=0and 0< (j—1)At < T forj=2,..., n. Summarizing

2 2 7 .
Hﬁe”w < C3<Z804k (Hpny(tk) y(t)lly +2a ||Q£||W) t3 (At)? ”y”iQ(O,tj;Rm)>v
k=1

where c3 = e*@" max{7/3, 2¢;, 8} is independent of £ and {;}]_,. From >"}_; ay = T and (2.19)
we infer

ZaJ 14l < C3T<§ja, (1P () = vy + Nty )

+(At)? IYIILz(o,T;Rm)> (2.25)
§C4<Z <>\”+Za1]y(tj)u W‘) At))
i=4+1 Jj=1

with ¢4 = 3T max{1, ||Y‘|%2(0,T;Rm)}'

Theorem 2.4. Let y € C([0, T]|;R™) N CL(0, T;R™) be the unique solution to satisfying
y € L2(0,T;R™ and £ € {1,..., m} be fixed. Suppose that {u"}¢_, is a POD basis of rank
£ solving . Assume that possesses a unique solution {Y;}/_,. Then there exists a
constant C > 0 such that

n m n
. 2
> alv(t) =Yl <€ <<Ar>2 + 30 (Y |, uly| ))
j=1 i=L+1 j=1
provided At is sufficiently small and f is Lipschitz-continuous with respect to the second argument.
Proof. The claim follows directly from (2.19)), (2.25)), and

Zajny(t) YHW<2ZaJ (1215, + el )

§2C4< Z <>\?+Z|<Y(tj)vuf7>w’2> +(At)2> +2 Z AT

i=e+1 j=1 i=e+1

provided At > 0 is sufficiently small and f is Lipschitz-continuous with respect to the second
argument. [l
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Remark 2.5. Compared to the estimate in Theorem [2.1] we observe the term

n
. 2

D oy |t uly| (2.26)

j=1
instead of the term -

. 2

/0 ‘(y(t), u,'>W‘ dt. (2.27)
Note that (2.26]) is the trapezoidal approximation of (2.27). Furthermore, the error O((At)?)
appears in the estimate of Theorem due to the Euler method. O

Next we address the fact that the eigenvalues {A\7}, and the associated eigenvectors {u/'}
(i.e., the POD basis) depend on the chosen time grid {t; L. We apply the asymptotic theory
presented in Section [1.3] Then, it follows from Theorem that there exists a number 7 € N
satisfying

m m
SN2 > N,

i=£+1 i=4+1
m n ) m T )
SPWATONTWIEED S MITORTI
i=t+1 j=1 iZoa1 /0

for n > A provided > ", ; A; # 0 and fOT (v (2), u,'>W\2dt # 0 hold. Thus, we infer from Theo-
rems and the following result.

Theorem 2.6. Let all hypothesis of Theorems (2.1)) and (2.4) be satisfied. /ffOT ‘(y(t), LI,'>W‘2 dt #

0, then there exists a constant C > 0 and a number n € N such that

jﬁ;aj||y(a>—vj||5vsc<<m)z+ 3 <A"+/()T|<y-(t).u/>|2dt))

i=4+1

for all n > n.

2.3 Exercises

2.1) Prove the Gronwall lemma: For T > 0 let n : [0, T] — R be a non-negative, differentiable
function satisfying

n'(t) < p(t)n(t) +¢(t) forall te[0,T],
where @ and 1) are real-valued, non-negative, integrable functions on [0, T]. Then

n(t) < exp (/Otw(s)ds> <'q(0) + /Otzlf(s) ds) for all t € [0, T].
In particular, if
n <enin[0,T] and n7(0)=0
show that m = 0 holds in [0, T].
2.2) Show that the operator P¢ defined in is linear, bounded and satisfies || P4l @&m) = 1.
2.3) Prove that the first-order necessary optimality condition for is given by Ri; = i,

1< <.
2.4) Show that R is linear, bounded, self-adjoint and non-negative provided y € H(0, T;R™),
ie., . 2 2
| I, + 1) e < o0
holds.
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3 The linear-quadratic control problem

In this section we introduce the optimal state-feedback and the linear-quadratic regulator (LQR)
problem. Utilizing dynamic programming necessary optimality conditions are derived. It turns out
that for the LQR problem the state-feedback solution can be determined by solving a differential
matrix Riccati equation. The presented theory is taken from the book [DAC95].

