Lecture 31

Proper Orthogonal Decomposition —
Introduction

In this lecture we introduce the method of proper orthogonal decomposition (POD) in the Euclidean space R™ and
study the close connection to the singular value decomposition of rectangular matrices; see [23]. We also refer to the
monograph [19].

31.1 POD and SVD

Let Y = [y1,...,yn] be a real-valued m x n matrix of rank d < min{m,n} with columns y; € R™, 1 < j < n.
Consequently,

1 n
7= — . 1.1
g=D Ui (31.1)
Jj=1
can be viewed as the column-averaged mean of the matrix Y.

Theorem 31.1.1 (SVD). There exist uniquely determined real numbers o1 > o9 > ... > o4 > 0 and orthogonal
matrices U € R™*™ with columns {u;}%, and V € R™*™ with columns {v;}?; such that

1=
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UYV7<0 0

) =% e R™*", (31.2)

where D = diag (01,...,04) € R? and the zeros in (31.2) denote matrices of appropriate dimensions. Moreover
the vectors {u;}&_, and {v;}%_, satisfy

Yv, =ou; and Y Tu; = o, fori=1,...,d. (31.3)

Proof. We follow the arguments given in 9| pp. 144-145]. For Y = 0 the claim is clear. Suppose that Y # 0 holds.
Then,

o1 =Vl = max [[Vol,>o0.

lvllgn=

Let v € R™ be vector with ||v||2 = 1, where the maximum is attained. We set v = Yv/o; € R™. It follows that

[lull2 = |[Yv|l2/o1 = 1. We extend w and v to orthonormal bases {u, @z, ..., tm} and {v,¥a,...,0,} in R™ and R™,
respectively. Next we define the two orthogonal matrices Uy = [u, @, ..., Uy] € R™*™ and Vi = [v,09,...,0y] €
R™ ", Since (@, Yv)o = oy (@, u)e = o1 4, u = 0 holds for i = 2,...,m, we find that
vicuivvi— (00 4 ) e g
e 0 Y

with w € R*! and Y € Rm=Dx(n=1) We observe that
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Moreover, ||Y]|2 = ||Y1]|2 holds. Therefore, we have

w
A 2 \od el
o1

o1 =[Yi]l, >

Consequently, w = 0 and

Ul YV, = ( %1 }Q/ ) c Rmn.

Thus, the claim has been proved fpr m =1 or n = 1. For the case m,n > 1 we apply an induction argument. For
that purpose we assume that U YV, = 35 with two orthogonal matrices U2 S R<m*1)x<m*1) Vy € R(n=1x(n=1)
and with a matrix ¥y € R(m~ UX(" D of the same structure as the marix ¥ in . Then, we find

o2 = |¥ll, < [ill, = [U7 Y Vall, = [¥ 1], = 0.

Setting

U:Ul(é &)ER’”“" and V = V1(0 %)eR”X”

we get the decomposition

T _ o1 0
U'YV= ( 0 )
which yields the claim by using the hypothesis of the induction. O

It follows directly from that {u;}; C R™ and {v;}.; C R™ are eigenvectors of YY T and Y 'Y, respec-
tively, with eigenvalues A\; = o7 > 0,7 =1,...,d. The vectors {u1}1=d+1 and {v;}j_ 4, (if d < m respectively d < n)
are eigenvectors of YY'T and Y'Y with eigenvalue 0.

From <h we deduce that

Y =USV".
We infer (31.3) from the columnwise evaluation of (31.2). The follows It follows that Y can also be expressed as

Y =UDWVHT, (31.4)
where U? € R™*? and V¢ € R"*? are given by
Ul =Ujjfor1<i<m,1<j<d and Vi=Vjforl<i<m, 1<j<d.
Setting B = D(V4)T € R¥" we can write in the form
Y =U%B? with B = D(V%) T € R¥*".

