Appendix A.

Additional lemmas

A.1. Matrix properties

A.1.1. Characterization of uniform positive definite matrices

Lemma A.1.1 (Rayleigh quotient). Let A € C"*™ be a hermitian matriz, with ordered
eigenvalues N\ < Ny < ... < N\, (ignoring their multiplicities). Then for all x €
C™"\{0} we get

TA

M <ZET < (A1)

1]
Proof. The spectral theorem [Fis13, p. 307] yields, that we have an orthonormal basis
{v;}1; of eigenvectors v; € C"\{0} with Av; = \ju; for i = 1,...,n. Using the Bessel
equation [Fis13, p. 300], we obtain for arbitrary x € C"\{0} with z =3 | (z, v;)v;,
that
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holds. Therefore, our claim follows as an easy consequence, since we have
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The other inequality follows analogously. ]
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Corollary A.1.2 (Courant—Fischer-Weyl min-max principle). Let A € C"™" be a
hermitian matriz, with ordered eigenvalues Ay < Ay < ... <\, (ignoring their multi-

plicities). Then we can estimate the minimal and mazimal eigenvalue of A via

' Az
min(A) = min ——
pin) = B8 o

x' Az
MmaX(A):

max ——-.
7eC\ {0} [l

Proof. The result is a direct consequence of the proof of Lemma A.1.1. We just need to
consider the eigenpairs (A1, v1) and (\,, v,), follow the proof with z := vy, respectively

x = v,, and obtain the desired equalities. ]

Corollary A.1.3 (Hermitian positive definite matrices are uniform positive definite).
Let A € C™™ be a hermitian positive definite matriz, then A is uniform positive

definite, meaning that there exists a C € R™, such that for every d € C" the inequality
d"Ad > C-||d|]3

holds. In particular, we can choose C' = Apin(A) € RT.

Proof. Using Lemma A.1.1, we observe for d € C"
dTAd > Ain(A) - ||d]I3

Since A is positive definite, we have Apin(A4) > 0. By defining C' := A (A), we obtain
the desired result. O

A.1.2. Convergence analysis of the Jacobi method

Definition A.1.4 (Spectral radius of a matrix). The spectral radius of a matrix
A € R™" is defined as

p(A) = max [X;(A)],

j=1,...,n

where \;(A) € C denotes the j-th eigenvalue of the matrix A (ignoring multiplicities).

Lemma A.1.5 (Basic properties of the spectral radius). Let A € R™" be a matriz.
For all induced matriz norms, p(A) < ||A|| holds. If A is additionally symmetric and
-l = 1I-ll, is the 2-norm, we have p(A) = || Al,.
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Proof. First, let A € R™™ be an arbitrary matrix and (A, v) be an eigenpair of A.

Using the relation Av = Av, we obtain
(Aol = [[Aoll = [[Av]| < [|A[Hv]l,

and since ||v]| # 0, we have |[A\| < ||A||. Since this holds for any eigenvalue, the first

claim follows.
For the second claim we assume that A is symmetric. By the definition of the

2-Norm we observe
A = Amax(ATA) = Anax(A%) = max [\(4)|* = p(A)*.
The claim follows. ]

Theorem A.1.6 (Convergence of stationary methods). Let A € R™™ be a regular
matriz, A= M — N with M regular and f € R™. The stationary iterative method

Mz = Ny + f

converges for any initial vector xo € R™ to the solution x of the linear system Ax = f
if and only if p(M~IN) < 1.

Proof. See [CG20, Theorem 3|. O

Corollary A.1.7 (Convergence of the Jacobi method for strictly diagonally dominant

matrices). If the matrix A € R™" is strictly diagonally dominant, i.e.

lail > Y lagl,  fori=1,...,n, (A.2)
J#i

then the Jacobi method, i.e. the iterative method induced by the splitting M = diag(A)
and N = diag(A) — A, converges.

Proof. The condition (A.2) allows us to estimate

M| = max —— 3 Jay| < 1.
J#i

i=1,..., n |a,”‘
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Using Lemma A.1.5, we observe
p(M~'N) <||[M7'N||_ <1,

which, together with Theorem A.1.6, yields the desired result. ]

A.2. Probability theory

A.2.1. Convergence in probability and Markov's inequality

Definition A.2.1 (Convergence in probability). Let (©2, F,[P) be a probability space
with a sequence of real-valued random variables {X,, },en @ © — R. We say {X,, }nen
converges in probability to a real-valued random variable X : @ — R, if for every
e>0

lim P (| X, — X|>¢e)=0

n—oo

holds. We write X,, — X.

Lemma A.2.2 (Markov’s inequality). Let (2, F,P) be a probability space, X : Q@ — R
a real-valued random variable and h : R — [0, 00) a monotonically increasing function.
Let ¢ > 0 with h(e) > 0, then

Proof. As a monotone function, h is B(R)-measurable. Hence, we have

P(X >¢) = /Q X(x>ey AP < /Q xum% ap < ZMX)] ZL((;)Q].
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A.3. Functional analysis

A.3.1. The lemmas of Fréchet-Riesz, Lax-Milgram and
Friedrich

Lemma A.3.1 (Fréchet-Riesz). Consider a Hilbert space (H, (-, -)y) with its dual space
H'. For every u' € H', there exists a unique u € H with

(W V) s = (u,v)g Yo € H
and [|v/|| g = [|ull ;-
Proof. See [Wer(07, Theorem V.3.6, p. 226|. O

Lemma A.3.2 (Lax-Milgaram). Let H be a Hilbert space over a field K € {R,C} and
B : Hx H— K a continuous bilinear function. Further, assume having a constant
p > 0 with

Blu,w)| = pull’ Yu € H.
Then there exists for every F' € H' a unique uw € H, such that
F(v) = B(u,v) Yv € H

holds.
Proof. See |[Den21, Thm. 6.6]. O

Lemma A.3.3 (Friedrichs inequality). Let G C R" be a bounded Lipschitz domain
of R" and d(G) := sup, eq |7 — yllgn the diameter of the domain. Then for every
u € HYG) the inequality

/Gu(a:) dz < d(G)/ |Vu(z)]* dz

G

holds.

Proof. See [Rek12, Thm. 18.1, p. 118|. ]
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