3.1 The LQR problem

The goal is to find a state-feedback control law of the form
u(t)y=—Kx(t) fortel0, T]

with v : [0, T] = R™, x : [0,T] — R™, K € R™*™ 5o that u minimizes the quadratic cost
functional

-
J(x,u) = / x(£)TQx(t) + u(t)" Ru(t) dt + x(T)T Mx(T), (3.1a)
0
where the state x and the control u are related by the linear initial value problem
x(t) = Ax(t) + Bu(t) for t € (0,7] and x(0) = xo. (3.1b)

In the matrices Q, M € R™*™ are symmetric, positive semi-definite, R € R™*™ is
symmetric, positive definite and in we have A € R™*XMx B ¢ RM™XMu gnd xq € R™~.
The final time T is fixed, but the final state x(T) is free. Thus, we aim to track the state to the
state X = 0 as good as possible. The terms x(t)" Qx(t) and x(T)" Mx(T) are measures for the
control accuracy and the term u(t)" Ru(t) measures the control effort. Problem is called the
linear-quadratic regulator problem (LQR problem).

3.2 The Hamilton-Jacobi-Bellman equation

In this section we derive first-order necessary optimality conditions for the LQR problem. Since
generalizing the problem to a non-linear problem does not cause more difficulties in the deviation,
we consider the problem to find a state-control feedback control law

u(t) =d(x(t), t), tel0,T],

such that the cost-functional

Je(x,u) = /tT L(x(s), u(s),s)ds+ g(x(T)) (3.2a)
is minimized subject to the non-linear system dynamics
x(s) = F(x(s),u(s),s) fors e (0,7] and x(t) = x¢. (3.2b)
We suppose that the functions L : R™ x R™ x [0, T] — [0, 00) and g : R™ — [0, oo) satisfy
L(0,0,s)=0forse[0,T] and ¢g(0)=0
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Moreover, let F : R™ x R™ x [0, T] — R™ be continuous and locally Lipschitz-continuous with
respect to the variable x. Moreover, x; € R™ holds. To derive optimality conditions we use the so-
called Bellman principle (or dynamic programming principle). The essential assumption is that the
system can be characterized by its state x(t) at the time t € [0, T] which completely summarizes
the effect of all u(s) for 0 < s < t. The dynamic programming principle was first proposed by
Bellman [Bel52].

Theorem 3.1 (Bellman principle). Let t € [0, T]. If u*(s) is optimal for s € [t,T] and x* is
the associated optimal state, starting at the state x; € R™x, then u*(s) is also optimal over the
subinterval [t + At, T for any At € [0, T — t] starting at xeyar = X*(t + At).

Proof. We show Theorem by contradiction. Suppose that there exists a control u** so that

/ ' L(x*™*(s), u™(s),s)ds + g(x™(T))
t+At T (33)

</ L(x*(s), *(s), 5) ds + g(x*(T)),

+At
where

x*(s) = F(x*(s),u*(s),s) and x™(s) = F(x™(s), u™(s),s)
hold for s € [t + At, T]. We define the control
u*(s) ifse|t t+ At],
u(s) = .
ut(s) ifse(t+ At T].
By x(s) we denote the state satisfying x(s) = F(x(s), u(s),s) for s € [t, T] and x(t) = x¢. Then

we derive from ([3.3) and (3.4)) that
T
/ L(x(s), u(s),s)ds+ g(x(T))
t

(3.4)

t+At T
_ / LOx*(s), u™(s), s) ds + / L(x*(s), 1™ (), 5) ds + g(x**(T))
t t+At (35)

t+At T
< / L(x*(s), u*(s),s)ds —l—/ L(x*(s), u*(s),s)ds + g(x*(T))
t t+At

.
— /t L(x*(s), u"(s), 5) ds + g(x*(T)).

Recall that u*(s) is optimal for s € [t, T] by assumption. From it follows that the control u
given by yields a smaller value of the cost functional. This is a contradiction. [l

Next we derive the Hamilton-Jacobi-Bellman equation for (3.2). Let V* : R™ x [0,T] — R
denote the minimal value function given by

V*(x¢, t)
(3.6)

= u:[t,%ERmu {Jt(x, u) ‘ x(s) = F(x(s),u(s),s), s (t, T] and x(t) = xt}

for (x¢, t) € R™ x [0, T], where
Ji(xou) = /tT L(x(s), u(s), ) ds + g(x(T)).