Thus, the column space of Y can be represented in terms of the d linearly independent columns of U?. The coefficients
in the expansion for the columns y;, j = 1,...,n, in the basis {u;}{; are given by the jth-column of B?. Since U
is orthogonal, we find that

d d
Bd Ud _ D Ud TUd Vd
-0t = S ) = L @
=IdcRdx
ﬂ d d m d
S (@Y =3 (zm Jo= 3 g
i=1 Mk=1 i=1
———
=uly;
where (-, -)gm denotes the canonical inner product in R™. Thus,
d
yjzz<yj7ui)2ui forj=1,...,n (31.5)

i=1
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31.2 The POD method

Let us now interprete SVD in terms of POD. One of the central issues of POD is the reduction of data expressing
their essential information by means of a few basis vectors. The problem of approximating all spatial coordinate
vectors y; of Y simultaneously by a single, normalized vector as well as possible can be expressed as

n
2 . 2
Toax E ’(yj,u>2| subject to (s.t.) [ull; =1, (P)
=

where [Ju|grm = +/(u, u)rm for v € R™

Note that l) is a constrained optimization problem that can be solved by considering first-order necessary
optimality conditions; cf. [8] Theorem 13.3.3]. We introduce the function e : R™ — R by e(u) = 1—||ul|3 for u € R™.
Then, the equality constraint in can be expressed as e(u) = 0. Notice that Ve(u) = —2u is linear independent
if w # 0 holds. In particular, a solution to ) satisfies u # O Thus, any solution to { is a regular point. Let
L:R™ xR — R be the Lagrange functional assomated with , l.e.,

N =3 [wg sl + A1~ flull3) - for (u,)) € BT < R.

Suppose that u € R™ is a solution to (P'). Since u is regular, there exists a Lagrange multiplier satisfying the
first-order necessary optimality condition

VL(u,\) =0 inR™xR.

We compute the gradient of £ with respect to w:

oL 0 L
ou; (u,2) = ou; (Z ZijUk

2+A(1—iui)> :an: (iykjuk>mj — 2\

j=1"k=1 k=1 j=1 “k=1
m n
= (ZY,JYJkuk) — 2.
k=
=YY )i
Thus,
Vul(u,\) =2(YY Tu—u) =0 in R™. (31.6)

Equation yields the eigenvalue problem
YYTu=Xu inR™, (31.7a)
Notice that YYT € R™*™ is a symmetric matrix satisfying
w (YY Du=Y"Tu)Y Tu= HYTqu >0 forall u e R™.

Thus, YY T is positive semi-definite. It follows that YY 7T possesses m non-negative eigenvalues A\; > Ag > ... >
Am > 0 and the corresponding eigenvectors can be chosen such that they are pairwise orthonormal.

From 2£(u,\) = 0 in R we infer the constraint

‘X
lull, = 1. (31.7b)
Due to SVD the vector u; solves and

Z| y]vul Z(y]7ul y]?”l Z<y]7ul Qy]7u1>2 <Z Yj, U1 Qy]7u1>
j=1 j=1 j=1 j=1 2

n

= <Z (Zykj(ul)k>yj,u1> = <Z <ZY,J ]k >7u1> = <YYTu1,u1>2
j=1 Nk=1 2 k=1 2

= )\1 <U1,U1>2 = /\1 ||u1||§ = )\1.
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We next prove that u; solves . Suppose that @ € R™ is an arbitrary vector with ||@|jgm = 1. Since {u;}™, is an
orthonormal basis in R™, we have

u= <u7ui>2 Uj
=1
Thus,
n n m 2 n m m
Z|<yjaﬂ>2‘2 = Z <yjﬂz<ﬂ7ul>2 uz> = ZZ (<yj7 i, u;) u1> <y]7 U, Uk uk> )
j=1 j=1 i=1 2 j=11i=1 k=1
9 BN RERVRBRISERCINNES 95 B (O NURTRINTS RLRENIAAN
j=1i=1 k=1 i=1 k=1 \ \ j=1 2
=Aiug
=35 (s )y (@ uy )y ) = D0 A (@ i)y [
i=1 k=1 N i=1
<M Z |<u,u1> | = A [laf; =M Z| Yj,u1

Consequently, u; solves (P and argmax =02 =)\;.
If we look for a second vector, orthogonal to u; that again describes the data set {y;}?; as well as possible then
we need to solve

- 2
max Z }(yj,u>2’ st JJully, =1 and (u,u1)y, = 0. (P?)

ucR™ <
j=

SVD implies that us is a solution to @) and argmax @ = 02 = Xo. In fact, us solves the first-order necessary
optimality conditions li and for

m

Z U, U)o u; € Span {ul}l
=2

we have
n

n
2
Z\ yi )|t < Aa = Z|<yj,U2)2{
=1
Clearly this procedure can be continued by finite induction. We summarize our results in the following theorem.