From the linearity of the integral and we conclude

V*(x¢, t)

t+At
= u:[t,t+rTA]itr]1—>Rm“ { /t L(x(s), u(s),s)ds + V*(x(t+ At), t + At) ] (3.7)

x(s) = F(x(s),u(s),s), s € (t, t+ At] and x(t) = Xt}
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for (x¢, t) € R™ %[0, T—At], where we have used the Bellman principle. Thus, by using the Bellman
principle the problem of finding an optimal control over the interval [t, T|] has been reduced to the
problem of finding an optimal control over the interval [t, t + At].

Now we replace the integral in by L(x(t), u(t), t)At, perform a Taylor approximation for
V*(x(t + At), t + At) about the point (x, t) = (x(t), t) and approximatex(t + At) — x(t) by
F(x(t), u(t), t)At. Then we find

urERMu

V*(x¢, t) = min {L(Xt, ug, t)At +V*(x¢, t) + %(Xt, t) At

+ VV*(xe, )T F(xe, ug, t)At + O(At)}

. oV*
=V (Xt, t) + W(Xt, t)At

At
+ At min {L(Xt, U, t) + VV*(xe, £)T F(xe, ug, t) + o(At) }
urERMu At
for any At > 0. Thus,
ov* _ . o(At
— ot (Xt, t) = url’gﬂlﬁllu {L(Xt, Ug, t) + VvV (Xt, t)TF(Xt, Ug, t) + (At )}
Taking the limit At — 0 and using V*(x¢, T) = g(x¢) we obtain
_ov% (X, t) = min {L(xe, e, t) + VV* (e, ©)TF(xe, e, 1) } (3.8a)
ar Xt i, t. Ut, t t. Ut, :
for all (x¢, t) € R™ x [0, T) and
VEi(xe, T) = g(xt) (3.8b)

for all x; € R™<. System ([3.8)) is called the Hamilton-Jacobi-Bellman (HJB) equations.
To solve (|3.8]) we proceed in two steps. First we compute a solution u; to

u(t) = argrﬂin {L(xe, ur, ) + VV*(xe, )T F(xe, ue, t)}
ur€ERMu

and set
W(VV* (X, t), x¢, t) = u™ (1), (3.9)
which gives us a control law. Then we insert ([3.9)) into ([3.8a)) and solve
ov* .
— ot (Xt, t) = L(Xt, \IJ(VV (Xt, t),Xt, t), t)

+ VV*(Xt, f)TF(Xt, W(V\/*(Xt, t), Xt, t), t)

for all (x¢, t) € R™ x [0, T). Finally, we can compute the gradient VV*(x¢, t) and deduce the
state-feedback law

U (t; xe) = O(x¢, t) = W(VV*(xe, t), xe, t)  forall (xg, t) € R™ x [0, T).

Remark 3.2. 1) In general, it is not possible to solve ([3.8)) analytically. However, for the LQR
problem we can derive an explicit solution for the state-feedback law.

2) Note that the HJB equation are only necessary optimality conditions. O
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3.3 The state-feedback law for the LQR problem

For the LQR problem we have
L(x¢, ug, t) = XtTQXt + utTRut, g(x¢) = xtTMxt, F(xe, ug, t) = Axe + Buy

for (x¢, u, t) € R™ x R™ x [0, T]. For brevity, we focus on the situation, where the matrices A, B,
Q, M, R are time-invariant. However, most of the presented theory also holds for the time-varying
case.
First we minimize
x{ Qxe + uf Rug + VV*(x¢, )T (Axe + Buy)

with respect to u;. First-order necessary optimality conditions are given by
ul Rily + il Rus + VV*(x¢, t)T Biiy = 0 for all iy € R™ and (x¢, t) € R™ x [0, T).
By assumption, R is symmetric and positive definite. Then we find
(2Ruz + BTVV*(x, 1)) G = 0 for all G € R™ and (x;, t) € R™ x [0, T)

and
1
e =~ R7IBTVV*(x:, t) forall (xe, t) € R™ x [0, T). (3.10)

For the minimal value function V* we make the quadratic ansatz
V*(xe, t) = x] P(t)x: for (x¢, t) € R™ x [0, T), P(t) € R™*™ symmetric. (3.11)
Then, we have VV*(x¢, t) = 2P(t)x so that
O = —R7IBTP(t)x; forall (xz,t) € R™ x [0, T).
Note that for all (x¢, t) € R™ x [0, T)

v
ot
L(xt, —R7IBTP(t)xs, t) = x/ Qx¢ + x/ P(t)BR™IBT P(t)x;
=x{ (Q+ P(t)BR™'BTP(t))xt,
F(xe, —R™'BTP(t)xe, t) = Axe — BRTIBT P(t)x = (A— BR™'BTP(t))x,
VV*(x¢, t) = 2P(t)x¢.

(xe, t) = x| P(t)xt,

Consequently,

*

: oV
— x{ P(t)xt = —W(Xty t)
=x{ (Q+ P(t)BR'BTP(t))x: + (2P(t)xt)T(A — BRTI'BTP(t))xt
for all (x¢, t) € R™ x [0, T), which yields

- XtTP(t)Xt
=x{ (Q+ P(t)BR™'BTP(t) + 2P(t)A — 2P(t)BR BT P(t)) x;
=x{ 2P(t)A+Q — P(t)BR™*BT P(t))xt

for all (x¢, t) € R™ x [0, T). From P(t) = P(t)" we deduce that
2x] P(t)Axe = x{ P(t)Axe + x/ AT P(t)x; = x| (ATP(t) + P(t)A)xt.
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Using V*(x¢, T) = x/ P(T)x; and ([3.8B]) we get
—x] P(t)xe = x! (ATP(t)+ P(t)A+Q — P(t)BR BT P(t))x;, te[0,T), (3.12a)
t t
x] P(T)xt = x/ Mx;. (3.12b)

Since ((3.12)) holds for all x; € R™ we obtain the following matrix Riccati equation

—P(t) = ATP(t)+ P(t)A+Q — P(t)BR™IBTP(t), tel0,T), (3.13a)
P(T) = M. (3.13b)

Finally, the optimal state-feedback is given by
a(t) = —K(t)x(t) and K(t) =R BTP(t) forallte[0,T).

Example 3.3. Let us consider the problem
T
min/ IX()]? + |u(t)Pdt st x(t) = u(t) for t € (0, T].
0

Choosing my=m, =1, A= M =0and B=Q = R = 1 the matrix Riccati equation has the
form
—P(t)=1-P(t)®>fort€[0,T) and P(T)=0.

This scalar ordinary differential equation can be solved by separation of variables. Its solution is

1 — 672(7_71')
with the optimal control a(t) = —P(t)x(t). O
3.4 Balanced truncation
Let us consider the linear time-invariant system
x(t) = Ax(t) + Bu(t) for t € (0,00) and x(0) = xo, (3.14a)
y(t) = Cx(t) for t € [0, 00), (3.14b)

where x(t) € R™ is called the system state, x € R™ is the initial condition of the system,
u(t) € R™ is said to be the system input and y(t) € R™ is called the system output. The
matrices A, B and C are assumed to have appropriate sizes.

It is helpful to analyze the linear system through the Laplace transform.

Definition 3.4. Let f(t) be a time-varying vector. Then its Laplace transform is defined by
L[f](s) = / e *tf(t)dt forseR. (3.15)
0

The Laplace transform is defined for those values of s, for which (3.15]) converges.

The Laplace transforms of u(t) and y(t) are given by

o0

L[u](s) :/OOO e *tu(t)dt and L[y](s) :/0 e *ty(t)dt = CL[x](s),

where we have used ([3.14b]). Note that

L[K(s) = / T esty(t) dt = — / T (Cs)etx(t) dt + (e=tx(1)
0 0
= sL[x](s) — xo.