Theorem 31.2.1. LetY = [y1,...,ys] € R™*" be a given matriz with rank d < min{m,n}. Further, letY = ULV "
be the singular value decomposition of Y, where U = [uq, ..., uy] € R™*™ V = [v1,...,v,] € R"*™ are orthogonal
matrices and the matriz X € R™*™ has the form as (31.2). Then, for any £ € {1,...,d} the solution to

max ZZ |<yj7ﬂi>2|2 s.t. <ﬁi,ﬂj>2 = 6i]‘ fOT 1 S Z,] S Y4 (PZ)

., UgER™
! ¢ i=1 j=1

is given by the singular vectors {ui}le, i.e., by the first ¢ columns of U. Moreover,

‘ ¢
argmax = Z o? = Z A (31.8)
i=1 i=1

Proof. Since wﬂi is an equality constrained optimization problem, we introduce the Lagrangian
L:R™x ... x R™ xR>*
—_— ——
{-times

by

L n
E(wla“w’(ﬁf?A):ZZ’ yjawv Z )\13 iy ¢za¢]>2)

i=1 j=1 ij=1
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for i1,...,v € R™ and A = ((\;;)) € R, First-order necessary optimality conditions for are given by

oL

W(wl, b, N)Siy, =0 for all 6y, € R™ and k € {1,...,0}. (31.9)
k

From

L

8’¢ (1/)17 '-awév 5%—222 3/;7% ?Jg,&/)k zk ZZAU 1/%,5% ]k
i= lj 1 i=1 j=1

- ZZ)\” 5¢ka 5kz

i=1 j=1
4

Z yyﬂ/)k ijéwk Z 1k +)\k1 wu(s’l/)k)g

i=1
n l
= <2Z Ui k) i — > Nk + Aki) ¢z,6wk>
j=1 i=1 2
and 1i we infer that
n 1 £
> W k) gm v = 3 > (Nik 4+ Aki) b in R™ and for all k € {1,..., ¢}, (31.10)
j=1 i=1
Note that N
YY T = (yj,d)gny; forp e R™
j=1
Thus, condition (31.10f) can be expressed as
¢
1
YY Ty, = 3 > (Aik+Aki) i in R™ and for all k € {1,..., ¢}, (31.11)

i=1
Now we proceed by induction. For £ =1 we have k = 1. It follows from (31.11) that
YYTghy = Mgy in R™ (31.12)
with A\ = Ay1. Next we suppose that for £ > 1 the first-order optimality conditions are given by

YY "4 = Mgtbp  in R™ and for all k € {1,...,¢}. (31.13)

}€+1

We want to show that the first-order necessary optimality conditions for a POD basis {1); of rank £+ 1 are given

by

YY "y = A\gtby, in R™ and for all k € {1,...,¢+ 1}. (31.14)
By assumption we have . Thus, we only have to prove that
YY "1 = Nep1tepr  in R™. (31.15)
Due to we have ,
+1
YY e =5 > (g1 + Aegri) i in R™ (31.16)
i=1

Since {t;};7 ['H is a POD basis we have (1g41,1%;)2 = 0 for 1 < j < ¢. Using (31.13) and the symmetry of YYT we
have for any ] e{l,...,0}

Nj (W1, ¥5)y = Wer1, YY T05)y = (YY Tahpin, 45),
£+1
== Z i1+ Aev1) (Wi, ¥5), = % (Aje+1 + Aety) -
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This gives
)\@Jrl’i = —/\i’gjq for any 1€ {17 R ,f}. (31.17)

Inserting (31.17)) into (31.16) we obtain

YY Tippyr =

N | =
gl

(Niye1 + Argr,i) Vi + Aeg1 o1 Yo

i=1

Il
N =
-

(Mo = Aiyer1) i+ Aegte1 Vo1 = Aeyae1 Yoy
1

K3

Setting Agy1 = Agt1,641 Wwe obtain (31.15).
Summarizing, the necessary optimaity conditions for are given by the symmetric m x m eigenvalue problem

YYTu; =Ny fori=1,...,¢ (31.18)
It follows from SVD that {u;}¢_, solves (31.18). The proof that {u;}¢_, is a solution to and that argmax (P’) =
Zle o? holds is analogous to the proof for (P'); see Exercise 1.2). (]

Motivated by the previous theorem we give the next definition.

Definition 31.2.2. For £ € {1,...,d} the vectors {u;}{_, are called POD basis of rank .