5=00

s=0
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Therefore, the Laplace transform of the dynamical system ([3.14a) yields

SL[x](s) — x(0) = AL[x](s) + BL[u](s),

which gives
L[x](s) = (sl — A)71x(0) + (s/ — A)IBL[U](s).
Thus,
Ly](s) = CLIx](s) = C(sI — A)"1x(0) + C(sI — A)"LBL[u](s). (3.16)

For x(0) = 0 the expression reduces to

Lly](s) = G(s)L[u(s) (3.17)
where

G(s)=C(sl—A)B (3.18)

is called the transfer matrix of the system.
Given the initial state xg and the input u(t), the dynamical system response x(t) and y(t) for
t € [0, T] satisfy

t
x(t) = ex + / e=IABy(s)ds and y(t) = Cx(t).
0

If u(t) =0 holds for all t € [0, T], we infer that
x(t) = et~ A (1)

for any t;, t € [0, T]. The matrix e(t=1)A acts as a transformation from one state to another.
Therefore, ®(t, t;) = elt=1)A s often called the state transition matrix.

Definition 3.5. The dynamical system (3.14al) or the pair (A, B) are called controllable if for any
Xo € R™ and final state xr € R™x there exists a (piecewise continuous) input u such that the
solution to (3.14a|) satisfies x(T) = xr. Otherwise, (A, B) is said to be uncontrollable.

Controllability can be verified as stated in the next theorem. For a proof we refer to [ZDG96].

Theorem 3.6. The following claims are equivalent:
1) (A, B) are controllable.

2) The controllability gramian
t T
Wc(t):/ eABBT e ds
0

is positive definite for every t > 0.
3) The controllability matrix

C=[B AB A’B ... A™1B] ¢ Rmx(mam)
has full rank.

Definition 3.7. 1) The unforced system x(t) = Ax(t) is called stable, if the eigenvalues of A
are in the open left half plane, i.e., ®eX < 0 for every eigenvalue \ . A matrix with this
property is said to be stable or Hurwitz.

2)  The dynamical system (3.14a]) or (A, B) are called stabilizable if there exists a state-feedback
u(t) = —Kx(t) so that A— BK s stable.

The next result, which is proved in [ZDG96], is a consequence of Theorem [3.6]

40 Prof. Dr. Stefan Volkwein



Theorem 3.8. The following claims are equivalent:
1) (A, B) are stabilizable.

2) The matrix [A— Xl B] € R™>X(mxtmu) has full row rank for all X\ € C with a negative real
part, i.e., ex < 0.

Let us now consider the dual notions of observability.

Definition 3.9. The dynamical system or (A, C) are called observable if for any t; € (0, T],
the initial condition xo € R™< can be determined from the time history of the input u(t) and
the output y(t) in the interval [0, t;] C [0, T]. Otherwise, the system or (A, C) is said to be
unobservable.

For a proof of the next theorem we refer the reader to [ZDG96].

Theorem 3.10. The following claims are equivalent:
1) (A, C) is observable.
2)  The observability gramian
t
W, (t) = / esA' T Ces  ds
0
is positive definite for every t > 0.

(3)  The observability matrix

C

CA
O = ' c R(mxmy)xmX

CAm-1
has full rank.
We set - -
W, = / eABBTeA" ds and W, = / A CTCesAds.
0 0

It can be proved that W, and W, can be determined numerically by solving the Lyapunov equations

AW, + W.AT + BBT =0 € R™*™, (3.19a)
ATW, + WoA+ CTC =0 e R™™ ™, (3.19b)

The controllability gramian is a measure to what degree each state is excited by an input. Suppose
that x1, x2 € R™ are two states with ||x1||gm = [|x2||gex. If X{ Wex1 > xJ Wexa holds, then we say
that the state xj is more controllable than x». This means, it takes a smaller input to drive the
system from xp to x; than to x». It can be proved that the gramian W, is positive definite if and
only if all states are reachable with some input u. On the other hand, the observability gramian
W, is a measure to what degree each state excites future outputs y. Let xg be an initial state. If
u = 0 holds, we have

Y12 0y = /O y(s)Ty(s) ds = /O x(s)TCTCx(s) ds
:/ xOTeSATCTCeSAXO ds:XOTWOxo.
0

We say that the state x; is more observable than another state x> if the corresponding output
y; = Cxq vields a larger value of the L2-norm than for y» = Cx»
The gramians depend on the coordinates. Suppose that

x=Tz (3.20)
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where 7 € R™*" is a regular matrix. Then we obtain instead of ([3.14) the system

2(t) = Az(t) + Bu(t) for t € (0,00) and z(0) = z, (3.21a)
y(t) = Cz(t) for t € [0, 00) (3.21b)

with -~ ~ B
A=TAT, B=7T1'B, C=CT, z2=T 'x.