Lecture 32

Proper Orthogonal Decomposition
Properties and Applications

After introducing the POD method in the previous lecture we discuss now properties of the POD basis and applica-
tions to dynamical systems.

32.1 Optimality of the POD basis

The following result states that for every ¢ < d the approximation of the columns of Y by the first ¢ singular vectors
{u;}¢_, is optimal in the mean among all rank ¢ approximations to the columns of Y.

Corollary 32.1.1 (Optimality of the POD basis). Let all hypotheses of Theoremm 31.2.1] be satisfied. Suppose that
Ud € Rmxd denotes a matriz with pairwise orthonormal vectors u; and that the expansion of the columns of Y in
the basis {u7 "1 be given by

Y = UdCd, where Cflj = (@, yj), for 1 <i<d, 1 <5 <n.

Then for every £ € {1,...,d} we have .
IV~ U B < |V~ UC (32.1)

with
ng = (us,yj), for 1 <i<d, 1 <5 <n.

In (32.1), || - | denotes the Frobenius norm given by

= y/trace (ATA) for A€ R™*",

the matriz U denotes the first ¢ columns of U, Bt the first £ rows of B and similarly for U and C*.

Remark 32.1.2. Notice that

- =33 v ZU |’

i=1 j=1

£
Yij - Z <uk7yj

=1 k=1 j=1

2
Z Yjs uk>R""ukH2'
k=1

Analogously,

2 . 2
1Y =0 B =3 o = S sy

j=1 k=1

Thus, (32.1) implies that
n L 9
3/ 0 STSERIN 15 3 0 YPRORA
j=1 k

31
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for any other set {1, }f_, of ¢ pairwise orthonormal vectors. Hence, the POD basis of rank £ can also be determined

by solving
¢
min Z Yjs i)y s.t. (g, Ty = 035, 1 < 0,5 < L. (P9

LU E

¢
Proof of Corollary|32.1.1} Note that

d n
2 2 2
IV — Oy = [T~ )l = 10~ Chl = 3 Y |cd

i=0+1 =1
where C§ € R¥*" results from C' € R¥™ by replacing the last d — £ rows by 0. Similarly,

d n d n
Iy —UBY5 = |UMB* — BY)lm = 1B = Bl = > S 1B = S0 |ty i),

i=0+1 j=1 i=0+1 j=1

d n d d (322)
= Z Z (Y, ui Zy],u,>2— Z <YYTuivui>2: Z Uizv
i=6+1 j=1 i=6+1 i=0+1
By Theorem the vectors uq, ..., us solve . From ,
d n
IYI5 = 10C = I1C7 = > Y |cal’
i=1 j=1
and
Y15 = 0B = 1B —ZZ|B Zo
i=1 j=1
we infer that
d 0
Iy -U'B' =Y o —Zo ot = Il - ZZ! Yjstidy
i=0+1 i=1 j=1
n d n
<Y - ZZ| Yy i), ZZ! —ZZIC%|2= S S fedf =1y -0y,
=1 j=1 i=1 j=1 i=1j=1 i=0+1 j=1

which gives (32.1). O

Remark 32.1.3. It follows from Corollary|32.1.1|that the POD basis of rank ¢ is optimal in the sense of representing
in the mean the columns {y;}7_; of Y as a linear combination by an orthonormal basis of rank ¢:

L n £
SO s Zaf—Z/\ﬁZZ\yﬂ,uz
i=1 j=1 i=1 j=1
for any other set of orthonormal vectors {a;}¢_;. O

The next corollary states that the POD coefficients are uncorrelated.

Corollary 32.1.4 (Uncorrelated POD coefficients). Let all hypotheses of Theorem|(31.2.1| hold. Then.

n

n
Z <yj7u2 ijuk ZBfJBﬁj = 0'1252]@ fOT 1 S ’L,]{i S €
j=1 j=1

Proof. The claim follows from (31.18) and (u;, ug)rm = d; for 1 < i,k < £. In fact, we have

n n
> (g ui)y (g un)y = <Z<yj7ui>23/j7uk> = (07 Ui, up)y = 07 O
j=1 j=1 2

=YY Tu;
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Next we turn to the practical computation of a POD-basis of rank ¢. If n < m then one can determine the POD
basis of rank ¢ as follows: Compute the eigenvectors vy,...,v, € R by solving the symmetric n x n eigenvalue
problem

and set, by ,

Y Y, =Nv; fori=1,....¢0 (32.3)

U; = Yvi fOI'iZl,...,K

1
VA
For historical reasons [29] this method of determing the POD-basis is sometimes called the method of snapshots. On
the other hand, if m < n holds, we can obtain the POD basis by solving the m x m eigenvalue problem (31.18].

For the application of POD to concrete problems the choice of ¢ is certainly of central importance for applying
POD. It appears that no general a-priori rules are available. Rather the choice of ¢ is based on heuristic considerations
combined with observing the ratio of the modeled to the total energy contained in the system Y, which is expressed
by

¢
Zi:l Ai

v .
Zi:l Ai

Let us mention that POD is also called Principal Component Analysis (PCA) and Karhunen-Loéve Decomposition.

E(l) =

32.2 Application to dynamical systems

For T > 0 we consider the semi-linear initial value problem

y(t) = Ay(t) + f(t,y(t)) fort e (0,77, (32.4a)
y(0) = yo, (32.4b)

where yo € R™ is a chosen initial condition, A € R™*™ is a given matrix, f : [0,7] x R™ — R™ is continuous in
both arguments and locally Lipschitz-continuous with respect to the second argument. It is well known that there
exists a time T, € (, 7] such that has a unique (classical) solution y € C1(0, To; R™) N C([0, To]; R™) given by
the implicit integral representation

t
y(t) =6“‘yo+/ =4 f(s,y(s))ds for t € [0, T2,
0

with et4 = 3727 #" A" /(n!) (local existence in time; cf. [I1] Satz 16.5]). Here we suppose that we can choose T, = T
(global existence in time; cf. [11] Satz 16.1]). Let 0 <t} <t < ... < t, < T be a given time grid in the interval
[0,T]. For simplicity of the presentation, the time grid is assumed to be equidistant with step-size At =T/(n — 1),
ie., t; = (j — 1)At. We suppose that we know the solution to at the given time instances ¢;, j € {1,...,n}.
Our goal is to determine a POD basis of rank ¢ < n that desribes the ensemble

2]

vy = ylty) = ¢ hyo + / oA f(s,y(s))ds forj=1,....n,
0

as well as possible with respect to the weighted inner product:

n I3
min R E aj Hyj — E (yj,ui>2 U;
j=1

UL ,y.ns,Up € y
T i=1

2

st (@, %), = 65 for 1 < i,j <, (P™6)

2

)

where the a;’s denote non-negative weights which will be specified later on. Note that for a; =1 for j =1,...,n
problem li coincides with . To solve we apply the techniques used in Chapter i.e., we use the
Lagrangian framework. Thus, we introduce the Lagrange functional

n J4
LoR™ X XR™XR™ SR, Lluy,...u,A) =) ay Hyj = (i ui)yui
1 1

£—times J= 1=

5 L L
LD A (1= (uisug)y)
i=1 j=1

for uy,...,ug € R™ and A € R* with elements Aij, 1 <4,5 < L. It turns out that the solution to || is given by
the first-order necessary optimality condions

Vo, L(ui, ... ug, A) =0 inR™ for 1 <i <, (32.5a)
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and '

(ui,uj)Q = (Sij for 1 < i7j < £. (325b)

From (32.5a) we derive

YDY Tu; = Nu; fori=1,...,4, (32.6)
where D = diag (a1,.... ) € R™*™. Setting YV = Y DY/? € R™*™ and using DT = D we infer from (32.6) that the
solution {ui}le to is given by the symmetric m x m eigenvalue problem

YYT’IEZ' = )\iﬂia 1 S Z S £ and <ﬂi,ﬂj>2 = 62‘]‘» 1 S Z,j S f
Note that
YTY/ _ D1/2YTYD1/2 € RX7,

Thus, the POD basis of rank £ can also be computed by the methods of snapshots as follows: First solve the symmetric
n x n eigenvalue problem

?TY@Z' = )\i@i fOI" 1 S 7 S £ and <’L7i,@j>2 = 5ij fOI" 1 S ’L,j S é

Then we set (by SVD)

1 1
o = Yo, = ——YDY?5; for1<i<L{.