Let W, solve (B.19a)). The controllability gramian W, for (3.21]) satisfies

AW, + W AT + BBT =0

TAIATW A+ W TTATT T+ 7 1BB™T T =0. (3.22)
Multiplying (3.22)) by T from the left and by 77 from the right yields

ATW.TT + TW.TTAT + BBT = 0. (3.23)

From (13.19a)) and (|3.23]) we infer that W, = TWCTT holds. Thus, the coordinate transformation
(13.20]) implies that the controllability gramian W, is transformed as

We s We =T TW,T T,
Now we suppose that W, solves (3.19b)). The observability gramian W, for (3.21)) satisfies

ATW, + WA+ CTC =0

TTATT "W, + W, T AT + TTCTCT =0. (3.24)
Multiplying (3.:22) by 7~ from the left and by 7! from the right yields

ATT TW, T Y+ T TW, T A+ CTC=0. (3.25)

From ([3.19b)) and ([3.25) we infer that W, = T- "W, 7T~ holds. Thus, the coordinate transfor-
mation ([3.20]) implies that the observability gramian W, is transformed as

Wo = Wo =TT W, T.
The goal is to find a transformation 7 such that
T W.T T =T"W,T =% =diag (01, ..., Tm, ). (3.26)

The elements 01 > 02 > ... > o, are called Hankel singular values of the system. They are
independent of the coordinate system. It can be shown that a regular matrix 7 which satisfies
exists if the system is controllable and observable, i.e., the matrices W, and W, are positive
definite. The coordinate transformation 7T is said to be a balancing transformation. Computing
appropriately scaled eigenvalues of the product W.W,, the matrix 7 can be determined. In the
balanced coordinates, the states which are least influenced by the input v also have least influence
on the output y. In balanced truncation the least controllable and observable states having little
effect on the input-output performance are truncated.
Instead of we only consider the system for the first £ € {1, ..., my} components of z:

2(t) = Agzy(t) + Byu(t) for t € (0,00) and  z(0) = zoy, (3.27a)
ve(t) = Cpzy(t) for t € [0, 00), (3.27b)
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where

A:(f‘f ) é:(%), E=(C %), zoe:<fjj‘>,

and A~¢ S RZXZ’ é{ S Réxmu, Cg € R™*¢ and Zop € RE.

One big advantage of balanced truncation is that a-priori error bounds are known. These bounds
are formulated for the transfer function. Suppose that G(s) = C(s/ — A)"1B € R™>*™u is the
transfer function of the system and Gy(s) = Cy(sl — Ay)~tBy € R™*™Mu s the transfer
function of the reduced system ([3.27). Then we have

|G — G| = max {H(G - GZ)UHL?(o,oo;Rmy) : ||U||L2(o,oo;Rmu) = 1} > Op41

and
my
IG =Gl <2 > o

i=0+1
3.5 Exercises
Let us consider the one-dimensional heat equation
0:(t, x) = Oxx(t, x) + u(t)x(x) forall (t,x) e Q=(0,T) x €, (3.28a)
0,(t,0) = 0x(t, 1) =0 for all t € (0, T), (3.28b)
6(0, x) = Bo(x) forall x e Q=1(0,1) CR, (3.28¢)

where 0 = 0(t, x) is the temperature, u = u(t) the control input, x = x(x) a given control shape

function and 6y = 6y(x) a given initial condition.

3.1) Apply a classical finite difference approximation for the spatial variable x (compare Exam-
ple and derive the finite-dimensional initial value problem for the finite difference ap-
proximations.

3.2) Utilizing the trapezoidal rule deduce a discretization for the quadratic cost functional

i
J(@,u):;/Q|9(T,x)—97(x)|2dx+g/o (e dt.

where 0 = 07(x) is a given desired terminal state and k > 0 denotes a fixed regularization
parameter.

3.3) Formulate the matrix Riccati equation for the discretized quadratic cost functional — see
part 3.2) — and the discretized heat equation — see part 3.1).

3.4) What is the matrix Riccati equation in the case if we apply a POD Galerkin approximation
instead of a finite difference discretization? How can we solve the matrix Riccati equation
numerically?
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