Vi




Lecture 33

Proper Orthogonal Decomposition —
Continuous Variant

33.1 Continuous variant of the POD method

Of course, the snapshot ensemble {y; Gy for |b and therefore the snapshot set span{yi,...,y,} depend on
the chosen time instances {t; };?:1. Consequently, the POD basis vectors {ui}le and the corresponding eigenvalues
{\i}{_, depend also on the time instances, i.e.,

u; =up and A=A, 1<i</
Moreover, we have not discussed so far what is the motivation to introduce the non-negative weights {a;}7_; in
1i For this reason we proceed by investigating the following two questions:
e How to choose good time instances for the snapshots?
e What are appropriate non-negative weights {a; }}1:1?

To address these two questions we will introduce a continuous version of POD. Let y : [0,7] — R™ be the unique
solution to (32.4). If we are interested to find a POD basis of rank ¢ that describes the whole trajectory {y(t)|¢ €
[0,T]} € R™ as good as possible we have to consider the following minimization problem

T ¢
min / PO NTORBR

Ul,..., U ER™
i=1

2
Lt st (@), =6y, 1<i <, (P

To solve we use similar arguments as in Chapter For ¢ = 1 we obtain instead of () the minimization
problem

T 2
. ~ ~ ~12 =
min [ o) - i@ de se fal =1 )
wER™ Jo 2
Suppose that {@;}", are chosen in such a way that {@, s, ..., %} is an orthonormal basis in R™ with respect to

the Euclidean inner product. Then we have

y(t) = (y(t), @)y @+ Z (y(t), @s), @ for all t € [0,T].

Thus,
/OT Hy(t)—<y<t>,a>2aszt—/0T Hi@(tmm Zdt—i/fﬁy(t),a»zfdt

we conclude that is equivalent with the following maximization problem

T
max/ [(y(6), @] dt st Jall3 = 1. (33.1)
a€R™ J

35
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The Lagrange functional £ : R™ x R — R associated with (33.1) is given by
L(u,\) = /OT |(y(t),u>2’2dt+ AM1— Hu||§) for (u,A) € R™ x R.
First-order necessary optimality conditions are given by

VL(u,A) =0 inR™ x R.

Therefore, we compute the partial derivative of £ with respect to the ith component u; of the vector u:
(u, \) = / ‘ Em (t) ‘2 dt )‘(1 2) 2/ ( Em (t) ) (t)dt — 2A

—(u U + — E uy = U i —2)\u

o o, 0 |2 Yk k k : 2 Yk k)Y 1

k=1
~2( [ waa-x)

for i € {1,...,m}. Thus,

T
Vul(u,\) = 2(/0 ((t), by y(t) dt — >\u> L0 inR™,
which gives .
JRTCRIRTCE R (33.2)

We define the operator R : R™ — R™ as
T
Ru— / (), )y y(t)dt for u e R™. (33.3)
0

Lemma 33.1.1. The operator R is linear and bounded (i.e., continuous). Moreover,

1) R is non-negative:
(Ru,u)y >0 for all u e R™.

2) R is self-adjoint (or symmetric):

(Ru, )y = (u, Ry, for all u, u € R™.

Proof. For arbitrary u, @ € R™ and «, & € R we have

T T
R(ou + &it) = /0 ((8), cu + @), y(t) di = / (e {y(t), why + G (y(1), iy) y(t)

:a/ (y(t), u)y y(1) dt—l—d/ (y(#), @)y y(t) dt = aRu + &Ra,
0 0

so that R is linear. From the Cauchy-Schwarz inequality (cf. [I1l Satz 5.49]) we derive
T T
[Rully < /0 [y (t), w), y(@®)]], dt :/O [(y(®), uha ly(8)]l, dt
T T
< [ w0l = ([ 1@ )l = Bl i el

for an arbitrary u € R™. Sincey € C([0,T];R™) C L?(0,T;R™) holds, the norm lyllz2 0, 7;rm) is bounded. Therefore,
R is bounded. Since

(Ru,u)y = </0T (y(t),u), y(t) dt)

for all uw € R™ holds, R is non-negative. Finally, we infer from

T

u:/ <y(t)7U>2y(t)Tudt:/ [(y(£), u),|* dt > 0
0 0

(Ru, i), = / <y<t>,u>2<y<t>,a>2dt:< / <y<t>,a>2y<t>dt,u> = (Ri, u), = (u, Ril)

2
for all u, © € R™ that R is self-adjoint. O
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Utilizing the operator R we can write as the eigenvalue problem
Ru = Au in R™.
It follows from Lemma 1| that R possesses eigenvectors {u;}"; and associated real eigenvalues {\;}, such that
Ru; =Mu; for 1 <i<m and A\ > >...> )\, >0. (33.4)
Note that

/ [y (8), )| dt = / (), )y (8), us)y dt = (Rug, uihy = A [lusl[2 = A

for i € {1,...,m} so that u; solves .
Proceeding as in Chapter wc obtain the following result.

Theorem 33.1.2. Let y € C([0,T);R™) be the unique solution to . Then the POD basis of rank ¢ solving
the minimization problem 1.) is given by the eigenvectors {uz} -1 ofR corresponding to the ¢ largest eigenvalues
AL =2 A

Remark 33.1.3 (Methods of snapshots). Let us introduce the linear and bounded operator Y : L?(0,T) — R™ by

= T’U or v 2 .
yv_/o (ty(t)dt for v € L2(0,T)

The adjoint Y* : R™ — L2(0,T) satisfying
(Y, 0) 20,7y = (u, Yv),  for all (u,v) € R™ x L*(0,T)

is given as
(YV*u)(t) = (u,y(t)), for ue R™ and almost all ¢ € [0, T].

Then we have " -
yru= [ wy),u0d = [ 0.0, = R

for all w € R™, i.e., R = YY* holds. Furthermore,

VP Yo)(t) = < | v ds,y<t>>2 = [ 60, (o) s = (co)0)

for all v € L2(0,7T) and almost all ¢ € [0,T]. Thus, K = Y*Y. It can be shown that the operator K is linear, bounded,
non-negative and self-adjoint. Moreover, I is compact. Therefore, the POD basis can also be computed as follows:
Solve

T
Kv,=X v for 1 <i<¥l, AN >...2X>0, / ’U,‘(t)’l}j(t) dt = 5ij (335)
0

and set

)dt fori=1,... ¢

u lyv-l/Tv-(t) (t
BERYZTRARRVOT St

Note that (33.5) is a symmetric eigenvalue problem in the infinite-dimensional function space L?(0,T). For the
functional analytic theory we refer, e.g., to [27]. O

33.2 Perturbation theory

Let us turn back to the optimality conditions 1\ For any v € R™ and ¢ € {1,...,m} we derive

(YDY ), => > a;ViVigur = > _ Vi (s u), = > oy (yj,u), ()i,
j=1 j=1

j=1k=1



38 LECTURE 33. POD — CONTINUOUS VARIANT

where (y;); stands for the ith component of the vector y; € R™. Thus,

YDY Tu = Z a; (Y5, u)y y; = RMu.
j=1

Note that the operator R" : R™ — R™ is linear and bounded. Moreover,

<Ruu2*<za] Yj,u Qyjﬂ > Zaj Yj, w ZO

Jj=1

holds for all u € R™ so that R™ is non-negative. Further,

<R UU2—<ZCM] y]7 2?ng > Za] y]7 ij <Za] yj7 Qy]7 > :<Rna7u>2:<u77€nﬁ‘>2

Jj=1

for all u, w € R™, i.e., R™ is self-adjoint. Therefore, R™ has the same properties as the operator R. Summarizing,
we have

Ru; = A\ju;, )\12...)\[2...)\d>>\d+1:...:)\m:0. (336b)

Let us note that .
T m
JRLCIEED S Y (33.7)
i=1 i=1
In fact,
T
Ru; = / (y(t),u;)oy(t)dt for every i € {1,...,m}.
0

Taking the inner product with u;, using (33.6b)) and summing over ¢ we arrive at

d T d d m
3 UCRENEES SLTRERE WS it
=1 i=1 =1 i=1

Expanding y(t) € R™ in terms of {u;}", we have

and hence - m 7 m
2
JRCITED Y R TORENE T o
i=1 i=1

which is (33.7). Analogously, we obtain

d(n)

Z a; ||ly(t; H2 Z A = Z A for every n € N. (33.8)
j=1 i=1

For convenience we do not indicate the dependence of a; on n. Let y € C([0,T];R™) hold. To ensure
n T
2 2
>0y lu(t)ll; — / ly®l;dt as At —0 (33.9)
=1

we have to choose the a;’s appropriately. Here we take the trapezoidal weights

A A
t aj =Atfor2<j<n-1, anzg. (33.10)
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Suppose that we have
lim ||R" —R my = lim sup ||R"u— Rull, =0 33.11
Jm IR” Rl sy = lim s | o (33.1)
provided y € C*([0,T];R™) is satisfied. In (33.11) the linear space Z(R™) denotes the Banach space of all linear
and bounded operators mapping from R™ into itself. Combining (33.9) with (33.7) and (33.8) we find

DA =D N asn— oo (33.12)
i=1 i=1
Now choose and fix
¢ such that Ay # Apy1. (33.13)

Then by spectral analysis of compact operators (|21 pp. 212-214]) and (33.11) it follows that

A= forl1<i</lasn— co. (33.14)

Combining (33.12) and (33.14) there exists 7 € N such that

doAar<2 > N foralln>a, (33.15)
i=0+1 i=0+1

if Z;‘ie 41 i # 0. Moreover, for £ as above, i can also be chosen such that

d(n) m
Z |(y0,u?>2|2 <2 Z }(yo,ui>2|2 for all n > 7, (33.16)
=41 i=0+1

provided that Y27, | [(yo, u;)2|? # 0 (33.11) hold. Recall that the vector yo € R™ stands for the initial condition in
(32.4bf). Then we have

lyoll = > (o, widy |- (33.17)
i=1
If t; = 0 holds, we have yy € span {y; =1 for every n and
) d(n) )
lyolls = [{wo, ui),| ™ (33.18)
i=1
Therefore, for £ < d(n) by (33.17) and (33.18)
d(n) ) d(n) ) /4 ) £ ) m ) m )
Z ‘<y07u?>2| = Z |<y0auzn>2’ - Z |<y0:u?>2’ + Z |<y07ui>2| + Z ’<y07ui>2| - Z |<y07ui>2’
i=0+1 i=1 i=1 i=1 i=0+1 i=1

£ m
=3 (It wadsl” = w0, u Do) + 3 Jfwo, s

i=0+1

As a consequence of (33.11) and (33.13) we have lim,, o0 || — u;ll2 =0 for i = 1,...,¢ and hence (33.16) follows.
Theorem 33.2.1. Assume that the function y € C*([0,T]);R™) is the unique solution to (32.4). Let {(ul', A\!)}™,

1 (2

and {(u;, \;)}%, be the eigenvector-eigenvalue pairs given by (33.6). Suppose that £ € {1,...,m} is fized such that

(133.13) and

ST Y [ uidy | £0

i=0+1 i=0+1
hold. Then we have
. n_ _
nlgrolo [R™ = R|| o @m) = 0. (33.19)

This implies

lim !)\f = Ni| = lim |uf —wll, =0 for1<i<{,
n—oo n—oo

Tim S (A =A) =0 and  Tim > [, = Y [ w),|

i=0+1 i=(+1 i=L+1
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Proof. We only have to verify (33.19). For that purpose we choose an arbitrary v € R™ with ||u|jw = 1 and introduce
fu:10,T] = R™ by
fu(t) = <y(t)7 u>2 y(t) for ¢ € [07 T]'

Then, we have f, € C'([0,T];R™) with
Fult) = (@), w)o y(8) + (y(t), u)y §(t)  for t € 0,7]
By Taylor expansion there exist 7;1(t), 752(t) € [tj,t;41] depending on ¢
ti+1 1 [ti+r i 1 [ti+1
[ nwa =5 [ )+ @ =) at g [ Lt + @)~ ) i

- % (fult;) + fu(tjsr)) + % /, T R 0)E —t)de+ % /t " fulma®) (=t dt.

“i J

Hence,
n T At ti+1
”’R”u—RuH2: Zajfu(tj)_/ fu(t)dt]| = Z( (fulty) + fultj+r)) — / fu(t)dt)
j=1 0 2 j=1 L 2
1=l i .
<3 Z/t | fulmin |||t = 5] + || fulmaz @), [t = tj41]
j=1"7t
n—1 t=t;
1 (t—t)% (i -t
Szfgﬁ?’% ) 22( 2 2 |,
AtT
:7treng>; | f@®)]l, ZN e [FAGI
AtT AtT .
< =5 max (£l = =5 max (|0, uhy y(8) + (0), w90,
= At%gﬁ% 9@l lly@®)1, < AtTHyHcl([o,T];Rm)-
Consequently,
IR™ = Rl gy = sup [R™u—Rully < 20t [y g ryspm) >3 0

[lullz=1

which is (33.19). O



